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Chapter 1

Introduction

Derivative securities have become common financial instruments that
appear in multiple areas of economic activity. Contracts of this type have
been exchanged for several centuries among economic agents. But it is
only during the past three decades, since the creation of the first organized
options market, the Chicago Board of Options Exchange (CBOE), that the
derivatives industry has experienced rapid growth. Since the opening of
this market, the number and types of contracts have substantially
increased. Today’s investor can trade foreign exchange options, futures
contracts, index options, bond options, energy derivatives and weather
derivatives in organized markets. Additionally, advances in pricing theory
and in technology during the past ten years have made it possible to
engineer contracts with new provisions designed to meet all kinds of specific
investment or financing needs. Capped options, Asian options, shout options
and other types of exotic securities can now be purchased in the over-the-
counter market or are issued by firms with particular objectives in mind.
Option-like payoffs also permeate the activities of firms and the reward
structures granted to managers and employees. Economic agents are
becoming increasingly aware of the benefits and pitfalls associated with
the use of derivative products.

This book provides an extensive treatment of theoretical and
computational aspects of derivative securities pricing, with a particular
emphasis on the valuation of American-style derivatives. The cross-
disciplinary nature of this topic has been the trigger for a multitude of
contributions dealing with various aspects of the valuation process.
Inevitably, a selection of themes had to be made. Every effort has been
made to present the most important aspects of the field. Part of this
selection, nevertheless, reflects my own perceptions as well as personal
research interests. Effort has also been made to provide appropriate
references to the literature dealing with the results presented. Apologies
are extended to those whose contributions may have been inadvertently
overlooked.

The remainder of this introduction provides perspective on the various
themes addressed. Important milestones in the development of a pricing
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2 CHAPTER 1. INTRODUCTION

theory for American-style contracts are surveyed. Part of this overview
parallels the order in which the various topics are dealt with in the
subsequent chapters. In certain places, however, chronological order takes
precedence, in order to provide a better understanding of the evolution of
the field.

The valuation of derivative securities has been the object of a long quest.
A model describing the random behavior of speculative asset prices was
proposed very early on, by Bachelier [1900]. The development of a rigorous
theory of option pricing, however, only dates back to the 1970s, with the
seminal papers of Black and Scholes [1973] and Merton [1973a]. The major
contribution of this work can be viewed as a valuation approach consistent
with the absence of arbitrage opportunities in the financial market. Black
and Scholes used this methodology to price European options and related
contingent claims in a simple model, where the underlying price follows a
geometric Brownian motion and the interest rate is constant (the standard
market model). Merton refined and extended the approach to more general
settings. An equivalent methodology, based on an appropriately chosen
“risk-neutral” valuation operator, was pioneered, a few years later, by Cox
and Ross [1976]. The foundations and principles underlying this valuation
method were identified and characterized in the fundamental papers of
Harrison and Kreps [1979] and Harrison and Pliska [1981].

The valuation of American options also has a long history. Samuelson
[1965] and McKean [1965] were the first to treat this problem as a stopping
time problem involving the option’s payoff and the underlying price
distribution. McKean, furthermore, showed that the stopping problem could
be converted into a free boundary problem. It is only more recently, however,
that the optimal stopping problem has been posed relative to an appropriate
measure, the Cox-Ross risk neutral measure, that correctly prices American
options (Bensoussan [1984] and Karatzas [1988]). Karatzas [1988], in
particular, shows that the American option payoff can be replicated by a
carefully chosen policy of investment in the primary assets in the model.
The value of the American option must then be equal to the value of the
replicating portfolio in order to avoid arbitrage opportunities and be
consistent with equilibrium in the capital market.

While the stopping time approach to American option valuation is
instructive, it does not provide immediate insights into the properties of
the optimal exercise boundary, nor does it lead to efficient numerical
procedures. Nevertheless, building on this approach, Kim [1990], Jacka
[1991] and Carr, Jarrow and Myneni [1992] were able to derive, in the
context of the standard market model, a useful decomposition of the
American option value, that emphasizes the premium attached to early
exercise, i.e., exercise before the maturity date. This early exercise premium
(EEP) representation expresses the value of the American option as the
corresponding European option value plus the gain from early exercise.
The gain from early exercise is the present value of the dividend benefits

© 2006 by Taylor & Francis Group, LLC



3

in the exercise region net of the interest losses on the payments incurred
upon exercise.

In fact, the EEP formula ties back to the general theory of stochastic
processes and more specifically to the Riesz decomposition of a
supermartingale. This connection materializes because the option valuation
problem, which is a stopping time problem involving a particular payoff
function, is solved by taking the smallest supermartingale majorant of the
payoff. This particular supermartingale is called the Snell envelope of the
payoff function. The Riesz decomposition breaks the Snell envelope down
into two parts, a martingale and a potential, and the latter corresponds to
the EEP component of the option value. The Riesz decomposition of the
value function associated with a stopping time problem was established
by El Karoui and Karatzas [1991]. Their result was subsequently applied
by Myneni [1992], to price an American put in the standard market model.
The decomposition has since been extended, by Rutkowski [1994], to a
more general class of market models with semimartingale prices.

The early exercise premium representation has a parametric flavor as
it expresses the American option value in terms of the unknown optimal
exercise boundary. But, by using the fact that immediate exercise is optimal
when the asset price reaches the boundary, the EEP formula also produces
a recursive integral equation for the optimal exercise boundary. This
integral equation is useful for several purposes. For one it can serve as a
starting point for a study of the exercise boundary and its properties. It
can also be used for computational purposes. To calculate the American
option value it suffices to solve the integral equation for the boundary and
then to substitute this solution back in the EEP formula. In recent years
substantial research efforts have been devoted to this two-stage procedure.
Several computational schemes have been proposed and various
modifications of the integral equation, designed to simplify calculations,
have been developed.

While the valuation of standard American option contracts has now
achieved a fair degree of maturity, much work remains to be done regarding
the new contractual forms that are constantly emerging in response to
evolving economic conditions and regulations. Innovations that have
received attention include barrier options and capped options. Both types
of contracts contain provisions designed to limit the payoffs under certain
conditions. Barrier options, typically, condition the payoffs on the occurrence
of events involving first passage times. For instance, a knock-out barrier
option automatically expires if the underlying asset price reaches a
prespecified threshold. A knock-in barrier option, on the contrary, comes
into existence if such an event materializes. Capped options have a ceiling
on their payoff that limits the potential gains from early exercise. Barrier
and capped options are attractive from the perspective of issuers because
they limit potential liabilities. Yet, they also remain attractive for
purchasers as they retain an upside potential and are less costly than
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4 CHAPTER 1. INTRODUCTION

their plain vanilla counterparts. As a result, payoffs of this sort have
appeared as components of securities issued by firms to cover certain
financing needs. The valuation of these instruments can be quite involved
depending on the exact nature of the contractual provisions. Thorough
treatments of American-style versions of these contracts, in the standard
market model, can be found in Broadie and Detemple [1995] and Gao,
Huang and Subrahmanyam [2000]. Valuation formulas and principles for
capped options also prove useful for the valuation of American-style vanilla
options. Properly designed capped options, indeed, can provide accurate
approximations of standard American option prices.

Our understanding of contracts written on multiple underlying assets
is also limited, in comparison to the single asset case. Recent papers have
made progress on that front, identifying the structure of immediate exercise
regions associated with a variety of multiasset derivatives such as max-
options, min-options and spread options (Tan and Vetzal [1994], Riddiough,
Geltner and Stojanovic [1996], Gerber and Shiu [1997], Broadie and
Detemple [1997a], Villeneuve [1997], Detemple, Feng and Tian [2003]).
Some of the surprising properties documented in this literature show that
optimal exercise decisions are not simple extrapolations of those prevailing
in the single asset case. Proper identification of these policies becomes
critical, in some cases, for capturing the full benefits associated with the
early exercise provision.

Occupation time derivatives are among the latest innovations to appear
in derivatives markets. Contracts of this sort have the common property
of depending on the time spent by the underlying asset price in certain
regions of the state space. Simple examples are payoffs depending on the
amount of time above (or below) a fixed barrier. An option that comes into
existence when the underlying price spends more than a prespecified
amount of time below a given barrier is a more specific illustration. This
contract, called a cumulative knock-in barrier option, is a natural
generalization of the standard (one-touch) knock-in option that comes into
existence at the first touch of the barrier. A variety of contracts with
provisions based on occupation times have been examined. Quantile
options, Parisian options and step options are perhaps the better known
examples. European-style contracts of these types have been thoroughly
studied and pricing formulas have been derived. Fundamental
contributions in the area include Akahori [1995], Dassios [1995], Chesney,
Jeanblanc-Picque and Yor [1997], Hugonnier [1999] and Linetsky [1999].
Little attention has been devoted to American-style versions of these claims:
some results are provided herein.

Computational aspects of derivatives valuation have also been the subject
of much research. The set of numerical techniques available for valuing
American options is now vast and has increased substantially since the early
developments of the 70s. Major approaches include the binomial method
initiated by Cox, Ross and Rubinstein [1979], techniques based on partial
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differential equations developed by Schwarz [1977] and Brennan and
Schwarz [1977], [1978], methods based on the integral equation of Kim
[1990], Jacka [1991] and Carr, Jarrow and Myneni [1992], variational
inequalities techniques proposed by Jaillet, Lamberton and Lapeyre [1990]
and Monte Carlo simulation methods initiated by Boyle [1977]. A number
of new approaches or modifications of existing methods have been proposed
recently. Recent techniques based on approximations of stopping times
(Broadie and Detemple [1996]), of partial differential equations (Carr and
Faguet [1995]) or of integral equations (Ju [1998]) yield substantial
improvements over traditional approaches. Modifications of the binomial
method such as BBS (Binomial with Black-Scholes modification) also exhibit
improved performance. An extensive study comparing the performances of
various methods available appears in Broadie and Detemple [1996]. The
new developments, that have taken place since that study, concern mainly
the numerical valuation of American multiasset derivatives. But even though
several computational approaches have been proposed to handle these
complex securities (Broadie and Glasserman [1997a],[1997b], Rogers [2002],
Haugh and Kogan [2003], Andersen and Broadie [2004]), their efficient
numerical evaluation still remains a challenge.

The layout of the book is as follows. The second chapter reviews valuation
principles for European contingent claims in a financial market in which
the underlying asset price follows an Ito process and the interest rate is
stochastic. Chapter 3 extends the analysis to American contingent claims.
In this context the basic valuation principles for American options are laid
out. Two instructive representation formulas, the EEP decomposition and
the delayed exercise premium (DEP) decomposition, are also described.
These results are applied in chapter 4 to American option valuation in the
Black-Scholes market setting (i.e., the model with constant coefficients). A
reduction of the integral equation as well as studies of related contractual
forms are also presented in this context. American barrier and capped
options are analyzed in chapter 5. For capped options, valuation formulas
are first provided in the standard model with dividend-paying assets.
Results are also presented for non-dividend-paying assets when the
underlying asset price follows an It6 process with stochastic volatility and
the cap’s growth rate is an adapted stochastic process. Chapter 6 examines
options written on multiple underlying assets. Immediate exercise regions
are identified and valuation formulas provided, for a variety of popular
multiasset option contracts. Chapter 7 provides an introduction to
occupation time derivatives. Standard contractual forms are described and
analyzed. Valuation formulas are reported for European-style and some
American-style claims. Chapter 8 is devoted to numerical methods. Focus
is on the computation of American-style options and emphasis is placed on
recent developments. An efficiency study is carried out to evaluate the
performance of some of these methods. All proofs are collected in appendices,
found at the end of each chapter.
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Chapter 2
European Contingent Claims

This chapter deals with the valuation of European-style financial claims. We
first define the class of contingent claims that is the focus of our analysis
(section 2.1) and describe the financial market setting (section 2.2). We
then value European contingent claims (sections 2.3—2.7), examine option
and forward contracts (section 2.8) and specialize the results to markets
with deterministic coefficients (section 2.9). Lastly, we outline an extension
to a market with multiple assets (section 2.10).

2.1 Definitions

Broadly speaking a contingent claim is a financial contract whose payoff is
contingent on the state of nature. In its most general form a contingent claim
generates a flow of payments over periods of time as well as cash payments
at specific dates. The cash flows involved need not be paid at fixed points in
time or during fixed periods of time. Some claims involve payments at
prespecified random times or even at (random) times that are chosen by the
holder of the contract. A contingent claim is said to be European-style if the
timing of the contractual payments is specified at the outset. It is American-
style if the timing of the payments is chosen by the owner of the claim.

Derivative securities are examples of contingent claims. They are
typically defined as financial contracts whose payoffs depend on the price(s)
of some underlying or primary asset(s). In this case the state dependence
in the payoff of the contract arises through the market price(s) of some
other asset(s).

The standard example of a derivative security is an option contract. An
option gives the holder of the contract the right, but not the obligation, to
buy (or sell) a given asset, at a predetermined price (the exercise or strike
price), at or before some prespecified future date (the maturity date). The
option to buy (sell) is a call (put) option. A European-style option contract
can only be exercised at the fixed maturity date 7. At that time, exercise is
optimal if and only if the option produces a non-negative cash flow; in that
event the option is said to be in the money. The payoff of a European call
option is therefore (S; - K)* = max (Sr - K, 0), where Sy is the underlying
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8 CHAPTER 2. EUROPEAN CONTINGENT CLAIMS

asset price at the specified maturity date and K > 0 is the exercise price of the
contract. The payoff of a European put option is (K - Sp)*. American-style
options, which can be exercised as desired, at or before the maturity date,
have similar payoff functions upon exercise.

2.2 The Economy

The economy has the following characteristics. Uncertainty is represented
by a complete probability space (), F, P) where () is the set of elementary
events or “states of nature” with generic element w, F is a o-algebra
representing the collection of observable events and P is a probability
measure defined on (), F). The time period is the finite interval [0, T]. A
standard Brownian motion process z is defined on (), F, P) with values in
R. The flow of information is given by the natural filtration F ), i.e., the P-
augmentation of the filtration generated by the Brownian motion. Thus,
information at any time ¢ consists in the observed trajectory of the Brownian
motion process up to time ¢. Without loss of generality we set Fi;= F so that
all the observable events are eventually known. Our model for information
and beliefs is (), F, F,, P).

Two types of investment opportunities, riskless and risky, are available in
the asset market. The riskless asset (the bond) can be interpreted as a bank
account, bearing interest at the locally riskless rate r. An investment in this
account equal to B, at time ¢ = 0, evolves according to

dBt = TtBtdt, BO given. (2—1)

The interest rate r is a stochastic process that is bounded, strictly positive
and progressively measurable.! For later use, define the discount factor
R, =exp (— f; Ty dv) for s,t € [0,T] Therisky asset (the stock) has a price

S satisfying the stochastic differential equation
dSt = St [(/Lt — 515) dt + o'tdzt] 5 SO given. (2.2)

The process & represents the dividend yield on the stock; # and o are,
respectively, the drift and the volatility coefficients of the stock’s total rate
of return (the return from capital gains plus the dividend yield: dS/S +
&dt). The coefficients 6, 1, and o are bounded and progressively measurable
processes of the filtration. The dividend rate is non-negative, § = 0; the
volatility o is bounded above and bounded away from zero (P-a.s.). The
price that solves (2.2) is the ex-dividend stock price. The gains process G is
composed of capital gains and dividends (dG = dS + Sé&dt). The (total) rate
of return is the gains process divided by the price (dS/S + &dt = dG/S).

!Given the uncertainty setting adopted here, a process X is said to be progressively
measurable if it depends on the trajectories of the Brownian motion z and on time.
Formally, X is progressively measurable if X, is F,x B([0, ¢]) measurable for all ¢ € [0, T1,
where B([0, ¢]) denotes the Borel sigma-field on [0, ¢].
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2.2. THE ECONOMY 9

The assumption that the return volatility be bounded away from zero
ensures that an investor can always trade in the Brownian motion by
trading the stock. As a result any financial exposure that is affected by the
random fluctuations in the Brownian motion can be hedged. When this is
the case the financial market is said to be complete.

Remark 1 Alternative definitions of market completeness can be
formulated. A natural one is to say that the financial market is complete
when any state contingent claim with an F ,-progressively measurable
payoff process (i.e., cash flows that depend on the realized trajectories of
the Brownian motion process z) can be manufactured by selecting an
appropriate portfolio of traded financial assets and investing a suitable
initial amount. Modulo some technical conditions on the class of claims
involved, this definition is equivalent to the one above. When the volatility
coefficient ois bounded away from zero, the stochastic shocks affecting the
financial market (the Brownian motion z) can be hedged, at all times, by
investing in the stock. The ability to pursue unconstrained investment
policies in the stock and in the locally riskfree asset, then, ensures the
attainability of these contingent claims (Karatzas and Shreve [1998,
Section 1.6]. See also Harrison and Kreps [1979], Harrison and Pliska
[1981], Duffie [1986]). A formalization of some of these ideas is provided in
the next section.

It has become standard practice to use stochastic processes of the form
(2.2) to model the behavior of stock prices. For instance the geometric
Brownian motion process, obtained by taking constant coefficients (u, g, 9), is
used as a basis for the Black and Scholes [1973] analysis. Typical Markovian
models with price-dependent volatility, interest rate or dividend rate can also
be embedded in this structure (see section 4.6 in chapter 4). The specification
in (2.2) is more general to the extent that it allows for general dependencies
between the coefficients and the trajectories of the underlying Brownian
motion.?

In order to determine the prices of contingent claims one needs to
characterize the set of random variables (payoffs) that can be manufactured
(replicated) by trading the assets available, namely the stock and the bond.
To this end a description of the stochastic process representing the value
of an account associated with a portfolio policy is needed. Let X be the
value of this account, i.e., the wealth process associated with an investment
policy in the financial assets (2.1)—(2.2). We first define the notions of
consumption (i.e., withdrawal) and portfolio policies, and the set of “feasible”
or “admissible” consumption-portfolio policies.

A portfolio policy mis a progressively measurable, R-valued stochastic
process such that ) OT n20?dt < oo, (P-a.s.). Here m, denotes the (dollar)

2 Alternative formulations that have received attention include processes with jumps (Merton
[1973a], Cox and Ross [1976]).
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10 CHAPTER 2. EUROPEAN CONTINGENT CLAIMS

investment in the stock at date ¢; the amount invested in the riskless asset is
X, - m. A cumulative consumption policy C is a progressively measurable,
non-decreasing, right-continuous process with values in R, initial value C,=
0and Cr<© (P -a.s.). Consumption amounts to a withdrawal of funds from
the account; injections are not permitted at this stage. When cumulative
consumption is null at all times the portfolio is said to be self-financing: it
involves neither infusions nor withdrawals of funds but only rebalancing of
the positions held in the different assets.

An investment amounting to m, in the stock at date ¢ produces a gain
(capital gains plus dividends) equal to 7 [(dS:/S¢) + d:dt]. An investment
of X, - m,in the bond gives a gain of (X, - m)r,dt. The activity of consumption
reduces wealth by the corresponding amount dC,. A consumption-portfolio
policy (C, =) therefore leads to a wealth process X that is described by the
stochastic differential equation

dXt = (Xt — 7Tt)7"tdt + Wt[(dSt/St) + 5tdt] — dCt, XO =,

TtXtdt + wt[(,ut - Tt)dt + O'tdZt] — dCt, XO =, (23)

where x denotes the initial amount invested. Given an initial investment x
> 0, a consumption-portfolio policy (C, m) is admissible, if the associated
wealth process X solving (2.3) satisfies the non-negativity constraint

X: > 0,6 €[0,T],(P — a.s.). (2.4)

This condition is a no-bankruptcy condition mandating that wealth cannot
be negative during the trading period. Non-negativity of wealth does not
preclude policies that involve short sales of the stock (7 < 0) or borrowing
at the riskfree rate (X - m < 0). Let A(x) be the set of admissible policies.

A European-style contingent claim (f, Y) is composed of a cumulative
payment process f and a terminal cash flow Y at date 7. The cumulative
payment process is a finite variation process that is non-decreasing,
progressively measurable, right-continuous and null at zero. The terminal
cash flow is a non-negative F-measurable random variable. A consumption-
portfolio policy (C, m) replicates a European contingent claim (7, Y) at initial
cost x if (C, ) is admissible, dC, = df;, and X;= Y. We also say that (C, =)
generates the claim (f, Y). The claim (f, Y) is attainable from an initial
investment x if there exists an admissible consumption-portfolio policy
such that dC, =df, for all t € [0, Tl and X; =Y (P-a.s.). Such a consumption-
portfolio policy is said to attain or super-replicate (f, Y) from x.

2.3 Attainable Contingent Claims

The pricing of contingent claims amounts to the identification of an
appropriate valuation operator that maps future payoffs into current prices.
Given that the processes satisfying (2.1) and (2.2) represent the values of
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2.3. ATTAINABLE CONTINGENT CLAIMS 11

traded assets, the valuation operator must be consistent with these existing
prices. In fact, as will become clear below, the price processes (2.1) and
(2.2) completely determine the valuation operator in our economic setting.
The market model (2.1)—(2.2) implies a unique market price of risk (MPR)
0 defined as 0; = o7 *(u; — r+). This one-dimensional process is
progressively measurable and bounded, because o is bounded away from
zero. It is also uniquely defined. This is a typical implication of the ability
to trade, at all times, in the underlying source of uncertainty, the Brownian
motion. That is, it is a direct implication of market completeness. The
market price of risk represents the expected excess return (over the riskfree
rate) implicitly assigned by the model (2.1)—(2.2) to the stochastic shocks z
affecting the financial market. It is also known as the Sharpe ratio.
Consider now the exponential process 1 defined by

t 1 t
7; = exp (—/ Gsdzs——/ 03d5> ) (2.5)
0 2 0

This process is progressively measurable and positive. An application of Ito’s
lemma shows that nis a local martingale (dn, = —n,0:dz:).> Given that any
non-negative local martingale is a supermartingale we see that the process
7 is actually a supermartingale (see Karatzas and Shreve [1988, Chapter
1, Problem 5.19]).* Moreover, boundedness of the market price of risk implies
that the Novikov condition is satisfied,® i.e., for some constant K

17 1
exp (5/ ngs)] < exp <§K2T> < 00.
0

It then follows that nis a martingale (Karatzas and Shreve [1988, Chapter
3, Corollary 5.13]) with initial value n, = 1. As a result, the new measure,
Q(A) = E[nrla), A € Fr, where E[] denotes the expectation under P, can
be defined. It is easily verified that @ is a probability measure that is
equivalent to P. For reasons that will become clear shortly, @ is called the
equivalent martingale measure or the risk neutral measure. Additionally,
by the Girsanov Theorem (Karatzas and Shreve [1988, Chapter 3, Theorem
5.11]), the process

E

¢
Zt = 2zt —|—/ 0.ds (2.6)
0

fort € [0, T, is a standard @-Brownian motion process. It is often useful to
express it in its differential form dz; = dz; + 6,dt.

Under @ the discounted ex-dividend prlce augmented by the cumulative
discounted dividends, S; = Ro¢S: + fo Ry ,0,S,dv, is a @-martingale.

3A process X is a local martingale if the stopped process { X (¢t ATy) : ¢ > 0}is a martingale for
any sequence of stopping times (7, : n = 1, ...} such that ,_.1,=c.

“A process X is a supermartingale if EX, < X, for any s > ¢.

5 A process X is said to satisfy the Novikov condition if £ [exp (% foT X24 s)] < oc.
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12 CHAPTER 2. EUROPEAN CONTINGENT CLAIMS

Indeed, recalling that Rp: = exp (— fot rvdv), using Ito’s lemma and the
definitions (2.2) and (2.6) yields

dS: = Ro.dS; + SedRoy + Ro.8:S:dt
= RSt [(py —7¢) dt + oedz]
= RO,tStUtdgt; Q2.7

with initial condition §, = S,. The martingale property of S follows from the
boundedness of 7; g, the square-integrability property § < £2[z]and the fact

that Z is a @-Brownian motion, hence a @-martingale.® Thus, S¢ = Ei | St
for all t<T, where F,[] = E|- | F;)is the conditional expectation relative to @

given the information F,. Substituting the definition of S on both sides of this
equality and rearranging enables us to conclude that the valuation formula
S; = E;

T
Rt,TST + / Rt,v5vSvdU (28)
t

holds. The stock price can also be written in terms of the P-expectation as

T
St = Et Rt,TT]t,TST +/ Rt,UT]t,U(SUSUd’U
t

(2.9)

where 71, , = 1,/n, and Ei[] = E¢[- | 7] is the conditional expectation
under P. This formula follows by applying Bayes’ law to (2.8) (Karatzas
and Shreve [1988, Chapter 3, Lemma 5.3]). Expression (2.8) also
shows that the discounted ex-dividend price process R, .S, is a
supermartingale under @: given that dividends are non-negative (2.8)
implies Ro Sy > Ey [Ro 7S], for all t < T,

The martingale property of the discounted stock price process (resp. of
the process S) in the absence (resp. presence) of dividends (2.7) motivates
the terminology “equivalent martingale measure” used to describe the
measure . Because the MPR 6 is uniquely determined, the measure @
that yields the martingale property of S is unique. This feature of the
model is a consequence of market completeness. The valuation formula
(2.8) motivates the alternative terminology “risk neutral” measure. Indeed,
as dividends are discounted at the locally riskfree rate the economy appears
risk neutral. One should bear in mind, however, that a suitable risk
adjustment is accounted for in the density n of the measure @, through
the MPR 6. This risk correction must always be taken into account when
valuing contingent claims.

The formulas (2.8) and (2.9) are alternative representations of the stock
price. The risk neutral valuation formula (2.8) calculates the stock price

5The bracket /z/ is used to represent the quadratic variation of the process z (i.e., d/z/ is the
local variance of z). For Brownian motion d/z/ = dt. See Karatzas and Shreve [1988, Section
1.5] for formal definitions and properties. A process X belongs to L%z] if and only if

B[J X2d1,] = B [f) X2dv] < oo,
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2.3. ATTAINABLE CONTINGENT CLAIMS 13

by taking the expectation under the risk neutral measure of the discounted
future dividends, where discounting is at the riskfree rate. The alternative
expression (2.9) calculates the price as the expectation under the original
measure of the discounted future dividends, where discounting is at a risk-
adjusted rate implicit in the deflator R7. This latter formula reflects the
standard notion that the price of an asset (here the stock) is the present
value of its future cash flows.

In (2.8) the discount rate is locally riskless (conditional on
contemporaneous information) but risky relative to the information
available strictly prior to current time. Hence, the discount factor R, ; is
an Frmeasurable random variable that cannot be factored out of the
conditional expectation operator E,[-]. The same applies in the case of (2.9).

As we shall demonstrate below and in the next chapter the valuation
operator for the stock in (2.8) also prices arbitrary contingent claims
introduced in the financial market, as long as their payoffs depend on the
same source of uncertainty that affects the stock price and the interest
rate. With this interpretation in mind note that the system of Arrow-Debreu
prices implied by the price system (2.1)—(2.2) is given by R,,,ndP: each of
these prices represents the value attributed by the market at date 0 to one
dollar paid in a state (¢, w). The state price density (SPD) is defined as
&=R,,.m,1.e.,it represents Arrow-Debreu prices normalized by probabilities.
With these definitions, the stock price formula can be written in the form

T
Se=Be |§rSr+ [ €.0.5,0
t

where ¢, , = £, /&, represents the conditional state price density as of time .
Consider European contingent claims (f, Y) with finite “values”, i.e.,
claims that satisfy the integrability condition’

T T
o) RO,TY+/ Rosdfs| = E fTY+/ fsdfs] <00. (2.10)
0 0

Let Z; be the class of European claims satisfying this condition (recall
that the definition of a European claim adopted above mandates
df=0, Y=0).

Our first theorem provides a characterization of the set of attainable
contingent claims.

Theorem 1 (Karatzas and Shreve [1988]). Consider a contingent claim (f,
Y) e Z4. If (f, Y) is attainable from an initial investment x then
E

T
RO,TY+/ Ry sdfs| < (2.11)
0

"Condition (2.10) says that the random variable D = {7Y + fOT ¢.dfs, representing the
deflated cash-flows generated by the claim, is in L}P) (i.e., is finite in expectation).
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14 CHAPTER 2. EUROPEAN CONTINGENT CLAIMS

(equivalently, E kTY + fOT §Sdfsl < z, where the expectation is taken
relative to the measure P). Conversely, suppose that (2.11) holds. Then there
exists a consumption-portfolio policy (C, ©) that attains (f, Y) from the initial
wealth x. Furthermore, if (2.11) holds with equality then there exists a
consumptwn -portfolio policy (C, m) that replicates (f, Y) at initial cost x. If
If{TY+fO E.dfs € r2 and (2.11) holds with equality the replicating
consumption-portfolio policy is unique.

In Proposition 4 below we show that E RorY + fo Ry Sdfs(lrepresents
the market value at date 0 of the contingent claim (f, Y). Condition (2.11)
then states that the value (i.e., the cost) of a contingent claim (7, Y) cannot
exceed the value of any initial wealth level x from which the claim can be
attained.

Remark 2 Suppose that (C, ) replicates (f, Y) at initial cost x. The
sufficiency part of the proof of Theorem 1 in the appendix (see (2.30)) shows
that the wealth process associated with (C, m) is

T
X = Rt,TY +/ Rt,sdfs s Xo=uw.
t

As fis non-decreasing (and null at 0) and Y is non-negative we conclude
that wealth is non-negative at all times. The wealth process is the present
value of the future cash flows generated by the policy (C, m) from an initial
outlay of funds equal to x.

2.4 Valuation of Attainable Claims

With the characterization of an attainable contingent claim in Theorem 1 it
is now easy to deduce its market value. To this end, we introduce the notions
of an arbitrage opportunity and of the rational price of a contingent claim.
Suppose that the claim (£, Y) is marketed at some price V = V(f, Y) such that

AV, = Vi|ondt + pydz,) — dfs, (2.12)

where o, pare progresswely measurable processes with fo az V p?)dt < oo, (P —
a.s.)andato; V pi = max (ozt, p?). Individuals can then invest in the stock
the riskless asset, as well as in the contingent claim. Let 7° = n?V be the
amount invested in the claim, where n’ is the number of claims held (long or
short). Suppose that 7 is a progressively measurable, R-valued process such
that fo (Trar V (7yp,)?) dt < o0, (P — a.s.), (P-a.s.).

Applying the arguments underlying the derivation of (2.3), we see that
a consumption-portfolio policy C’ 7, 7" )leads to a wealth process X that solves
the stochastic differential equation

dX; = re Xedt + 71[dSe/Se — redt] + 0l [dVi — 1 Vidt] + 7e0edt + n?df; — dC,

subject to the initial condition Xo =7.
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2.4. VALUATION OF ATTAINABLE CLAIMS 15

Definition 2 A consumption-portfolio policy (6, 7,7") is an arbitrage
opportunityifandonly ifz = 0, dC; > 0, (P — a.s.), P(Xr > 0) = 1
and P(Xt > 0) > 0.

An arbitrage opportunity is a consumption-portfolio policy that has zero initial
cost, requires no intermediate cash infusions (but allows for intermediate
withdrawals) and has a positive probability of positive wealth at time 7' (along
with a null probability of negative wealth). An arbitrage opportunity need
not be admissible in the sense discussed before: no restrictions are placed on
intermediate values of wealth. Terminal wealth (the liquidation value of the
account at the final date), however, must be non-negative. An arbitrage policy
is said to satisfy a solvency constraint at the terminal date.

Definition 3 A rational price process for the claim (f, Y) is a price process
V that is consistent with the absence of arbitrage opportunities in the
financial market.

A rational price is a no-arbitrage price. The set of rational prices for the
contingent claim (f; Y) must contain the market value of the claim. Indeed,
deviations between the market price and the set of rationals prices would
lead to the existence of an arbitrage opportunity, a situation that is
inconsistent with equilibrium in the financial market. Completeness of
the financial market ensures that the set of rational prices associated with
a given attainable claim is a singleton: the rational price of an attainable
claim is unique.

The absence of arbitrage opportunities and the structure of the claim,
characterized by non-negative cash flows df=0, Y=0, impose an immediate
restriction on the price process (2.12). Indeed, it is clear that V must be non-
negative (in fact strictly positive if (f, Y)#(0, 0)). In the opposite event one
could simply buy the claim, thus pocketing an immediate positive amount
and collecting additional non-negative cash flows in the future. This strategy
entails no outlay of funds, but generates non-negative inflows over time.
Positive inflows could be systematically reinvested at the riskfree rate until
the maturity date: the resulting policy has positive terminal value with
positive probability. A similar argument also establishes that V; = Y. As
the symmetric argument ensures that V= Y, we conclude that V=Y.

With these definitions we are now ready to provide a valuation formula
for the contingent claim.

Proposition 4 The rational price at time t of the European contingent
claim (f,Y) € I is uniquely given by

T
Vi(£,Y) = B, | RerY + / Reodfs| = Br
t

T
£t,TY+/t §t,sdfs] (2.13)

fort €[0,T].
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16 CHAPTER 2. EUROPEAN CONTINGENT CLAIMS

Proposition 4 provides the most general pricing formulas, for claims in
the class under consideration, in the context of the financial market model
with stochastic coefficients (2.1)-(2.2). It shows that the value of any
European-style contingent claim involving payments over [0, 77 is given
by the expected value of the discounted cash flows. Discounting is at the
locally riskfree interest rate when the expectation is taken under the
equivalent martingale measure implicit in the market model (2.1)—(2.2).
It is at a risk-adjusted rate when the expectation is calculated under the
original probability measure. Note that these pricing formulas are valid
even though the riskfree rate as well as the drift and volatility of the stock
price process are progressively measurable processes of the Brownian
filtration, i.e., even though these coefficients may depend on the history of
the Brownian motion. Note also that the valuation operator in Proposition
4 is identical to the valuation operator for the stock in (2.8). Thus, all the
properties satisfied by the stock price process are also satisfied by the
prices of contingent claims. In particular the @-martingale property, of
the process composed of the discounted price of the claim augmented by
its cumulative discounted cash flows, holds. The justification for the pricing
formulas draws on the no-arbitrage principle: when the market price of
the contingent claim deviates from the rational price prescribed in (2.13),
it is possible to construct a portfolio policy involving the claim, the stock
and the bond that constitutes an arbitrage opportunity. The universality
of the pricing operator is an implication of market completeness.

2.5 Claims Involving Negative Payoffs

Claims involving negative cash flows or combinations of negative and positive
cash flows can be handled using a modification of the arguments developed
in the last two sections.

Consider a claim (f, Y) composed of a cumulative cash flow process [
whose increments are paid over time and a terminal payment Y at date T
Suppose that f is a progressively measurable, right-continuous, finite
variation process with null initial value and that Y is an F;-measurable
random variable. Also assume that f and Y are uniformly bounded from
below. Thus, cash flows can take negative values but cannot become
unboundedly negative. Examples of claims satisfying these conditions
include forward and futures contracts, interest rate swaps with caps on
the flexible rate, break forward options (also known as Boston options)
and other exotic contracts.

To incorporate this class of claims in the analysis we modify the notion
of attainability as follows. A consumption-portfolio policy (C, 7 is said to be
K-admissible, if C is bounded from below and the associated wealth process X
solving (2.3) satisfies a uniform lower bound

X >—-K,t€[0,T],(P—a.s.) (2.14)
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2.5. CLAIMS INVOLVING NEGATIVE PAYOFFS 17

where K > 0 is some arbitrary, but finite constant. Let A(x; K) denote the set
of K-admissible policies. Negative values of consumption, representing
infusions of funds, are now permitted. The value of the account can also
take negative values, as long as these remain bounded from below.

A consumption-portfolio policy (C, n) K-replicates or K-generates a European
contingent claim (7, Y) at initial cost x if (C, n) is K-admissible, dC, = df,, and
Xr=7Y. The claim (f, Y) can be K-attained or K-superreplicated from an
initial investment x if there exists a K-admissible consumption-portfolio policy
such that dC, = df, for all t € [0, T] and X; = Y (P-a.s.).

Let 7,,,;, be the set of claims satisfying the integrability condition (2.10)
and such that the random pair (f; Y) is uniformly bounded from below. A
characterization of K-attainable claims is as follows.

Theorem 5 Consider a contingent claim (f,Y) € Ty If (f, Y) is K-attainable
from an initial investment x then

T
E ROVTY+/ Ry sdf (2.15)
0

(equivalently, E [{TY +fOT {Sdfs} < z, where the expectation is taken
relative to the measure P). Conversely, suppose that (2.15) holds. Then there
exists a consumption-portfolio policy (C, m that K-attains (f, Y) from the
initial wealth x. Furthermore, if (2.15) holds with equality then there exists
a consumptlon -portfolio policy (C, w) that K-replicates (f, Y) at initial cost
x If &Y + fo £.dfs € L2 and (2.15) holds with equality the K-replicating
consumption-portfolio policy is unique.

Theorem 5 shows that the earlier characterization of attainable claims
remains valid for K-attainable claims. The reason has to do with the
properties of the consumption-portfolio policies used to K-replicate or K-
superreplicate a given contingent claim (f, Y). By definition the wealth
process associated with a K-admissible policy satlsﬁes a uniform lower
bound. This ensures that the process Ry X; + fo Ry «dC, representing the
sum of discounted wealth plus cumulative discounted consumption is a
supermartingale under the risk neutral measure. The budgetary restriction
(2.15) follows from this supermartingale property and the relations dC, =
df, for all t € [0, Tl and X; = Y (see the proof for further details).

The existence of a K-replicating policy ensures that an arbitrage portfolio
can be constructed whenever the market price deviates from the rational
price of a claim. This guarantees that our previous valuation formulas
extend to the claims under consideration.

Proposition 6 The rational price at time t of the European contingent
claim (f,Y) € Ty is uniquely given by

Vi(fY) =
for t € [0, TI.

T
Rt,TY+/ R odfs | = Ex
t

T
§7Y + §t,sdfs]
t
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18 CHAPTER 2. EUROPEAN CONTINGENT CLAIMS

2.6 The Structure of Contingent Claims’ Prices

The price of the contingent claim, in earlier sections, was represented as a
local semimartingale with unspecified drift coefficient « (see (2.12)).
Intuitive arguments suggest that the drift of this price process ought to be
restricted if the financial market is complete. We formalize this intuition
next.

A self-financing consumption-portfolio policy (0,7, 7") induces a wealth
process satisfying

dXy = e Xedt + (Fe(py — 1¢) + 7L (s — 10)) dt + (Feoe + 7L p,) dze

subject to the initial condition X, = 2. Moreover, selecting the particular
policy 7; = —o; 77 p, yields the locally riskless account value

dX, = ri Xedt + 7y (—Ut_lpt(,ut — 7))+ (o — rt)) dt

with same initial condition. Define the excess portfolio return as
e: = —o; ' p(py—rt) + (ap —ry)and let 4, = {w : e; > 0} represent the set
of date ¢ states in which e, = 0. Consider the portfolio policy
7y = X¢ (2 x 14,3 — 1). This policy invests all the resources available in
the claim if e = 0 and shorts a similar amount in the opposite event. The

associated wealth process satisfies d.X; = r, X;dt + X; |e;| dt or, equivalently,

t
%, = zexp (/ (ro + |es|)d5> .
0

A potential arbitrage portfolio can then be constructed by financing this
policy at the locally riskfree rate. The initial cost of this new strategy is
null and the terminal cash flow equals

v [ ) (o [ 10) ).

Clearly, this is an arbitrage portfolio if {(£,w) : e; # 0} has positive [ x P-
measure (where/ is Lebesgue measure): in this situation an investor would
be able to profit for sure without disbursing funds. The absence of arbitrage
opportunities, in equilibrium, implies that {(¢, w,) : ¢, = 0 } must have full
measure. We summarize the implication of this condition in our next theorem.

Theorem 7 The return of the attainable contingent claim (f, Y) satisfies
the spanning relation

as — 1t = pty = By(py — 7t)

where 3, = p, /o . If the underlying asset corresponds to the market portfolio
of risky securities this relation coincides with the Capital Asset Pricing
Model (CAPM) which states that the expected excess return on any security
is proportional to the expected excess return of the market portfolio. The
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proportionality factor 3 is the beta of the claim. If the underlying asset does
not correspond to the market portfolio, but satisfies the CAPM, then a simple
transformation establishes that the CAPM still holds for the claim, i.e.,
ar —71e = By ("t — 1) where u is the drift of the market portfolio and ™
the beta of the claim with respect to the market portfolio.

This theorem records two results. First, it states that the market price of
risk implied by the price of any contingent claim is identical to the market
price of risk implied by the underlying asset. This is an intuitive relation
given the completeness of asset markets (risks ought to be priced identically
across securities). Second, it also states that the price of the claim is
consistent with general pricing principles characterizing equilibrium in
frictionless markets. In that regard the theorem shows that the risk
premium of the claim satisfies the CAPM, in that it is proportional to the
risk premium of the market portfolio of risky securities. Further insights
regarding this equilibrium relationship can be found in the original articles
of Sharpe [1964], Lintner [1965] and Mossin [1969], who developed the
static version of the CAPM. The dynamic version, for markets with diffusion
price processes, can be found in Merton [1973b].

2.7 Changes of Numeraire and Valuation

The present value formulas in Propositions 4 and 6 can be restated in the
form,

)

T
RTY+/ R.dfs
0

t
RVA(£.Y) + / Rydf, = E,
0

to emphasize that the process on the left hand side, i.e., the discounted
price augmented by the cumulative discounted cash flow, is a @-martingale.
This relation can be reinterpreted in the following manner. Suppose that
we choose, as a numeraire, the value of an account continuously reinvested
at the short rate r. With an initial investment equal to 1 this gives an

account value b; = Ry ' =exp ( fo Ty dv) at date ¢. Let us call this value the
“bond” numeraire. In this unit of account the claim is worth

b 7‘/15(.}05}/)
Vi) = S

at t € [0, Tl and generates a cumulative payment process /°, such that
df® = R,df, at time v € [0, T, as well as a terminal payment Y?=R;Y. The
present value formula now states that the process V(f,Y) + fo df?,
expressed in the bond numeraire, is a @-martingale. Alternatively, if cash
flows are non-negative (df® > 0,Y?® > 0), we can also say that the claim’s
price in the bond numeraire, V?(f,Y), is a @-supermartingale.

As the choice of a numeraire is arbitrary one may naturally wonder
about the properties of prices when alternative “currencies” prevail. Of
particular interest is whether one can identify an equivalent measure that

et Rt‘/t(fa Y)
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preserves the martingale property in the new numeraire. The remainder of
this section is devoted to these issues, first addressed in an insightful paper
by Geman, El Karoui and Rochet [1995].
Con51der a consumptlon portfolio policy (C’,7) € A(z) with
f X,dC, and 7; = Xy, for t € [0, 7] for wo [0, T1, and where ps
satlsﬁes the Novikov condition. Under the risk neutral measure, the
associated wealth process satisfies the equation
dX: = X; [redt — dCy + 7m0¢dZ:] subject to the initial condition X, = x. The

solution is
¢
X; =zexp (/ (rydv — dC’U)> A
0

wheren7? = exp (— fot (7o) ?dv + fot wvavd’zﬁa is a @-martingale. Suppose
that we select the consumption-adjusted wealth process

t
X% =exp (/ dC’U> X (2.16)
0

as our new numeraire. In this new “currency” the claim pays

o= fot(l/Xga)dfv, fort e [0, T] and Y°* = Y/ X¢* at maturity; its price is
Vea(f,Y) = Vi(f,Y) /X at t € [0, T1. Substituting these definitions in the
present value formula gives

t T
R X[V, Y) +/ R X20df$* = Ey | Rr XFY® +/ RSXSC“dfsca]
0 0

or, equivalently,

VEf,Y) = By

ReX§7

RTXIC“G yea + /T RSXscad ca]
t

As R X5 /(R: X{*) =nfg for all s € [t,7] we can also pass to the new
measure @™ defined by dQ’“’ = 5 7dQ, to conclude that

T
Yo' + /t dfﬁ“] , (2.17)

where E7is the expectation under @. In other words the process Ve ( f,Y),

+ [, df¢* expressing prices and payments in the new numeraire, is a Q-

martingale. The answer to our first question is indeed affirmative. But it
is important to realize that the equivalent martingale measure had to be
constructed in a very specific way in order to preserve the martingale
property in the new currency system. In this operation changes in units of
account are intimately related to changes of measure (and conversely).
Moreover, we also uncover the interpretation of the measure @™. It
represents the unique measure under which the price augmented by the
cumulative payments, all expressed in the numeraire X*, enjoy the
martingale property.

Vel y) = B0
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A pricing relation, whose importance will become clear in the next section,
can also be retrieved modulo an additional transformation. Fix ¢ € [0, T.
Define, for s = ¢, the cash flow f* = X, [(1/X,)df,andletY* = Y X;/Xr.
As X, /X5 = exp (— [, dC)it follows from (2.17) that

T T s
exp (—/ dC’v) Y* —|—/ exp (—/ dC’U> dfx
t t t

This new expression shows that the value of the claim (7, Y) in the original
economy with interest rate r and risk neutral measure @ is identical to the
value of the claim (f*, Y*) in a new economy with cumulative interest process
C and risk neutral measure @™. The result suggests a form of symmetry
between the claims (f, Y) and (%, Y*) when paired with their respective
economies.

We can collect these results in the following theorem,

Vi, Y) = Ef° . (2.18)

Theorem 8 Consider a European contingent claim (f, Y) € I, and suppose
that we adopt the new numeraire X defined in (2.16). Expressed in this
new currency, the price of the claim, V.o ( f,Y'), augmented by the cumulative
cash flow, fre = fot dfee, is a Q™ -martingale where Q™ is an equivalent
measure with Q-density equal to 157 = RrX7®/(RoXG?) (see (2.17)). The
value of the claim Vi(f, Y) in the original economy with interest rate r and
pricing measure @ is the same as the value of a symmetric claim (¥, Y*), in
a new economy with cumulative interest process C and pricing measure
(i.e., equivalent martingale measure) Q™.

The symmetry property described in this proposition holds for any
contingent claim and, in particular, for the stock price (2.2). As we shall
see in the next sections and chapters, the result covers particular cases
that have been extensively studied in the options literature.

A discussion of general symmetry properties can be found in Kholodnyi
and Price [1998]. Their analysis focuses on (2.17) and uses concepts from
operator and group theories. They show, in particular, that symmetry can
be expressed in terms of Kelvin transforms. In their foreign exchange
setting the symmetry relations have a natural interpretation of payoffs
found on “opposite” sides of a market (i.e., payoffs quoted in different
currencies). Schroder [1999] applies the methodology of Geman, El Karoui
and Rochet [1995] by selecting the dividend-adjusted asset price as the
new numeraire. This choice leads to a special case of (2.18), valid for general
claims. Detemple [2001, Section 8] provides further perspective on the
change of measure and the symmetry property between seemingly
unrelated claims in different economies.

2.8 Option and Forward Contracts

Standard European option contracts involve a payment at the maturity
date T only. For a call option the cumulative payment is f = 0 and the
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terminal payoffis Y = (S;- K)* where K is the strike price (or exercise price);
for a put option f= 0 and Y = (K - Sp)*. For these contracts the pricing
formula of Proposition 4 specializes as follows.

Corollary 9 In the financial market model (2.1)—(2.2) the rational price of a
European call option with maturity date T and exercise price K is given by

Cy = Et [Rt,T(ST — K)+]

fort € [0, T1. The price of a European put option is p, = E; [Re.r(K — S7)%)
forte [0, Tl

Inspection of option payoffs reveals that the European put payoffis equal
to the payoff of a call with matching characteristics minus the stock price
plus the strike price. That is, (K—S7)* = (S;— K)* +K—S7. The put value is then

given by
T
/ Rt,vSv5vdU]] . (219)
t

This put-call parity (PCP) relationship determines the relative prices of options
with identical characteristics written on the same underlying asset.

Another important property of options is the property of put-call
symmetry that relates the price of a put to the price of a call in an auxiliary
financial market with modified characteristics. To state this relation
consider a financial market with interest rate d, in which the underlying
asset price satisfies

dS; = 57[(6: — re)dt + oedzf], S5 given (2.20)

pr=ct + KEt[Rt,T] — S, — E;

under some risk neutral measure @*. In this market the asset has dividend
rate r and volatility coefficient o. The process z* is a Brownian motion under
the pricing measure @*. Both z* and @* are specified below. As before, the
coefficients (§, r; o) are adapted to the filtration |, generated by the Brownian
motion z, which represents the information available to investors.

Schroder [1999] demonstrates the following general European put-call
symmetry (PCS) property.

Theorem 10 (European PCS). Consider a European put option with
characteristics K and T written on an asset with price S given by (2.2) in
the market with stochastic interest rate r. Let p(S, K, r, 8; F,) denote the put
price process. Then

pS, K, 1, 5 Ft) =c(K, S, 8, r; Ft) (2.21)

where c(K, S, 8, r; F,) is the value of a call with strike price S and maturity date
T in a financial market with interest rate dand in which the underlying asset
price follows the Ito process (2.20) with initial value K and with z* defined by

¢
25 =—2 —|—/ oudu (2.22)
0
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for t € [0, T'. The process z* is a Brownian motion under the measure Q*
given by

1 /T T
dQ* = exp (—5 /O oodv + /O avdzv) dQ =n7dQ. (2.23)

The key idea behind put-call symmetry is a change of measure converting a
put option in the original economy into a call option with symmetric char-
acteristics in the auxiliary economy. In effect this change of measure amounts
to a change of numeraire, as outlined in the previous section, in which the
dividend-adjusted underlying asset is taken as the new unit of account (the nu-
meraire is X7 = Srexp (fOT 5vdv> and Xt = exp (— fOT 5vdv) X5e = Sr).
Expressing the payoff in this new numeraire and correcting for dividends
givesY* = YX,/Xr = (K — Sr)*S:/St = (S5 — S;)* where S = KS,/S7.
This is the payoff of a call option with strike S; and written on a new asset
whose price S* is the inverse of the original asset price adjusted by a
multiplicative factor depending only on the initial conditions. Note also
that this equivalence is obtained by switching from (S, K, r, §) to (K, S, §,
r), but keeping the trajectories of the Brownian motion the same, i.e., the
filtration that is used to compute the value of the call is the one generated
by the original Brownian motion z. In other words the information used to
compute the call value in the auxiliary financial market is the same as in
the original market. As the property holds for general environments in
which the coefficients of the price process are themselves adapted processes,
it will hold, in particular, in the context of diffusion models: the separation
between the information filtration and the change of measure is important
for proving the property in these models without imposing “symmetry”
restrictions directly on the volatility coefficient.

A slightly stronger version of the preceding result is obtained if the
coefficients of the model are adapted to the subfiltration generated by the
process z* (see Detemple [2001]). Let denote the filtration generated by
the @*-Brownian motion process z*.

Corollary 11 Suppose that the coefficients (r, 5, o) are adapted to the
filtration . Then

p(S,K,?", 55-7:15) = C(Ka Sa 5,7",.7::)

where ¢(K, S, 6,7, F;)is the value of a call with strike price S and maturity
date T in a financial market with information filtration F/, generated by
the Q*-Brownian motion process (2.22), interest rate dand in which the under-
lying asset price follows the Ito process (2.20) with initial value K.

In the context of this corollary part of the information embedded in the
original information filtration generated by the Brownian motion z may
be irrelevant for pricing the put option. As all the coefficients are adapted
to the subfiltration generated by z* this is the only information that matters
in computing the expectation under @* which determines the put value
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(see (2.34) in the appendix). Note that European PCS in the standard model
with constant coefficients (the Black-Scholes setting) is a subcase of this
corollary. Indeed, for this setting, it can be verified that the filtrations 7
and F, coincide and that direct integration over z* leads to the call value
in the auxiliary financial market and the put value in the original economy.
Before turning our attention to forward contracts, note that we can also
use the measure @* in order to restate the European PCP relation as

- (o)

Special cases of this formula (for instance in the setting with constant
coefficients) have been well documented in the literature.

A forward contract is another example of a derivative security, commonly
employed to hedge financial exposures. This financial arrangement involves
a terminal payment Y = S; - K where K is the delivery price and has no
intermediate cash flows (f= 0). Given that the final payment takes negative
values, in the event S; < K, and is bounded below by -K the contract fits in
the framework of section 2.5.

pt=ct+ KE, [Rer] — Sebf

Corollary 12 In the financial market model (2.1)—(2.2) the rational price
of a forward contract with maturity date T, delivery price K and written on
the asset price (2.2) is given by

Vi = Ei[Rer(Sr—K)|=S;— E;

T
/ Rt7v5vSvdv] — KE, [Re 7]
¢

exp (— /tT c&ﬂv)] — KE; [R:.1)

for t € [0, T, where E," is the expectation under the measure Q* defined
above. The forward price f(t, S), representing the delivery price at which the
contract value is zero, is given by

= StE:

E; [exp (— ftT 5Udv)}

E, [Re,T]

f(t,St) =S
forte [0, T

2.9 Markets with Deterministic Coefficients

When the interest rate is constant, the price of an option written on a
nondividend-paying stock whose price follows a geometric Brownian motion
process satisfies the Black and Scholes [1973] formula (see also Merton
[1973a]).

Corollary 13 (Black and Scholes [1973]) Suppose that the interest rate r
is constant and that the stock price follows a geometric Brownian motion
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process without dividends ((u, o) constants, 8 = 0). Then the price of a
European call option simplifies to

ct = SN (d)— e ""KN (d—o\/T) (2.24)

where 1= T - t is the time to maturity, N(-) is the cumulative standard
normal distribution function and d = (o/7) " [log(S:/K) + (r + 30%) 7).
The price of a European put option with same maturity and exercise price
can be obtained from the put-call parity relationship: ps = ¢ — St + e ""K,
or from the PCS property.

An explicit formula for the option can also be computed when the coefficients
of the model change deterministically over time.

Corollary 14 (Black-Scholes with deterministic coefficients) Consider the
financial market model with deterministic interest rate, drift and volatility
coefficients (r, u, o) and without dividends (8 = 0). Then, the price of a
European call option is given by

SO @ g (177

where N(-) is the cumulative standard normal distribution function and

T
2 _ 2
crtyT—/ o, dv
¢

d= (\/E)_l llog (S:/K) +/tT (rv + %af,) dv] .

The next result provides the price of a European option on a dividend-
paying stock in a financial market with deterministic coefficients.

Corollary 15 (Black-Scholes with dividend adjustment) Consider the
financial market model with deterministic interest rate, drift and volatility
coefficients, and dividend rate (r, u, o, 8). The price of a European call
option is given by

¢t = S:DyrN (d) — Rer KN (d - \/E)

where Dy = exp (— ftT 5Udv), N(.) is the cumulative standard normal
distribution function and

d= (\/E)_l llog (S:/K) + /tT <rv — b, + %02> dv]] - (2.25)
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Figure 2.1 shows the behavior of the call price function when the coefficients
1, 6, o are constants. Convexity with respect to the underlying asset
price is apparent. This property can be easily proved from the convexity
of the payoff function. The call price converges to zero as the underlying
price converges to zero, reflecting the vanishing probability of exercise.
At the other extreme, the call price converges to the discounted value
of the difference between the asset price and the strike,
Spe=8(T—t) _ ge—r(T—t) = Et [Ri 1 (St — K)) For intuition note that the
probability of exercise converges to one as S; becomes large and therefore
that the call value converges to the present value of Sy - K. As the call price
is non-negative and the call payoff dominates S; - K, we also have the
lower bound ¢; > max (0, See =Tt — Ke=7(T-%)),

50 T T T T T T T T T

45} -

Exercise payoff
35 \

251 -

Values

20F -

15} .
Option price

10 -

\Lower bound

0 1 L L 1 1 1 1
50 60 70 80 90 100 110 120 130 140 150

Asset price

Figure 2.1: Black-Scholes model. This figure graphs the European call price ¢, the
payoff function (S, - K)* and the lower bound max (0, S;e=*(T—% — Ke="(T—1
(y-axis) with respect to the underlying asset price (x-axis). Parameter values are r
=2%,5=6%,0=025and T-¢=1.

For risk management purposes it is important to identify the sensitivity
of the option price with respect to the underlying asset price. The delta
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hedge of the option, given by the derivative dc(S,t) /S, quantifies this
sensitivity. In the context of the model with dividend adjustment one
obtains,

Corollary 16 Consider the model with dividend adjustment of Corollary
15 and let ¢(S, t) denote the value of the European call option. The delta
hedge ratio b (S,t) = dc(S,t) /OS is

h (S, t) = Dy N (d)
with d as in (2.25).

Figure 2.2 graphs the delta hedge ratio as a function of the underlying
asset price. As expected the delta hedge converges to zero as S approaches
zero and to e(7) as S becomes large. Convexity of the price function ensures
that A(S, t) is bounded above by (™).

Figure 2.2: Hedging in the Black-Scholes model. This figure displays the behavior
of the call hedge ratio A, (y-axis) with respect to the underlying asset price (x-axis).

Parameter values are r = 2%, 6 = 6%, 0 = 0.2 and T - ¢ = 1. The upper bound is
e—&(T—t)‘
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To complete this section we record the value of a forward contract in the
simple setting of Corollary 15. This formula and the corresponding
expression for the forward price follow immediately from Corollary 12 and
are straightforward adaptations of standard results (see, for instance, Hull
[2002]).

Corollary 17 Consider the model with dividend adjustment of Corollary
15 and let v(S, t) denote the value of a forward contract with delivery date
T, delivery price K and written on the asset price S. Then

T
vtf = S;exp (—/ 5Udv) — KRy 7
t

for t € [0, T]. The forward price is f(t,S;) = S;exp (ftT(Tv _ 5v)dv) forte
[0, T.

Lastly, we point out that all the results in this section are also valid when
the coefficient u of the asset price process is an adapted stochastic process.
In the risk neutral environment only the properties of the interest rate
and of the volatility of the asset return matter for pricing payoffs that are
not explicitly tied to the drift of the asset return. As long as r and s are
constants, or deterministic functions of time, the formulas displayed above
will apply.

2.10 Markets with Multiple Assets

We now outline an extension to a financial market with d risky securities.
The underlying sources of uncertainty are represented by a d-dimensional
vector of Brownian motion processes z. There is a riskless asset paying
interest at the rate r where r is a positive, bounded and progressively
measurable process. The vector of risky asset prices S satisfies

dSy = I°[(ps — 6¢)dt + o¢dz], So given (2.26)

where I° is a d x d diagonal matrix with vector of prices on its diagonal, &
is a d x 1 vector of dividend rates, 1 is a d x 1 vector of drifts and cad x d
matrix of volatility coefficients. All the coefficients are progressively
measurable and bounded processes; the dividends are non-negative. We
also assume that the volatility matrix o is invertible and that the d-
dimensional MPR process 6 = o~ (u — r) satisfies the Novikov condition

/7
exp (5/0 | 6s |1 ds)]<oo

where || 0 ||?= 0'0. This last assumption ensures that the exponential
process
t 14
/ 1 2
My = €Xp | — 0 dzs — 3 | 05 |° ds (2.27)
0 0
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is a martingale and that the measure, Q(A) = E[npla), A € Fr, is a
probability measure equivalent to P; @ is the equivalent martingale
measure in the multiasset case.

All the definitions, properties and results demonstrated in the context
of the single asset model generalize naturally to this multiasset financial
market. In particular the value of a contingent claim can be written as the
present value of its future discounted cash flows.

Proposition 18 The rational price at time t of the European contingent
claim (f, Y) € I, is uniquely given by

Vi(f,Y) = E, — E,

T T
RerY + / R,..df, EorY + / £, df
t t

fort e [0, Tlwhere dQ = nydP, nyis defined in (2.27) and where ¢, = R;7,.

The rational price of the contingent claim is calculated by discounting cash
flows either at the riskfree rate (under the risk neutral measure) or at the
risk-adjusted rate embedded in the SPD £ (under the original measure).
The structures of these valuation formulas are identical to those in the
single asset case. Analogs of Proposition 6 and Theorem 7 also hold in this
multiasset setting.

2.11 Appendix: Proofs

Proof of Theorem 1: Detailed proofs can be found in Karatzas and Shreve
[1988], [1998]. Our demonstration below provides the key elements in the
derivation of this central result.

Consider a consumption-portfolio policy (C, ) and let X be the wealth
process generated by (C, 7). An application of Ito’s lemma gives

i t
tht + / §SdCs =+ / 55(7750'5 - Xsos)dzs (228)
0 0

for all ¢ € [0, T'.

(i) Necessity: Suppose now that the policy is admissible: (C,7) € A(x).
The right-hand side of (2.28) is a continuous local martingale. Admissibility
of (C, =) implies that the left-hand side of (2.28) is non-negative. The
combination of these two properties implies that the right-hand side is a
non-negative supermartingale (Karatzas and Shreve [1988, Chapter 1,
Problem 5.19]). Taking expectations on both sides of (2.28) and setting ¢ =
T then yields

FE <.

T
EpXr —|—/ £.dC
0

Hence if (f, Y) is attainable (X; = Y and dC, = df, for all ¢t € [0, T']) from
initial wealth x then
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T T
E §TY+/ Edfs| < E §TXT+/ £,dCs| <z
0 0

The static budget constraint (2.11) follows by passing to the @-measure..
(ii) Sufficiency: conversely, suppose that (f, Y) € 7, satisfies (2.11) and

consider the P-martingale M defined by M; = E;[(7Y] + E; [ fOT §Sdfs}. By

the fundamental representation theorem for right continuous left limit
(RCLL) Brownian martingales (Karatzas and Shreve [1988, Theorem
3.4.15, Problem 3.4.16]) M has the representation

t
M; = M, +/ @ dzg (2.29)
0

where ¢ is a one-dimensional, F.,-progressively measurable process such
that fOT $7dt < oo, (P—a.s.). Selecting the portfolio process m, such that &
(w0, —X,0,) = ¢, and substituting in the wealth process X of (2.28) yields

t t
X+ / £adC, =z + / 6oz
0 0

or, as fol ¢odzs = M, — My,

t T
&X:+ / €dC, =2 — B |&yY + / Eodfa| + Er
0 0

T
&y + [ §sdfs] (2:30)
0
for all ¢ € [0, T']. Evaluating this expression at ¢ = T' shows

T
L ey + /0 £.df.

T
&Y + /0 £.df.

T
fTXT—F/ £ dCs =2 —FE
0

giventhat .Y + fOT €.dfsis Fr-measurable. The static budget constraint ,
(2.11), that can also be written asz — £ [gTY + fOT £, dfs} > 0, then implies

T T
rXr + /0 £.0C. > ExY + /0 £.df..

Selecting C = f yields X; = Y. Moreover, (2.30) and the static budget
constraint (2.11) also give £, X; + fot £,dC, > F; [gTY + fOT §Sdfs] forallte
[0, Tl. Combining this inequality with C = f, where f is non-decreasing,
and with Y = 0 then yields £, X: > F; [{TY + ftT §Sdfs} > 0, forall ¢ e [0,
T1. This shows that (C, w) € A(x). We conclude that (f, Y) is attainable from

x by using the policy (C, ).
Finally, note that X, =Y, (P-a.s.) if (2.11) holds with equality. It follows
that (C, w) replicates (f, Y) from an initial investment x (i.e., at cost x).
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When £ + fOT £.dfs € L£? the martingale M, defined above, is square-
integrable. The process ¢ in the representation (2.29) is then unique. The
uniqueness of the replicating consumption-portfolio policy follows. H

Proof of Proposition 4: The contingent claim (f, Y) is attainable from all
initial investments x satisfying the budget constraint (2.11). Minimizing
over this set yields the (unique) minimum investment from which (7, Y) is

attainable: z* = E [RO,TY + fOT RO,Sde} . Let (C, m) be the replicating

strategy and X the associated wealth process. Note that withdrawals
associated with this replicating policy can be reinvested in the account. In
this case the balance of the account evolves according to dX + dC. To prove
the proposition we show that Vo(f,Y) = «* for ¢ = 0. A straightforward
adaptation of the argument will then establish the result for an arbitrary
time ¢ € [0, T'.

So let us first suppose that Vo(f,Y) — * > 0. Under this condition the
strategy of selling (f, Y) at a price V(f, Y), and undertaking the policy (C, n)
that generates (f, Y) from initial wealth x*, is an arbitrage opportunity. Indeed,
this strategy produces an immediate inflow equal to V(f, Y) —x* > 0 and
subsequent cash flows equal to dC, = dC; — df, = 0 and X; - Y = 0. The
wealth process associated with the strategy is

aX, = ()?t X+ Vt) redt + (dX; + dCy) — (Vi + dfs)
= (R Xe 4 Vi) redt + X, — Ve

with initial condition X o = 0, as no external cash infusions are needed to
start the strategy. Solving this stochastic differential equation yields Xr =
Rg} ()?0 - Xo+ Vo) +Xr—Vr = Rg} (Vo —z*) > 0. To preclude this
arbitrage it must be the case that Vo (f,Y) < a*.

Assume then that V(f, Y) < x*. In this instance, buying the claim and
investing in the replicating portfolio yields cash flows x* — V(f, Y) > 0,
dC,—dC,—df,=0and X;- Y =0. This is again an arbitrage strategy, by the
same arguments. We conclude that V(f, Y) = x* to preclude the existence
of arbitrage opportunities.

As the sum of discounted wealth plus cumulative discounted
consumption is a @-martingale, a similar reasoning establishes that the
minimum amount of wealth needed at date ¢ to generate (f, Y) is

X, = E, [RLTY + /, tT Rtysdfs} . The price of the claim at date ¢ follows. H

Proof of Theorem 5: The discounted wealth process generated by a policy
(C, ) satisfies

i t
RO,tXt + / RO,sts =T +/ RO,sﬂ'sUsdzs (2.31)
0 0

for all ¢ € [0, T']. If we use the state price density as a deflator we obtain
the alternative expression (2.28).
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(i) Necessity: Suppose now that the policy is K-admissible: (C, w) € A(x;
K). The right-hand side of (2.31) is a continuous @-local martingale. K-
admissibility of (C, w) and boundedness of the interest rate imply that the
left-hand side is bounded below. We conclude that the right-hand side is a
supermartingale. Taking the @-expectation on each side and settingt = T'
then yields

T
E |RorXr + / Ry .dC,
0

Hence if (f, Y) is K-attainable (X; = Y and dC, = df; for all ¢t € [0, T']) from
initial wealth x then
<E

T T
E RO,TYT +/ RO,sde RO,TXT +/ RO,sts
0 0

which establishes the budget constraint (2.15).

(ii) Sufficiency: conversely, suppose that (f,Y) € Z,u, satisfies (2.15) and
consider the P-martingale M defined by M; = Ei[(7Y] + F: [ foT gsdfs}.
Proceeding along the same lines as in the proof of Theorem 1 leads to

t T
X+ / €dC, =z — B |6,V + / ¢.df. | +
0 0

T
§TY+/O §sdfs] (2.32)

for all ¢ € [0, T']. Evaluating this expression at ¢ = T" establishes

T T T
Ep X+ /0 €dC, = o — F &Y + /0 Eudfs| + &Y + /0 £.df

given that £;Y + fOT £.dfs is Fr-measurable. The budget constraint (2.15)
then implies

T T
rXr + / £.dC, > ExY + / £ df

Selecting C = f yields Xy = Y. Moreover (2.32) and the static budget
constraint (2.15) also give &, X: + fo £,dC, > Ey |E4Y + fo £ dfs|forallte
[0, T'l. As C = f we can also write

Xy > Iy = E

T T
EonY + [ €, .dh. RexYr + / Rydf,
t t

for all £ € [0, T']. Given that r is bounded and (f, Y) is bounded from below,
the random variable Ry 7Y + f“ Ry .df 1s bounded from below as well. It
then follows that X, = — K for all ¢ € [0, T']. We conclude that (C, ) € A(x;
K) and that the policy (C, m) K-superreplicates the claim (f, Y). Note also
that X;=Y, (P-a.s.) if (2.15) holds with equality. In this case (C, =) is seen to
K-replicate (f, Y) at cost x.
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The last statement is proved as in Theorem 1. B

Proof of Proposition 6: The proof parallels the proof of Proposition 4. Set
= E [RO,TY + fOT RO,Sdfs} and note that Theorem 5 ensures the existence

of a K-replicating consumption-portfolio policy starting from initial wealth
x*. The same no-arbitrage argument can then be applied to show that V(7,
Y)=x* 1

Proof of Theorem 7: The no-arbitrage argument sketched in the text shows
that

er = —0p pylpy — 1) + (o —70) = 0.

It follows immediately that «; — r: = p,0: = 8,(p; — 7¢) where B=p,/ o,

If the underlying asset satisfies the CAPM then i, — r: = (o /07" (17" —74)
where u™, o™ are the coefficients of the process followed by the price of the
market portfolio of risky assets. Simple algebra establishes that at —r, = 87
(" —r,) where 3™ = p, /o B

Proof of Theorem 8: The proof is outlined in the text leading up to the
proposition. H

Proof of Corollary 9: Substitution of the call and put payoff functions in
the formula of Proposition 4 yields the results stated. H

Proof of Theorem 10: Let p: = p(S, K, r, §; F+) be the price of the put option
with characteristics (K, 7), in the original financial market. This price has
the (present value) representation

B T T T +
pe = Ey |exp (—/ rvdv) (K — Sexp (/ Qupdv —|—/ Uvdzv))
t t t

where o = r —§ — 0% and the expectation is taken relative to the

equivalent martingale measure @. Simple manipulations show that the
right hand side of this equation equals

B T T T +
E; lexp (—/ 5Udv) N1 (Kexp (—/ adv —/ crvd}fv) - S)
t t t
(2.33)

where 7} = exp (—% [y o2dv+ [} avd’zvv).
Consider the new measure dQ* = n5d(Q, which is equivalent to Q.
Girsanov’s Theorem (Karatzas and Shreve [1988, Theorem 5.1]) implies
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that the process z;; = —Zz: + fot o,dvis a @*-Brownian motion. Substituting
z*in (2.33) and passing to the measure @* yields

T T 1 T *
E; lexp (—/ 5Udv) (Kexp (/ (0 — 10 — iag)dv +/ O-Udz:;) - S)
t i t

(2.34)

where E? denotes the conditional expectation relative to @*. But the right
hand side is the value of a call option with strike S, maturity date 7"in an
economy with interest rate § and pricing measure @*. The underlying asset

price is
T 1 T
St = Kexp / (0 — 1y — §Ug)dv —|—/ opdz)
t t

at date 7. An application of Ito’s lemma shows that S satisfies (2.20), for all
v € [t, T, with initial condition S} = K. Inspection of this equation shows
that the asset pays dividends at the rate r in the economy with interest rate
8 and risk neutral measure @*.

Proof of Corollary 11: When the coefficients (7, 8, o) are adapted to the
filtration F; the conditional expectation in (2.34) with respect to the sigma-
algebra F is the same as the conditional expectation with respect to 7,
for all ¢ € [0, T']. The result follows. H

Proof of Corollary 12: An application of Proposition 6 shows that V, = E,
[R,7(Sr— K)]. Using the stock price formula (2.8) establishes that V, =S, —

E, HtT Rt,vcsvSvde — KE; [R: ). Solving the linear SDE (2.2) and passing
to the @-measure gives

T 1 (T T
Ry 7St = S:exp —/ Opdv — 5/ af,dv +/ o dzy
t t i

and, with the definition of the measure @*,

T *
R pST = Spexp (—/ 5vdv) dQ
t

aQ
Substituting in V;, = E, [R; r(Sr — K)] and simplifying gives

T * -

exp (—/t 5Udv) (fi% ] — KE¢[Ry 7]
T o~

exp (—/t 5#1})] — KFE: [Ry 7]

Vi S; By

S.E;
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The forward price (¢, S) is obtained by solving the equation

Ef |exp (— /T 5vdv)] — f(t,S) B [Rer)

Proof of Corollary 13: Let 7= T - ¢. The call option price in Proposition 4
can be written as

0=25;

for fit, S). A

Co= ¢ B, [(Sr— K| = 7 (B (15,2 57) = KB [Ls 200

Under the risk neutral measure @ the stock price is

1
St = Stexp ((r — 502> T+o(Zr— 5t)>

where 2,—2, is distributed as2VT—t and 2 is a standard normal random
variable. Thus,

By [1gsyony] = ( > (ov/T)" [log (K/S:) — (r—%cﬂ) 7']) ,
DA (2.35)

where N(-) is the cumulative standard normal distribution. The first
expectation is

B, [Lgsr>k1ST] = "7 S |:1{ST>K}€_%G2T+GE\/;):|

(2.36)
= TSE s>k

where E}[] is the expectation under @* in (2.23), specialized to the case
under consideration. Under this measure the asset price is distributed as

1
S; exp ((r — 502 + 0'2> T— crz*\/7_'>

where z* is a standard normal variate. An adaptation of the computation
in (2.35), to account for the new measure @%*, shows that (2.36) equals e’*
S:N(d). Combining (2.35) and (2.36) gives (2.24).

To prove the put-call parity relationship, note that (K - Sp)* = (Sy - K)* -
Sr+ K. No arbitrage implies that the value of the put must equal the value
of the portfolio of the securities on the right-hand side of the equality. The
parity relationship follows. B

Proof of Corollary 14: Under the assumptions stated we have

T 1 T
St = S;exp / (rv — 50’ ) dv +/ o,dzZ, | .
i t
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Furthermore, the stochastic integral [ T &, d3, has normal distribution with
mean zero and variance [7 o2 dv. Perftorming the same computations as in
the proof of Corollary 13 yields the result. B

Proof of Corollary 15: The stock price is now given by

T 1 T
St = S;exp / (rv — 0y — 50’5) dv —|—/ oudZ, | .
¢ ¢

Proceeding as in the proof of Corollary 13 leads to the result. B

Proof of Corollary 16: Taking the derivative of the option price in Corollary
15 with respect to S and using the relation S;D; rn(d)—R; 7K n (d - af,T) =
proves the result. B

Proof of Corollary 17: Given that 7, 6 are deterministic the formulas
stated follow immediately from those in Corollary 12. B

Proof of Proposition 18: The case of complete markets with multiple
risky assets parallels the single dimensional case (single asset, single
Brownian motion case). Both Theorem 1 and Proposition 4 hold in this
setting and are proved along the same lines. H
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Chapter 3

American Contingent
Claims

We now turn our attention to the valuation of American contingent claims.
By definition these are contracts that can be exercised during certain
prespecified periods of time, at the option of the holder. Their valuation,
naturally, requires the determination of the optimal exercise policy. The
absence of arbitrage opportunities implies that the value of the contract is
the value under the optimal exercise policy.

This chapter presents several approaches that can be used to price
American-style contingent claims. The analysis is cast in the general
financial market model with Ito price processes and adapted interest rate
process. The results described will be used in subsequent chapters to study
more specific contractual forms, such as vanilla options, barrier and capped
options, multiasset options and occupation time derivatives, in markets
with constant coefficients. They also serve as starting points for some of
the numerical methods presented in chapter 8.

In a preliminary step we extend the valuation formula in Proposition 4
to securities with payoffs at random times (section 3.1). We then value
American contingent claims (sections 3.2 and 3.3) and specialize the results
to options (section 3.5). The case of financial markets with multiple assets
is considered last (section 3.6).

3.1 Contingent Claims with Random Maturity

The economic setting is the one presented in section 2.2. In order to describe
claims with random timing of payments we need to introduce a few
additional concepts. A random time 7is a stopping time of the (Brownian)
filtration F , if the event {7 < ¢} belongs to the o-field F; for every ¢ € [0, T'].
In other words tis a stopping time if, at any time ¢, an individual observing
the underlying source of uncertainty (thus endowed with the o-algebra F)

37
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38 CHAPTER 3. AMERICAN CONTINGENT CLAIMS

can tell whether 7has occurred or not. Let S, r denote the set of stopping
times taking values in [0, T].

Consider a contingent claim (£, Y) and an exogenously specified stopping
time 7€ Syr. Here fis a cumulative payment process up to 7: this finite
variation process is non-decreasing, progressively measurable, right-
continuous and null at zero. Also, Y is used to represent a terminal, non-
negative and F,-measurable cash flow Y, paid at the random time 7. To
prepare the ground for the case of American claims we can actually think
of Y as a right-continuous, adapted stochastic process with value Y, at the
random maturity date 7. By analogy with condition (2.10) in section 2.2
we consider claims (f, Y) satisfying the integrability condition!

E
t€[0,T]

sup (£th+ /0 §sdfs>] < oo, 3.1)

Let 7% be the class of claims that satisfy this condition and df >0, Y > 0.

Theorem 19 Let 7 be a stopping time in Sy and suppose that (f,Y) € 17.
The rational price of this contingent claim, V(f, Y, 1), is uniquely given by

Vi(f, Y, 1) = Et [/ Ry sdfs + Rtﬂ'YT] = by [/ gt,sdfs + gt,rYT
t t

forall t € [0, 1].

This result shows that contingent claims that expire at a stopping time of
the filtration are valued in the same manner (using the same pricing
operator) as contracts with fixed maturity date. The key ingredient is the
fact that the random maturity is a function of the Brownian motion that
generates the information structure. The completeness of the financial
market (relative to this Brownian motion) ensures that maturity risk can
be properly hedged. The absence of arbitrage opportunities validates the
equality between the price of the claim and the value of the replicating
portfolio.

Note that the class of claims covered by Theorem 19 includes contracts
paying cash flows at multiple random dates. These discrete payments are, in
fact, embedded in the cumulative cash flow process f, which may include
discontinuities at random times. Letting Af'be the jumps in f we can write f =
f2+ % where f* is the purely continuous part of the cumulative payment process
and /% =X Af'its purely discontinuous part. The valuation formula can then be

Note that the supremum inside the expectation is taken path-by-path. Condition (3.1),
therefore, implies that sup res, o £[D:] < 0o, where Dy = £,¥i 4 [; £ dfc, where is the
deflated payoff process.
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restated as

/ Rt,sdfsc + Z Rt,sAfs + Rt,TYT

¢ t<s<t

V(£ Y, 7)

[
=

= Et / Rt7sdf§ + E Rt,Tj Aij + Rt,TYT
+ .
J

where 7;is the random time of the j”-jump in the interval /¢, 7/. This result
is already implicit in the formulas provided in the previous chapter, which
treat the special case 7=T.

3.2 American Contingent Claims

If, instead of being exogenously specified, the stopping time 7can be chosen
by the holder of the claim, then (f, Y) is an American-style contingent claim.
A stopping time is also called an exercise time or exercise policy for the
claim. In fact, as the choice of an exercise time can only be based on the
information available (and given that information is assumed to be
homogeneous among participants in the financial market), the class of
exercise policies available to the claimholder naturally coincides with the
class of stopping times of the filtration. The decision to exercise can then
be thought of as the selection of the best stopping time 7 with values in [0,
T1, i.e., the one that maximizes the value of the claim for the owner. This
is the optimal exercise policy.

In order to state the first pricing result we introduce the following
notation. For ¢ € [0, T define the deflated payoff process

t
Dy =60,V + / o ol 3.2)
0

where §o: = Ro,t7; is the state price density introduced in chapter 2. To
simplify matters, assume that D is a continuous process, for the remainder
of this chapter. Consider the associated process Z such that

Zt = Ssup Et [DT] (3'3)

TGSt,T

which is known as the Snell envelope of D. The process Z plays an important
role in the characterization of the optimal exercise time and the valuation
of the American claim. It has a number of useful properties (see El Karoui
[1981] and Karatzas and Shreve [1998, Appendix D] for detailed analyses).
Clearly Z is non-negative as D is non-negative. In fact, it can be shown
that Z is a supermartingale with a right-continuous left-limit modification.?

?To see the supermartingale property let 7, be the optimal stopping time for Z; and note
that By [Zs] = E [Es [D+,]] = E¢ [D+,] < E¢[D+,] = Z, foralls >t.
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Below, we will assimilate it with its modification. It is also a majorant of
D: as 7=t is a stopping time in S, we obviously have Z, > D,, for all ¢ € [0,
T]. In fact Z is the smallest supermartingale majorant of D (i.e., it is
bounded above by any supermartingale that majorizes D).> Finally, for
each ¢ € [0, T, the optimization problem on the right hand side of (3.3) is
solved by the stopping time

T =inf{s € [t,T]: Zs = Ds} (3.4)

(as Z,= D, means that immediate exercise is optimal at s). Given that D is
continuous and E [supte[D}T] Dt} < oo (because (f,Y) € 7}) a solution

exists (see Karatzas and Shreve [1998, Appendix D]). With these definitions
we are in a position to identify the value of an American contingent claim.

Theorem 20 (Bensoussan [1984], Karatzas [1988]). Consider an American-
style contingent claim (f,Y) € I%). For all t € [0, %] the value of the claim,

V(f, Y), is uniquely given by
i
Vi(f,Y) =54 (Zt —/0 §o,sdfs> = sup By [/ € dfs + &1 Y7 |-(3.5)

TES: T
The optimal exercise policy is given by
To=inf{t € [0,T]: Z; = D;} (3.6)

Note that the right hand side of (3.5) can also be written relative to the
®-measure as

Vi (f,Y) = sup E [/ Ry odfs + Re 2 Y
TESy, T t

Thus, the theorem formalizes the intuitive notion that the value of an
American contingent claim ought to equal the highest value that can be
achieved by selecting exercise policies in the feasible set. In effect the
proof demonstrates the existence of an admissible consumption-portfolio
policy that replicates the right hand side of (3.5). The value of the claim is
the value of this replicating policy. Formula (3.5) also demonstrates that
the same pricing principles, as in the case of European claims or claims
with exogenously specified random maturity, apply.

Theorem 20 suggests a separation of the valuation problem into two
steps. The first step consists in solving the auxiliary problem embedded in
the definition of the Snell envelope (3.3). This problem is well defined for
all times te [0, T1. Its resolution produces the supermartingale Z along
with the set of stopping times (3.4) indexed by ¢. In the second step the
valuation problem is expressed in terms of the Snell envelope. The optimal
exercise policy is the specific stopping time 7, i.e., the first time in the

3Let S be an arbitrary supermartingale majorant of D. Then, for any 7 € S, we have
E.D<ESZXS, where the first inequality follows from the majorizing property of S and the
second one from the supermartingale property of S. Optimizing over the set of stopping
times S,y establishes that Z, < S,.
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interval [0, Tl at which the Snell envelope equals the discounted payoff D.
The value of the American-style contingent claim prior to this exercise
date is the value under this exercise policy. In a rational financial market
the American contingent claim issued at date 0 matures endogenously at
this exercise time.

Remark 3 The actualized cash flow-corrected Snell envelope

! (Zt - /0 50,Sdfs) 37

prices newly issued claims at any point in time t € [0, T']. For example, an
American contingent claim (f, Y) marketed (or remarketed) at time t > 1,
and whose cash flows are those in the original contract that pertain to the

sub-period [t, T1 is worth Vi (f,Y) = 50_; (Zt - fot fo,sdfs). The optimal
exercise time is the first time post-introduction at which the Snell envelope
equals the deflated payoff of the claim v, = inf{s € [t,T| : Z, = D,}. If t,>
t the newly issued claim will survive until its endogenous expiration date.
If tt=t immediate exercise is optimal: the claim has no material existence.
A claim that is continuously marketed (or quoted) during the period [0, T
carries a price given by (3.7). This provides further motivation for the study
of the Snell envelope.

Remark 4 For claims (0,Y) T*, consisting solely of a terminal payoff, Theorem
20 states that Vi (f.Y) = supb,cs, ,. £ [RerYr] = By [Re, 7, Yo, | for t < 75. One
concludes immediately that the discounted price, R,,V, of an American
contingent claim without intermediate payments is a Q-martingale prior to
the optimal exercise time (where discounting is at the riskfree rate). For
claims (f,Y) € 17 with intermediate cash flows it is the discounted price
augmented by the sum of discounted intermediate cash flows that has the
Q-martingale property.

Although intuitive, the representation of the price provided in (3.5)—(3.6)
isincomplete, because the optimal stopping time defined via the Snell envelope
is not expressed in an explicit form. A further characterization of this optimal
policy is therefore needed to proceed with valuation. A decomposition, that
builds upon the Snell envelope and emphasizes the gains from early exercise
(prior to the maturity date 7)), proves useful in that regard. It often produces
additional insights about the price structure of an American claim and leads
to a characterization of the optimal exercise time that can be exploited in
specialized contexts. This decomposition is examined next.

3.3 Exercise Premium Representations

The formula identifying the gains realized by optimally exercising before the
maturity date of the contract is known as the early exercise premium
representation (EEP) of the American contingent claim price. The EEP formula
relates to a general result valid for a large class of supermartingales, known as
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the Riesz decomposition (see Karatzas and Shreve [1988, Chapter 1, Exercise
3.18]): it corresponds to the Riesz decomposition of the Snell envelope.

The Riesz decomposition states that any right-continuous, uniformly
integrable supermartingale can be written as the sum of a right-continuous,
uniformly integrable martingale and a right-continuous, non-negative
supermartingale whose expected value converges to zero as time goes to
infinity (i.e., a potential). This decomposition of the Snell envelope was
initially established by El Karoui and Karatzas [1991] for stopping time
problems defined in the context of models with Brownian filtration. An
adaptation of their result, to the valuation of American puts in the Black
and Scholes framework (constant interest rate and geometric Brownian
motion for the underlying asset price), can be found in Myneni [1992]. As
shown by Rutkowski [1994], the decomposition of the Snell envelope
generalizes to settings where payoffs are continuous semimartingales
adapted to a general filtration satisfying the “usual conditions”. The results
reported below are special cases of Rutkowski as the underlying
uncertainty-information structure, in the economy under consideration,
is given by the Brownian filtration introduced in section 2.2.

We consider a class of contingent claims (f, Y) e 7% such that the payoff'y,
under the @-measure, satisfies

Y, =Yo+ AL + MY, te0,T] (3.8)
where MY is a @-martingale and AY is a non-decreasing process null at 0;
both MY and AY are progressively measurable processes of the Brownian
filtration. For the example of a call option the exercise payoffis Y = (S -
K)* and f'= 0. This payoff can be written in the form (3.8) by an application
of the Tanaka-Meyer formula (Karatzas and Shreve [1988, Chapter 3,
Proposition 6.8]).

Theorem 21 Consider an American-style contingent claim (f,Y) € I} and
such that the payoff' Y has the decomposition (3.8). The value of the claim
at t € [0, 1,] has the early exercise premium representation

T
Vi(f,Y) = L [Rt,TYT+/ Rt,sdfs}
t

1T y (3.9)
+F; / R slyr —sy (rssts —dA; — dfs)

where 7, = inf{v € [t,T]: Z, = Dy}.. The first component in (3.9) is the
value of a European-style claim with the same characteristics (f, Y); the
second component is the Early Exercise Premium (EEP). If we reinterpret
the claim as being continuously marketed throughout the interval [0, T
then (3.9) holds for all t € [0, T1, with the substitution of t,in place of t,in
the lower bound of the integral in the EEP.

The EEP representation formula (3.9) provides an intuitive decomposition of
the price of the American-style contingent claim. It indicates that the
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price of the contract is the value of a European contingent claim with matching
characteristics augmented by the present value of the gains from early exercise
(the early exercise premium). The (local) gains from early exercise are given
by the cash flow 7. Y.ds — dAY — df,. The first component, r,Y,ds, represents
the interest collected over the next increment of time, by exercising
immediately and placing the proceeds in the riskless account (this is also the
opportunity cost saved by exercising immediately instead of waiting, i.e., the
time value of money embedded in the discount rate r). The second component,
—2A4Y isthe loss incurred, upon exercise, due to the natural appreciation of
the payoff Y. Indeed, by exercising, the claimholder forgoes further appreciation
in the payoff. The last component, -df,, is the loss incurred, upon exercise, by
forgoing the cash flow paid by the claim. As we shall see in the next section
the early exercise premium and the gains from early exercise have a more
specialized interpretation in the case of an American option.

The EEP representation provides useful insights into the determinants of
the exercise decision. The following result is a direct consequence of the
formula.

Corollary 22 Contingent claims such that 7.Y,dv — dAY — df, < 0 for
all v € [0, Tl will never be exercised prior to the maturity date.

Under the condition of the Corollary the net benefit of exercising is
non-positive at all times. As a result, incentives to exercise are insufficient
and the early exercise premium will be null. A special case of this result is
obtained when the claim is a call option on a non-dividend-paying stock.
It is well known that it is suboptimal to exercise an American call prior to
maturity under these conditions (Merton [1973a]). For this contract Y =
(S - K)* and f = 0, and, in the exercise region where S > K, we have
rYydv  dAY 1, (S, — K)dv — Syrydv = —r, Kdv < 0.. Corollary 22 then
applies and shows that early exercise is a suboptimal policy as it can only
reduce the value of the contract.

A complement to the EEP representation of an American contingent
claim is a decomposition emphasizing the gains from delaying exercise.
This formula is known as the delayed exercise premium representation
(DEP). The DEP of an American put option on a non-dividend-paying asset
and in a financial market with constant coefficients (constant interest
rate and geometric Brownian motion for the stock price) was derived by
Carr, Jarrow and Myneni [1992]. The next theorem extends their analysis
to the more general class of American claims discussed in this section.

Theorem 23 Consider an American-style contingent claim (f,Y) € I3 and
such that the payoff Y has the decomposition (3.8). The value of the claim
at t € [0, 1] has the delayed exercise premium representation

T
Vi(f,Y)=Y; + E; / R lirgssy (dAY +dfs — rsYeds)|(3.10)
t
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where 7, = inf {v € [t,T]: Z, = D,}. The first component in (3.10) is the
immediate exercise value; the second one is the Delayed Exercise Premium
(DEP). If we reinterpret the claim as being continuously marketed throughout
the interval [0, T then (3.10) holds for all t € [0, T, with the substitution of
7, in place of 1, in the indicator function appearing in the DEP.

The delayed exercise premium representation can be viewed as the counterpart
of the EEP representation to the extent that it emphasizes the gains from
waiting to exercise. The net gains consist of three parts: the appreciation of
the payoff dAY, the cash inflow collected df, and the interest foregone by
postponing exercise -, Y, ds (an opportunity cost). The present value of these
gains is captured by the second component on the right hand side of (3.10).
This value component is also known as the time value of the contingent
claim.

3.4 A Duality Formula: Upper Price Bounds

The Snell envelope (3.3) and the valuation formula (3.5) immediately suggest
that the price of an American-style contingent claim is bounded below by

Vo (f,Y) =z E[D-]

where 7is any arbitrary stopping time in S, 7. This simple insight will, in
fact, be exploited in chapter 8, in order to manufacture interesting lower bound
approximations for option prices. The deduction of an upper bound for the
claim’s price is much less evident, but nevertheless feasible. It relies on duality
results established by Davis and Karatzas [1994] and Rogers [2002].

Theorem 24 (Davis and Karatzas [1994], Rogers [2002]) Consider an
American-style contingent claim (f,Y) € I7%. The value of the claim, V(f,
Y), is given by

W(f,Y)=Zy= sup E[D;]= inf F
T€So, T MGH(I)(P)

sup (D — Mt)] (3.11)
te[0,7]

where H(P) is the space of P-martingales that are null at t = 0 and such
that supse(o 11 | M| € L1 (P).
Theorem 24 shows that the claim’s price is bounded above by

WhY)<E

sup (Dt — Mt)]
te[0,7]

where M is any arbitrary martingale that is integrable in the sense of
H(P). Taking the minimum upper bound over this class, in fact, produces
the price of the claim. Thus, instead of maximizing over a class of stopping
times one can, equivalently, minimize over a set of martingales, in order
to price the claim.

The reasons underlying this duality formula are deep. It is fairly clear
that the quantity g [Supt 7] Dt} is an upper bound for the price, as it
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maximizes the payoff pathwise (using all the information up to maturity)
and then averages the resulting random variable. Subtracting a martingale
M, that is null at zero, from D is neutral from a pricing point of view given
that the expectation of M is zero. The upper bound g [Supte[u, 7 (D; Mt}}

then follows for the same reasons. It is much less apparent why the smallest
upper bound over the class of martingales described will actually equal
the claim’s price.

Some insights emerge when we think of the structure of the Snell
envelope. Under the conditions of the theorem the Doob-Meyer
decomposition holds and establishes that Z is the difference of a martingale
and of a non-decreasing process, both null at zero(i.e., Z, Zg+MZ AZ).
Using the martingale produces the particular upper price bound
SUP;c(0,7) (Dg MEZ ) . But, as immediate exercise is a feasible policy, it
must be that D, < Z,. It follows that D, MZ <2, M# Z; AZ and
given that AZ is non-decreasing and null at zero we conclude that

D, MF <z That is, F|supepm (D: MZ)| < Z=Vo(£,Y) our

particular upper bound is, in fact, bounded above by the claim’s price!

The bounds suggested by the theorem are of practical relevance because
they are easy to compute (for instance by Monte Carlo simulation) and
can be used to derive upper bound approximations to a claim’s value. Such
a construction may prove particularly useful when the computation of the
exact solution of the stopping time problem is costly. Claims with path-
dependent payoffs or multiple underlying assets are natural candidates
for applications of this approach.

Finally, before turning to applications to specific contracts, we note that
analogs of Theorems 20, 21, 23 and 24 also hold for claims (f, Y} € Z*,,.
The proofs of these results rely on the replicability of these claims, a
property that can be established along the lines of Theorem 5. Similarly,
the analog of Theorem 8 holds for American claims. Our next section
elaborates on that point in the context of option pricing.

3.5 American Options and Forward Contracts

In the case of an American call option the exercise payoffis Y =S - K and
there are no intermediate cash flows (f = 0). For this contract the EEP
representation formula of Theorem 21 simplifies as follows,

Proposition 25 Consider an American-style call option with exercise payoff
Y =(S - K)*in the financial market (2.1)—(2.2). The option value at t € [0, 1]
has the early exercise premium representation

T
/ Rt s1ir =} (6555 — s K) ds} (8.12)

To

Cy = Et [Rt,T (St — K)ﬂ + Et

whereT: = inf {U €tT]: Zy =&o, (So — K)+}andZt = supres, , B [Dr]
with Dy = &5, (St — K )+ If the call option is being continuously marketed
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throughout the interval [0, T then (3.12) holds for all t € [0, T, with the
substitution of 1, in place of 1, in the EEP.

Under the risk neutral measure the drift of the underlying asset price (2.2)
is given by S(r, - 8,)ds. In the exercise region we must have S > K. It follows
that the local gains from exercise of a call option are given by

rsYeds — dAY =1,(Ss — K)ds — Ss(rs — 8)ds = (6,55 — s K)ds

in the event {7, = s}. These gains are equal to the dividend benefits collected
upon receipt of the underlying asset net of the interest forgone on the cash
paid to exercise the option. The optimal exercise time is determined by
the super-martingale Z corresponding to the deflated option payoff. Clearly,
the payment of dividends on the underlying asset provides incentives for
early exercise. Intuition suggests that immediate exercise will take place
when these incentives are sufficiently large.

For American options the simple put-call parity relation (2.19) for
contracts with identical characteristics (7, K) fails. Indeed, the optimal
exercise policies associated with the put and the call differ and, as a result,
the simple replicating argument underlying (2.19) cannot be invoked. Yet
one can still use no-arbitrage arguments to establish bounds on the
differential between the put and call prices (see, for instance, Hull [2002]).

In contrast, put-call symmetry holds for American options. To see this,
note that at any time prior to the optimal exercise date the put value P, =
P(S,K, 1, & F) is

P, = sup Et [exp (—/ rvdv>
TESy, T 14
T 1 T +
x(K—Sexp(/ (rv—csv—icrz)dv—k/ avdz,)) ]
t t

Using the same arguments as in the proof of Theorem 10 enables us to
rewrite this expression as

P, = sup Ef [exp (—/ 5vdv>
TES:, T t
T 1 T +
X (Kexp (/ <5v — Ty — 505) dv +/ avdz:> — S) ]
¢ ¢

where the expectation is relative to the equivalent measure @*, defined in
(2.23), and conditional on the information F,. As the change of measure
performed does not affect the set of stopping times over which the
claimholder optimizes the following result holds (see Schroder [1999] and
Detemple [2001]).

Theorem 26 (American PCS). Consider an American-style put with
characteristics K and T written on an asset with price S given by (2.2) in the
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market with stochastic interest rate r. Let P(S, K, r, 8; F,) denote the American
put price and (K, r, ) the optimal exercise time. Then, prior to exercise,
the put price is

P(S,K,r,6F) =C(K,S, 0, F) (3.13)

where C(K, S, 6, r; Fy) is the value of an American call with strike price S
and maturity date T'in a financial market with interest rate 6 and in which
the underlying asset price follows the Ito process (2.20) with initial value K
and with z* defined by (2.22). The optimal exercise time for the put option is

(S, K,r,8) =7°(K,S,8,r) (3.14)

where (K, S, 8, r) denotes the optimal exercise time for the (symmetric)
call option.

Consider now a forward contract that has an American-style exercise
provision before the delivery date 7, but must be executed in all
circumstances at the delivery date 7.

Proposition 27 Consider an American-style forward contract with payoff
Y =S - K and delivery date at or before T. This contract can be exercised at
the option of the holder before T. In the event that exercise does not take
place before T the contract must be executed at the prescribed delivery date.
The value of this contract in the financial market (2.1)-(2.2) has, for t € [0,
7], the early exercise premium representation

Vi (S.K) = E, [Ro1 (ST — K)|+ E;

T
/ Reslir. o (6.5 — 1K) ds| (3.15)
To

where v =inf{v € [t,T]: Z, =&, ,(Sy — K)} and Z: =sup,cs, , Bt [D-]
with Dy = &, (St — K). If the contract is being continuously marketed
throughout the interval [0, T then (3.15) holds for all t € [0, T, with the
substitution of 1, in place of 1, in the EEP.

A forward contract with an early exercise provision can be optimally
exercised before the maturity date. This is easy to see as the value of a
standard (European) forward contract £, [R, 7(Sr — k)] will fall below the

immediate exercise value S, - K if the underlying asset pays dividends at
a high rate (see the formulas in Corollary 12). This simple argument shows
that the EEP component of the contract value (3.15) will be positive in
some circumstances. Further analysis of the claim will be provided in our
next chapter for the model with constant coefficients.

3.6 Multiple Underlying Assets

Consider again the model of section 2.10 with d risky securities and a
locally riskless asset. Completeness of this financial market suggests that
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the results above ought to generalize to this setting as well. Indeed, consider
an American contingent claim (f, Y) where fis a cash flow process and Y an
exercise payoff, both of which are progressively measurable with respect to
the d-dimensional Brownian filtration. As before assume that the process D
is continuous. The value of the claim is given by,

Theorem 28 The rational price of the American contingent claim (f,Y) € T}
is uniquely given by

- To To
‘/t (fa Y) = Et [Rt,TOYTo +/ Rt,sdfs:| = Et |:§t,‘roY‘ro +/ gt,sdfs]
t t

for t € [0, ©l. The optimal exercise time is 7o = inf {v € [0,T]: Z, = D,}
where Zt = sup,cg, . £t [D-]

The valuation formulas in Theorem 28 are identical to those in the
single asset (single Brownian motion) case. As before the price of the claim
is obtained by discounting the cash flows collected up to the optimal exercise
date. Discounting is at the riskfree rate if the expectation is calculated
under the risk neutral measure. If computations are performed under the
original probability measure a risk-adjusted rate is employed. The results
in the theorem also apply to claims (£,Y)e 7:,, with bounded negative

cash flows. Representation formulas such as the EEP, the DEP and the
duality formula characterize prices in the multidimensional case as well.

3.7 Appendix: Proofs

Proof of Theorem 19: The proof'is a special case of the proof of Theorem
20. H

Proof of Theorem 20: We prove the theorem for f # 0. The proof parallels
Karatzas [1988], who deals with the case f= 0. For ¢ € [0, T'] consider the
deflated payoff process D, = £o,0Yr + fot £o..df. and its expectation E/D].

Also consider the family (indexed by ¢) of stopping time problems
Zt = 8up Et [DT] s for t € [O,T] . (316)

TGSt,T
Given the results of chapter 2 and section 3.1 it is natural to conjecture
that the value of the American claim equals &, ! (Zt — f(f §O,Sdfs) at any

time ¢ prior to the optimal exercise time. The proof below consists in
demonstrating the validity of this intuition.

The process Z is the Snell envelope of D. This process exists and is a
non-negative, right-continuous with left-hand limits supermartingale
adapted to the filtration (EI Karoui [1981]). The optimal stopping times 7,
that solve this family of optimization problems are given by

re=inf{s € [t,T]: Zs = D,}.
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Because D is continuous and E [SuPte[O,T] D;| < oc, the stopping times 1, ¢

€ [0, T, exist, i.e., the maximum in (3.16) is attained (Karatzas and Shreve
[1998, Appendix D, Theorem D.12]). In order to show that (3.5) correctly
values the American contingent claim it must be shown that

&o. oz — fot §O,Sdfs) is the wealth process corresponding to an admissible

consumption-portfolio policy (C, n) that replicates (f, Y).

Under condition (3.1) the Snell envelope Z is a process of class ID and is
regular (Karatzas and Shreve [1988, Chapter 1, Definitions 4.8 and 4.12]).
Hence the Doob-Meyer decomposition

Zy = Zo+ M7 — AZ
applies, where M? is a uniformly integrable, RCLL, P-martingale and A?
is aright continuous, non-decreasing, adapted process with A/Z = AZ = 0.
Moreover, as D is continuous, A is continuous as well (Karatzas and Shreve

[1998, Appendix D, Theorem D. 13]). The Martingale Representation
Theorem gives

t
MZ = / p,dzs, t € [0,T]
0
where ¢ is a one-dimensional, F ,-progressively measurable process such

that [ ¢2ds < oo.

Define now the process

X, = g} (Zt - / 5o,sdfs) .

Substituting 4t = sup,¢g, . £t [D:], using the definition of D, and
simplifying shows that

é.a,i (7'2151'?,1“ Et |:§O,TYT +~/0 go,sdfﬁ] _~/0 gO,sde)

= sup E [ft,TYT‘F/ ft,sde]
t

TESt,T

Xt

is a non-negative process.
An application of Ito’s lemma now yields

t
dX; = (zt - / go,sdfs> Aot + ot (M — dAT — & ,dfe) +d [€71 M7,
0

X (e + 07) dt + XeOpdzy + &5t (Pedze — AT — £ 4dfe) + €500 dt
reXedt + (€51 0y + Xi0y) dZ — &5 (AAF + &, ,dfs)

for all ¢ € [0, T']. Selecting the portfolio and consumption processes

T1t EO’t_l ({a%qﬁt—FXth)
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t
Cr = / €51 (dA7 + €4 Jdf.) .
0

then establishes that
dXt = TtXf,dt + 7T1t0'f,d5f, — dCf

This shows that X is a well-defined wealth process, corresponding to the
admissible policy (C, m). Note also that

X, =) ( s / &)sdfs) — e ( 5 / &Jsdfs) —v,,

and that dC = df on the event {t < 7} because dA?= 0 on that event (the
Snell envelope is a martingale on {¢ < 7}).

We conclude that (C, n) is an admissible policy that replicates the claim
(f, ¥) from initial wealth X, = £5'Z, = Z;, and that X represents the
corresponding wealth process. An application of the no-arbitrage principle
then establishes the valuation formula (3.5) in the theorem. B

Proof of Theorem 21: Recall that the payoff Y has the representation
Yo + A + MY, t € [0,7] under the risk neutral measure Q. Passing to

the P-measure gives, for ¢ € [0, T1,
i
Y, =Y+ A +/ oY 0 dv+ MYT = vy + AT + MYP
0
where ¢} is a progressively measurable process, M}"" is a P-martingale

and the expression on the right hand side defines the process A¥”. Ito’s lemma
produces the following dynamics for the deflated exercise and total payoffs

d(€0,Ys) = &0 (dAZ’P - (abf 0, + Yvrv) dv 4+ dM )P — Yvﬁvdzv)

dpD,

(50 v ) + 60 vdfv
= & (dA}fP — Y Opdv — Yyrodv + dfy + dMYT — Yvﬂvdzv)

under the P-measure.

Recall that the Snell envelope Z is a supermartingale. In fact, as shown
in Lemma 30 below, it is a martingale in the event that waiting is optimal
(prior to exercise). The supermartingale property is therefore associated
with the behavior of the process in the event of exercise. This suggests
that one can construct a martingale, on that event, by compensating Z in
an appropriate manner. Because Z = D, when immediate exercise is
optimal, the required compensation is the negative of the finite variation
part of the deflated payoff process D (see the expression for the evolution of D
above). The compensated process, M, is therefore defined by

t
M, = Zi+ / Lir—orow {rq,yﬂdu —dAYP + ¢Y 0,dv — df, |, t€[0,T] (3.17)
0
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and is a P-martingale as verified in Lemma 30. The proof of Theorem 21 now
follows from our next result in Lemma 29. B

Lemma 29 Let Z; = sup,¢s, , Et [D:],t € [0, T]and suppose that the process
M defined in (3.17) is a P-martingale. Then the representation (3.9) holds.

Proof of Lemma 29: Given that M is a P-martingale one can write

E

T
Zr + / Lrumobon (reYodv — dAYF + 6) 0,dv — dfv)] = E[Z]. (3.18)
0]

By definition

ZT = su Er|D:]=Er|Dr|=D
r= swp Er [D;] = Er [Dr] = Dr (3.19)
Zo= sw EolDr) = Eo[Dry]. (3.20)

Substituting (3.19) and (3.20) in (3.18) and using the definition
dAYP = dAY + ¢Y 0,dv yields

T
E D]+ E / Lir,—o}éo,p (roYodv —dAY —df,)| = E[Dz].  (3.21)
0

By Theorem 20 the right-hand side of (3.21) equals V(f, Y). Asl{r, +}=0in
the random interval [0, 7,] we conclude that the assertion of the lemma
holds. H

Lemma 30 Let 21 = sup,cg, , i [D-],t €[0,T], Then Z,is a martingale on
the event {t < s < 1} and the process M in (3.17) is a P-martingale.

Proof of Lemma 30: By definition of the optimal stopping time we have
D., = Z,. It follows that . — £, [D-,| — £.[Z;,]. Moreover, on the event
{t <s < 1} it must be that 7,= 7. Indeed, if not then 7, is dominated by some
other policy ¢, on some event A € F,, i.e.,

E.[Z;,)< Es[Z;,], forsome A€ F,

and therefore, taking expectations conditional on F, and letting 1, denote
the indicator of the set A,

By |Z-,) < By [Zr 1a+ Z7, (1= 14))]

in contradiction with the optimality of 7,. Thus 7, = E[D, | = FE;|[Z,, for
all s € [t, 7), as claimed. From the Doob-Meyer decomposition we conclude
that dZ, = dMZ and dAZ =0 for all s € [t, 7).
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To see that the process M in (3.17) is a P-martingale note that D ,=Z, on
the event {¢ = 7,} and therefore

T T
/ ljperydZs = / 1jterd Dy (3.22)
0 0

where
dD; = €, (dAf’P — Y Odt — Yirdt + dft) w3 (thY P Ytﬂtdzt)

(for some of the subtleties underlying (3.22) see Rutkowski [1994, Lemmas
A.2,A.3, and A.4)). It follows that

|t = [ Ve (447 = Y00t~ Yot + o7,

= /1¢mﬁ4wﬁw—nmwa
0

for all s € [0, T']. Using Ito’s lemma enables us to conclude that
M, = Z, - /O Lor s (dAf’P — oY 0,dt — Yoredt + dft)
= Zo+ /O sy dZ: + /0 LiterydZ:
_ /O Lr s (dAf’P — &Y 0,dt — Yirydt + dft)

= Zo+/ Liter 36 (thY’P—Yt(’tdzt) +/ oray M
0 0

and E/M ] = 0. Rearranging yields the result announced. B

Proof of Corollary 22: Under the condition stated exercise prior to 7' can
only lead to a reduction in the value of the contract. It follows that exercise
prior to the terminal date is never optimal. l

Proof of Theorem 23: The value of the contingent claim can always be
written as

‘/t (fa Y) = Et |:/ Rt,Sde + Rt,TtYTt:|
i
= Y+ Et |:/ Rt,sdfs + (Rtﬂ'tYTt - }/t):|
t

where, by Ito’s lemma,

Rt,TtYTt - }/t == / (Rt,des + stRt,s)
14

_ / "R, (dAY +dMY —r,Y.ds).
i

© 2006 by Taylor & Francis Group, LLC



3.7. APPENDIX: PROOFS 53

Substituting in the prior expression and eliminating the @-martingale
component gives

Vi(f,Y)=Y:+E, [/ Ry s (dAY —roYods + dfs)]
14
for all £ € [0, T']. The representation (3.10) follows H
Proof of Theorem 24: Using the definition of the Snell envelope we can

write, for any M € H] (P), that

Zy= sup E[D;]= sup E[D;—M;]<E
T€So, T T€So, T

sup (D7 — M‘r)] .
7€[0,T]

Taking the infimum, on the right hand side, over martingales in H{(P)
shows that the expression on the right hand side of (3.11) is an upper
bound for the claim’s price.

To establish the result in the theorem it remains to show that the right
hand side of (3.11) is also a lower bound for the claim’s price. Recall the
definition of the Snell envelope and that the assumptions on the discounted
payoff imply that Z is a supermartingale of class D. As indicated before,
the Doob-Meyer decomposition shows that 7z, = 7, + M7 — AZ where M”
is a martingale that is null at zero and A% is a continuous, non-decreasing,
adapted process with FAZ < oo,also null at zero. Given our assumptions
it is easy to show that /% ¢ H}(P). Indeed M7 = 7, — Z, + A7, combined
with the properties of AZ and the facts that Z, > 0 and D > 0 implies

sup ]MtZ] <  sup |Zi]+ sup ]AtZ]

te[0,7] t€[0,T) t€[0,7)
< sup |E¢ | sup |Dyl||+ |AZ]
t€[0,T) vel0,T]
= sup FE;| sup D, +A%EH
t€[0,T) ve[0,T)

where H € L'(P) because sup,cj r Dv € £L'(P) and AZ € L'(P) and
MZ € H{(P).
Now, as MZ ¢ H}(P), we can write

inf E| sup (Di—M)| < E| sup (D;— MP)
MeH(P) te[0,T] te[0,7)
< E| sup (Z— AtZ)
t€[0,T)
= Zo—Ay=12p
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where the second inequality follows from the fact that D, < Z, immediate exercise
is a feasible policy at ¢) and therefore D, — M7 < Z, — M7 = Z, — AZ.. This
completes the proof of the theorem. H

Proof of Proposition 25: The proof follows immediately from the EEP
representation (Theorem 21) and from the option payoff function f=0,Y =
(S - K)*. In the exercise region it must be that S > K. Therefore
roYods —dAY =7, (Ss — K)ds — S, (rs — 85)ds = (0S5 —rsK)ds. B

Proof of Theorem 26: The proof parallels the proof of Theorem 10. Let S,
= S. The put option value is

P, = sup E, [exp (—/ rvdv> (K — ST)+]
TES: T t

_ T ST K +
= s FE; |e — ) — | ———— S
esir Xp( / ) S ((ST/S) ) ]
T K +
= sup E; |ex —/ 5vdv> <7—S>
reser ! p( t (5-/5)

where E} []is the expectation relative to the measure @* (see (2.23)). Note
that in the third line the set of stopping times S, r is relative to the filtration
generated by z. The remainder of the proof follows the proof for the
European option case. B

Proof of Proposition 27: The proof follows from the EEP representation
in Theorem 21, specialized to the contract under consideration. B

Proof of Theorem 28: The arguments in the proof of Theorem 20 apply
in the multidimensional case. B
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Chapter 4
Standard American Options

We now focus on American-style plain vanilla options in a market where the
underlying asset price follows a geometric Brownian motion (GBM) process.
The structures of the immediate exercise region (section 4.1) and of the price
function (section 4.2) will be examined first. These results will help us to
specialize and simplify the EEP representation formula and to derive an
integral equation for the exercise boundary (section 4.3). We then proceed to
discuss a reduction in the dimensionality of the integral equation (section
4.4) and to analyze the delta hedge ratio (section 4.5). Extensions to general
diffusions are sketched next (section 4.6). An application of the results to a
path-dependent contract, the floating strike Asian option, that can be reduced
to a standard option by a change of measure, is also provided (section 4.7).
The optimal exercise decision and the pricing of American forward contracts
are examined last (section 4.8).

4.1 The Immediate Exercise Region

Consider an American-style call option with exercise price K > 0 and maturity
date 7, written on an underlying asset whose price S satisfies the stochastic
differential equation (under the risk neutral measure)

dS; =S¢ [(r —9)dt + odz], t € [0,T]; So given. 4.1)

Here 1, 6 and o are constant parameters: the price is a geometric Brownian
motion (GBM) process. As exercise cannot be optimal when S < K it has
become customary to write the option payoff in the form Y = (S - K)*. Our
first objective is to characterize the structure of the exercise region and its
boundary. Given that the environment is Markovian, the state of nature is
completely described by the asset price S and the pair (S, #) contains all the
information required for pricing and decision-making purposes. Let C (S, ¢) be
the option price at the point (S, ). The immediate exercise region, denoted by
& is the set of pairs (S, #) at which immediate exercise is an optimal policy.

55
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That is!
£= {(S,t) ERy % [0,T]: C(S,t) = (S_K)+}.

Its complement, C = {(S, t) e Ry x [0,T]: C(5,t) > (S — K)+}, is the
continuation region, i.e., the set of prices-dates at which immediate exercise
is sub-optimal. Our first proposition describes elementary properties of
the exercise region.

Proposition 31 The immediate exercise region has the following properties
(i) (S,t) ee implies (S,s) ecforallt e [0, Tland s € [¢, T].
(ii) (S,t) ee implies (\t) €€ for all A = 1, and for all t € [0, T'.
(iii) Suppose that S < max(K, (r/ 8 K}. Then (S,t) ¢¢, for all t € [0, T).
(iv) (S,t) ecif and only if S = K.

The first property establishes that immediate exercise, at a given price S,
remains optimal when time to maturity decreases, if it is optimal at (S, ¢).
The intuition for this result is clear. Indeed, as an American option with
shorter maturity has a smaller set of feasible exercise opportunities, its
value cannot exceed the value of a longer maturity option. As a result,
immediate exercise, if optimal for the long maturity option, will also be
optimal for the shorter maturity option. From a geometric point of view
the property implies that the exercise region is connected as time moves
forward, or equivalently, as time to maturity decreases. Its graph (see
Figure 4.1) is left-connected in the time-to-maturity dimension.

Property (ii) shows that the exercise region is also connected when the
underlying asset price S increases (up-connectedness). This follows because
the exercise payoff at any exercise time 7€ [¢, T/, and for any constant \= 1,
satisfies the bound

S —K)P < (S, -K)P+ (A -1 S,

(see Appendix). Taking the present value on each side of this inequality
and using the fact that the underlying asset pays dividends (i.e., the
discounted price is a supermartingale under the risk neutral measure)
shows that the option value at (\S, ¢) is bounded above by the option value
at (S, t) plus the difference in asset prices AS - S. That is, C(AS, t) = C (S,
t)+(A-1) S. The optimality of immediate exercise at (S, ¢) (i.e., C(S, t) =S - K)
then implies that AS - K is an upper bound for the option value at (AS, ¢),

C(AS,H)<C(St)+(A—1)S=8 K+ (A—-1)S=AS— K.

As the upper bound is attained by exercising the option immediately, it
must be the optimal exercise policy at the point (AS, ©).

Property (iii) identifies regions in which immediate exercise is
suboptimal. This is clearly the case when the underlying asset price is

Tt is understood that the point (0, t) ¢ € because immediate exercise cannot be optimal
when S < K.
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below the strike price of the call option. It is also true if the asset price is
below the ratio (/) K. In this instance the instantaneous net benefit of
exercising, equal to 6S - rK, is negative: delaying exercise by an increment
of time saves value and, therefore, dominates immediate exercise (recall
the EEP formula (3.12)). Property (iv) is standard. It identifies the optimal
exercise region at maturity with the set where the asset price is no less
than the strike. Taken together (iii) and (iv) reveal an interesting
phenomenon. If the interest rate exceeds the dividend rate, r > g, the
continuation region “suddenly” shrinks as the maturity date of the contract
approaches. At any moment prior to maturity it remains optimal to wait if
the asset price lies below (r/ K. At the maturity date, however, immediate
exercise becomes optimal for all asset values above the strike, in particular
those sandwiched between K and (r/ K.

The exercise region is “separated” from the continuation region by a
boundary, which is called the immediate exercise boundary. A formal
definition of this boundary will be given below after we examine the
structure of the option price function. An illustration of the exercise region
for a standard American call option, and the corresponding boundary, is
given in Figure 4.1 for times prior to maturity.

4.2 The Call Price Function

Additional insights about the immediate exercise region are obtained upon
inspection of the call price function. The next proposition states some of'its
basic properties. Properties of the call and put price functions, in this and
more general market models, can be found in Bergman, Grundy and Wiener
[1996]. Properties of option prices in multiasset models are established in
Jaillet, Lamberton and Lapeyre [1990]. The results presented below are
special cases of theirs.

Proposition 32 Let C (S, t) be the value of the American call option. We have
(i) C (S, t) is continuous on R, x [0,7 .
(ii) C (., t) is non-decreasing and convex on R+ for all t € [0, T1.
(iii) C (S,.) is non-increasing on [0, T for all S € R+. ,
(iv)0 < 9C(S,1)/0S <1 on Ry x [0,T]; AC (S,t) /OS = 1 for (S,t) € £.2

The continuity of the call pricing function in (i) is a consequence of the
continuity of the payoff function and the continuity of the solution of (4.1)
with respect to the initial condition (i.e., the continuity of the flow of the
stochastic differential equation (4.1)). Similarly, property (ii) is implied by
the non-decreasing and convex structure of the payoff function and the
fact that the solution of (4.1) is non-decreasing with respect to the initial

2 ¢ is the interior of the exercise region.
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Figure 4.1: GBM model. Immediate exercise boundary for a call option (y-axis)
versus time to maturity (x-axis). The strike price is 100, the interest rate 6%, the
dividend rate 4% and the return volatility 0.2. Computations use the integral
equation method with 2,000 time steps.

condition. The price behavior relative to time (iii) is the counterpart of property
(i)in Proposition 31: as time increases the set of exercise opportunities shrinks
and the value of the option falls. Property (iv) bounds the local change in the
price and induces bounds on the delta hedge ratio, i.e., the derivative of the
price with respect to S. The intuition for these bounds becomes apparent
once we think of the option price as a weighted average taken over a convex
payoff function whose slope is non-negative and bounded above by one.

The continuity of the call price function is a useful property as it implies that
the immediate exercise region is a closed set (the continuation region is an
open set). One concludes that the boundary of the immediate exercise region B
={B,:t € [0, T} belongs to & Furthermore, up-connectedness of the exercise
region (property (ii) in Proposition 31) implies that B =inf {S:(S, ¢) € €} and
that?
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55{(S,t)€R+ X [O,T]SZBt}

It follows that the exercise boundary is unique and depends on time alone. It
displays the following structure.

Proposition 33 The boundary B of the immediate exercise region is
continuous on [0, T), non-increasing with respect to time (non-decreasing in
time-to-maturity) and has the limiting values lim;;r B, = max{K,(r/d) K}
andlimy_joc By = B_o = K(b+ f)/ (b+ f — 0?)whereb = § — 7 + 352
and f = (b? + 2ro?) V2 At maturity Br=K.

The continuity and monotonicity properties of the boundary B follow from
properties (i) and (ii) in Proposition 32 and from the fact that s a closed
set. Continuity, in particular, shows that the curve B coincides, at all times
prior to maturity, with the boundary of the set € (see the discussion in
footnote 3).

The limiting values are obtained from the recursive equation (4.6) for
the exercise boundary displayed in Theorem 34 below. Note that the optimal
exercise boundary for the deterministic problem with ¢ = 0 is a constant
equal to max (K, (r/ §K]}: in the absence of uncertainty it pays to exercise if
the payoffis non-negative (S = K) and the local gains are non-negative (6S
-rK = 0). For the stochastic problem the uncertainty faced by the investor
over the remaining life of the option, 6T - t), converges to zero as ¢ T T
and one would naturally expect the optimal exercise boundary to converge
to the boundary for the deterministic problem. This is the intuition
underlying this limiting result stated in Proposition 33. At the other
extreme, when 7' - ¢ — «, the boundary becomes a constant, independent
of time. The optimal policy is to exercise at the first hitting time of this
constant barrier level.

Additional properties of the American option exercise boundary are
established in van Moerbeke [1976], Ait-Sahlia [1995] and Barles et al.
[1995]. Explicit expressions for the boundary, valid near maturity, are
derived by Evans, Kuske and Keller [2002]. These formulas can be used,
in conjunction with a numerical scheme, to obtain faster and more accurate
estimates of the exercise boundary and the option price.

4.3 Early Exercise Premium Representation

In the GBM case one can take advantage of the explicit nature of the
underlying price distribution to compute the moments appearing in the
EEP formula. Theorem 25 specializes as follows.

3Note that the curve defined by B: = inf {S: (S,¢) € £} may not coincide exactly with
the boundary of the set € (i.e., the set of limit points of €). A discrepancy exists if € has a
vertical boundary at some dates. If this situation arises the boundary of €is a correspondence
with a thick component at those dates. It corresponds to the curve B at all other dates.
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Theorem 34 (Kim [1990], Jacka [1991], Carr, Jarrow and Myneni [1992]).
Suppose that the underlying asset price follows the geometric Brownian
motion process (4—1) and that the interest rate is constant. The value of an
American call option has the early exercise premium representation
C(Stat) :c(St;t)_FTr(StataB(‘)) (4'2)

forte [0, T], where c(S, t) represents the Black-Scholes value of a European
call option (see (2.24) and (2.25)) and n (S, t, B (.)) is the early exercise
premium given by

7 (Se,t, B() = /tT(5Ste‘5(s‘t)N(d(St,Bs,s—t))

—rKe " 5O N (dy (Si, Be, s — t))) ds  (4.3)

with
log (S¢/Bs) + (r — 6+ 10?) (s — )
_ = (4.4)
d(St,BS,S t) gm
dy (St, Bs,s—1t) = d(S;,B;,s—t)—ovs—t (4.5)

The immediate exercise boundary B solves the recursive non-linear integral
equation

By — K =c(Be,t) + 7 (Bet, B()) (4.6)

fort e [0,T), subject to the boundary condition By = max{K, (r/6) K }. At
maturity Br — K < Brp..

The EEP formula in (4.3)—(4.5) expresses the option price at (S, ¢) in terms
of the (unknown) future values of the exercise boundary, (B,, s € [t, T)). As
the formula holds at any point in time and for any value of the underlying
asset price (recall the last statement in Proposition 25), it holds in particular
on the boundary of the exercise region prior to maturity, where S, = B, and
t < T. This insight leads to the recursive integral equation (4.6). This
equation, along with its associated boundary condition for By, provides a
complete characterization of the exercise boundary prior to maturity. It
lies at the core of one of the numerical procedures commonly used to price
American options (see chapter 8).

It is also worth emphasizing that the integral equation (4.6), combined with
the terminal point By, describes the immediate exercise boundary over the life
of the option, the period [0, 7']. The terminal point B; must be added given our
definition of the exercise boundary as the set of points B = {B, : ¢ € [0, 7]} such
that B, = inf {S: (S,t) € £}.. Theresultsin Theorem 34 show that the exercise
boundary has a discontinuity at the maturity date if the interest rate exceeds
the dividend rate: in that instance By = K < By = (r/6)K.

When the option maturity becomes infinite the option price formula
(4.2) simplifies as follows (Samuelson [1965] and Merton [1973b]).
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Corollary 35 (American call with infinite maturity) Consider an American call
option with infinite maturity. Its value is C (S,t) = (B — K) (S/BOO)Q"/”Q,
where B, = Kb+ )/ (b+f—0%)., a=3+0+f),b=2¢6r+ic%,
and f = \/i? + 2ro”.

Put-call symmetry enables us to infer the value of a put on a dividend-
paying asset by a simple reparametrization of the American call pricing
function. The general result of Theorem 26 naturally applies to the model
under consideration. The symmetry result, in this particular GBM model,
is a variation of the international put-call equivalence (Grabbe [1983]) and
was originally proved by McDonald and Schroder [1990] .*

Proposition 36 (American put-call symmetry) Consider American put and
call options written on the same underlying asset whose price satisfies (1.4.1).
Suppose that these options have the same maturity and the same exercise
price. Let P (S, K, r, 6, T) and C (S, K, r, 8, T) denote the respective price
functions. Then P (S, K, r, 6, T)=C (K, S, 8, r, T). The relationship between
the respective exercise boundaries is B (K, r,6,t) = SK/B¢(S,6,1,t).

Proposition 36 implies that a put with exercise price K and maturity 7,
written on a stock with dividend rate é and price S in a market with interest
rate r, has the same value as a call with strike price S and maturity T
written on a stock with dividend rate r and price K when the interest rate
is 0. Moreover as the optimal exercise times of the two contracts must be
the same (77(K, r, 8 = 7S, 6, r)), to preserve the equality of prices at
exercise, it must be the case that

inf{v € [0,7]: SN, = B” (K, r,6,v)} = inf {v € [0,T] : KN, ' = B°(S,6,r,v)}

where N, = cxp ({r — 6 — $0?) v+ 0%,). Simple algebra then establishes
the relation between the two boundaries.

The model for the underlying asset price in (4.1) allows for dividends
that are paid at a continuous rate. This type of model is commonly used to
value foreign currency options, futures options and index options. See, for
instance, Hull [1993] for a description of these contracts. Analytical
solutions for American options in the case of discrete dividends are given
in Roll [1977] and Geske [1979].

4.4 A One-Dimensional Integral Equation

The EEP formula (4.2) expresses the option price in terms of integrals
taken over cumulative normal distribution functions. The integral equation
(4.6), characterizing the optimal exercise boundary, inherits this structure:

“The proof provided by McDonald and Schroder [1990], [1998] relies on a binomial
approximation of the lognormal model. Bjerksund and Stensland [1993] use a PDE approach
to establish the same result.
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it depends on double integrals. It can therefore be viewed as a two-dimensional
characterization of the exercise boundary. A reduction to a one-dimensional
integral equation can be achieved by exploiting the fact that the pricing
formula (4.2) holds over the whole state space and, in particular, in the exercise
region. This result, established by Little, Pant and Hou [2000], produces the
following equation for the boundary,

Theorem 37 The immediate exercise boundary B solves the recursive one-
dimensional integral equation

1 (B, B("))

J(By, B("))

where the functions J(B, B(.)) and I(B,, B(.)) are respectively given by

log (B:) =

T —r
I8, BO) = [ @B Bs - o) (L) pr s

" Bs S—t)
1
I(By,B()) = e T (d(B, K, T —t)) ———
(Bi, B() = e T n(d(B iy
T
1
+/ 56_6(S_t)n(d(Bt;BSaS_t)) —lds
t o(s—1t)?
T

—/ e 06~ (d(By, Bs, s — 1))

t

X—log(BS)+(r—5+%02)(s—t) §B; —TK P
Ug(s_t)3/2 BS S

and the equation is subject to the boundary condition By = KV (r/§) K.
At maturity Br = K < By_.

The reduction to a one-dimensional integral equation is achieved by
taking the second derivative of the American option price and setting it
equal to zero when evaluated at the boundary. The motivation for this
operation follows directly from the EEP representation stating that S - K
= C(S, t) for all prices in the exercise region.

The one-dimensional integral equation stated in the theorem is not the
unique equation of this type that can be derived. Given that the functions
J(Bt, B(.)) and I(Bt, B(.)) are infinitely differentiable with respect to B,
differentiation can be performed over and over again. This leads to a whole
family of one-dimensional equations that have the potential to be used for
the computation of the exercise boundary.

4.5 Hedging

The EEP representation of the option price provides an explicit valuation
formula, conditional on the optimal exercise boundary B. As B is
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independent of the stock price the formula can be used, in a straightforward
manner, to compute the delta hedge associated with the option.

Proposition 38 Let C(S, t) denote the value of the American call option.
The delta hedge ratio H(S, t) = dC(S, t) / dS is continuous on R | x[0,T). It is
given by

T
H(S,1) = h(St,t)+/ 5e= SO N (d(Sy, Bu, 5 — 1)) ds
t

ds

T J—
+/ e=3=1)n (d(Sy, Bay s — 1) (535 TK) !
t U(

By s—1)

[N

(4.7)

where h is the hedge ratio for the European option (see Corollary 16 specialized
to constant r and 9). In particular, along the exercise boundary, H(Bt, t) = 1.

As for the call price, the expression for the hedge ratio (4.7) is parametrized
by the boundary B. Once the exercise boundary has been calculated all the
components of (4.7) are identified and the implementation of the hedging
formula becomes straightforward.

One property that bears emphasizing is the continuity of the hedge ratio
along the boundary (this is the so-called smooth pasting condition that has
been extensively discussed in the literature). Note that this feature of the
option price is obtained as an outcome of the EEP representation that was
derived using probabilistic arguments. This stands in contrast with
derivations based on variational inequalities, that require a proof of smooth
pasting as a step in the demonstration of the EEP formula.

Note that hedge ratios could also be derived in the general model with Ito
processes of chapters 2 and 3. In this context hedging involves neutralization
of the fluctuations in the value of the contract due to changes in the
underlying Brownian motion. The relevant hedges can be expressed in terms
of the Malliavin derivatives of the discounted payoff process. Ocone and
Karatzas [1991] provide background information for this derivation: their
paper contains an introduction to Malliavin calculus and an application to
consumption-portfolio choice problems with Ito price processes.
Implementations of the method, in the context of diffusion models, can be
found in Detemple, Garcia and Rindisbacher [2003]. Extensions of the
approach to hedging problems with discontinuous payoff functions and
diffusion prices appear in Lasry, Lebuchoux, Lions and Touzi [1999].

4.6 Diffusion Processes
Suppose now that the underlying asset price S satisfies the stochastic
differential equation (under the risk neutral measure)

dS:

S - (r (St,t) = 6 (S, 1)) dt 4 o (St t) dz; (4.8)

© 2006 by Taylor & Francis Group, LLC



64 CHAPTER 4. STANDARD AMERICAN OPTIONS

where (S, t) represent the interest rate, 6 (S, ¢) the dividend yield of the
asset, o (S, ¢) the return volatility and = is a @-Brownian motion. We assume

that the coefficients of (4.8) are continuously differentiable and that (4.8)
has a unique strong solution.’ The interest rate r(S, ¢) is positive, decreasing
in S and increasing in ¢. The dividend 6 (S, £)S is increasing in S. These
conditions are natural and capture the well known inverse relation between
the interest rate and the stock market and the positive association between
dividends and stock prices.

We also assume that the solution to (4.8) satisfies a time-monotonicity
condition. Specifically, for a fixed s € [0, Tl and a given constant 2 = 0, let
S"s be the solution of (4.8) with initial condition S,= S, at time s, and time-
translated parameters (S, v+h),0 (S, v+h) and o (S,, v + h). We require
that $9* > Shsforallh =0ands, v e [0, T] with v = s. Given the direction
of the inequality we say that the price process satisfies decreasing time-
monotonicity. The reverse property is labelled increasing time-monotonicity.
Decreasing time-monotonicity implies that a price trajectory issued from
a given point S and corresponding to a given path of the underlying
Brownian motion decreases if the initial date s is shifted forward by A.
Decreasing time-monotonicity along with the assumptions on the interest
rate function ensure that the prospects of the call option holder do not
improve as maturity approaches. The condition is automatically satisfied
when the coefficients of the model are independent of time.

The model described by (4.8) is fairly general and applies to currencies
and indices. It also applies to individual stocks if we specialize it to a time-
dependent (or constant) interest rate r(z). The specification is flexible to
the extent that it accommodates non-linear dependencies in dividend yields
and in return volatilities.

The Markovian nature of this environment implies that the state space
is completely described by the price S. The immediate exercise region of
an American call is the set

£={(S,t) e Ry x [0,7] : C (S, ) = max (S — K,0)}.

In spite of the non-linear structure of the coefficients the exercise region
has a simple structure. The following characterization appears in Detemple
and Tian [2002],

Proposition 39 The exercise region of the American call option with
maturity T and strike K is € = {(S,t) € Ry x [0,7]:S > B(t)} for a non-

increasing right-continuous function t — B (t).5

5The existence of a unique strong solution of (4.8) can be ensured by imposing Growth
and Lipshitz conditions on the coefficients of the equation (see Karatzas and Shreve [1988]).
SIf the price function is sufficiently smooth (i.c., C (S,t) € C?! (R4 x [0,7]) and the

function (8 (z,¢)z —rK) / (mzo— (x, t)z) > e > 0for all (x,t) € £, then the arguments in the

proof of Proposition 33 apply and show that the boundary is also left continuous.
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Asin the case of constant coefficients immediate exercise is optimal when
the underlying asset price exceeds a boundary B that depends on time. Several
aspects of this property may be surprising at first glance. The first one is the
non-random nature of the exercise boundary that seems at odds with the
price dependence of the coefficients of (4.8). This feature is a consequence of
the Markovian structure of the environment in which all the relevant
information is summarized in a single sufficient statistic, the current price.
In this context immediate exercise will naturally involve thresholds that are
functions of time alone. These critical prices will depend on the parameters
of the model, including the structure of the asset price coefficients and the
interest rate.

The second surprising aspect is the up-connectedness of the exercise
region, implying a unique critical price (i.e., a unique boundary). This
property is not obvious when the coefficients, in particular the interest
rate, depend on the underlying asset price. In models where the call price
is a convex function of the underlying asset price the exercise region is
connected.” The time ¢-section of the exercise set is then either a finite or
an infinite interval. In the first case the exercise region is defined by two
boundaries (critical prices); in the second case there is a unique boundary
(critical price). For contingent claims with non-convex prices, or claims
with convex but non-monotone prices (decreasing-increasing price
functions), the exercise region can even be the union of disjoint sets. In the
model under consideration, convexity is not easily established, even for a
call option, given that the underlying variable satisfies the diffusion (4.8)
and the interest rate depends on it. The explanation for up-connectedness
has to do with the assumptions embedded in the model, namely the negative
relation between the interest rate and the asset price and the positive
relation between the dividend and the asset price. As shown in the proof,
these assumptions imply that the slope of the call price is bounded above
by one: this prevents the price from increasing above the exercise payoff,
in the exercise region, when the underlying asset price increases.®

Another feature of interest is the non-increasing behavior of the exercise
boundary (right-connectedness in time of the exercise set). This property is
implied by the decreasing time-monotonicity condition imposed on the
solution of (4.8). Under this condition the set of possible price paths issued
from a given point S does not improve as time passes. This implies a
deterioration in the set of possible call payoff trajectories. When the interest
rate is positively related to time and negatively related to the asset price

“See Bergman, Grundy and Wiener [1996], El Karoui, Jeanblanc-Picque and Shreve [1998]
and Hobson [1998] for results on the convextity of European- and American-style contingent
claims prices.

8Jacka and Lynn [1992] also provide results on the up-connectedness of the exercise region
for general contingent claims written on diffusions. For the one dimensional case they show
that up-connectedness holds for smooth (discounted) payoffs g (S, ¢) if the Black-Scholes operator
Lg (S, t) decreases in S for all (S, t) € R4 x[0,7" . The result in Proposition 39 does not require
smoothness of the discounted payoff over its whole domain and allows some form of history-

dependence, i.e.g (St,5(),t) = exp (_ Jir(Su,v) dv) (St — K)T.
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interest rate trajectories are increased and the discount factor decreases (i.e.,
the time value of money increases). The combination of all these effects implies
a decrease in the value of any given call exercise policy as time passes.® It follows
that immediate exercise will be optimal at future dates ifit is optimal today (i.e.,
(i.e., (S,t) € eimplies (S,t') € £ for all ¢’ > ¢t).for all ¢ > ).

Given the structure of the exercise set we can now specialize the results
in Chapter 2. The EEP formula for the option price becomes

C(S,t;B() =c(S,t)+7(S,t, B(-) (4.9)

where c(S, ¢) is the European option value and 7 (S, ¢, B (1)) is the early
exercise premium given by

™ (Sa t, B ()) = Et

t

T
/ e JEr(Syv)dv (5 (Sv, ’U) S, —r (SU. v) K) l{stB(v)}dU]

(4.10)

with 1, as the indicator of the set A. And given that immediate exercise is
optimal when S, = B(t) we obtain the recursive integral equation for the
exercise boundary

B(t)— K =c(B(t),t)+r(B(t),tB()) (4.11)

subject to the boundary condition B (7_) = max {K , %K }, where

B(T_) = lim;_p B (t). As the interest rate and the dividend yield depend
on the underlying price the limiting boundary value, as maturity
approaches, solves a non-linear equation.

A price process satisfying the assumptions of this section is the Constant
Elasticity of Variance (CEV) process

dS, = Sy (r — §) dt + 0S?2dz,

where r, §, 6 are positive constants and 6 € [0, 2]. This model was initially
introduced by Cox and Ross (1976). It has proved popular because it captures
a prominent feature of the data, namely the negative correlation between
returns and return volatility innovations. The model also includes the
geometric Brownian motion process as a special case (6= 2). The conditional
density function for the case 6 # 2 can be found in Cox [1975], [1996],
Emanuel and MacBeth [1982] and Schroder [1989]. The boundary behavior
of the process is analyzed by Davydov and Linetsky [2001]. Valuation
formulas for American options written on a CEV price process were derived
by Kim and Yu [1996] and studied by Detemple and Tian [2002].

Figure 4.2 graphs the call exercise boundary in the CEV model. The plot
illustrates the positive impact of the elasticity of variance, 6, on the boundary.

9Decreasing time-monotonicity implies that the prospects of a put option improve as
time passes. This positive impact on the put payoff is curtailed by the negative impact on
the discount factor. The respective strengths of these opposing forces will determine the
properties of the put boundary.
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This follows because an increase in 6 increases the local variance of the
process along the boundary. As 6 — 2 the boundary converges to the
boundary in the GBM model.

320 T T T T T T T T T

300

280+
Theta=1.9

260

Theta=1.5
240

Immediate exercise boundaries

220

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time-to-maturity

Figure 4.2: CEV model. Exercise boundary of an American call (y-axis) versus
time to maturity (x-axis). The curves correspond to elasticities of variance 6 = 1.9,
1.7 and 1.5. The strike price is 100, the interest rate 6%, the dividend rate 3% and
the volatility  — (.21/10.. Computations use the integral equation method with
2,000 time steps.

4.7 Floating Strike Asian Options

Although floating strike Asian options have a complex payoff structure
that depends on the strike process, they can sometimes be reduced to
standard options written on a new underlying variable. This result, that
follows from the change of numeraire approach of Geman, El Karoui and
Rochet [1995], applies when the strike is computed using geometric
averaging.
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A floating strike Asian call option with geometric averaging pays off (S -
G)* upon exercise where

1 14
Gy = exp (;/ log (S,,) du) .
0

Assume that the underlying asset price S satisfies (4.1). Let C™ (S, G, t)
denote the floating strike Asian option price. Taking the underlying asset as
the new numeraire gives

Cfe(8,Y,t) = S; sup E [e—5<f—t> (1_YT)+}

TES:T

where Y.=G./S,is the solution at time 7of the stochastic differential equation
1
dYtht[<5—r—¥ln(Yt)> dt—|—crdzf], Yo=1 (4.12)

and z* is a Brownian motion in the new numeraire (the underlying measure
is Q*, as defined in (2.23)). From this expression it follows that the floating
strike Asian call with geometric averaging is equivalent to S, put options,
with unit strike, written on an asset that pays dividends at the rate
6y =r+1In(Y})in a financial market with interest rate 8. As the dividend
rate is an increasing function of Y Proposition 39 (adapted to the put case)
enables us to conclude that the exercise region is down-connected and has
an upper boundary B!.'° Using this structure of the exercise set in
combination with the EEP representation leads to the following formula,

Proposition 40 Suppose that the underlying asset price follows the
geometric Brownian motion process (4.1) and that the interest rate is
constant. The value of an American floating strike Asian call option has
the early exercise premium representation

C1e(S,, Gy, t) = St [p (Vs 1;6) + 7P (Y, t, BP (+) ;)] (4.13)

fort e [0, Tl, where p(Y, t; § represents the value of a European put option
and 7P (Yz, t, BP () ; 6) is the early exercise premium, in a financial market
with interest rate 6 and where the underlying asset price follows (4.12).
Explicit formulas are

p(Yi,t;6) = e ®T-% (N (&\(Yt,l,t, T))

_Ytt/Teq(t,T)N (j(yt, 1,t,T) — U(;—’T)>> (4.14)

“The dividend rate is also an increasing (decreasing) function of time if Y;< 1 (Y, > 1). As
a result the solution of (4.12) fails to exhibit decreasing time-monotonicity. This prevents us
from concluding that the exercise region is right-connected.
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T
7P (Yo t, BP ();0) = /e—5<s—t> (5N(E(Yt,Bgt,s))
t

Yo H (¥, BE.1.5)) ds (4.15)
with

mt,s) = —3 (r—5—|— %ﬁ) (s> — 12)

g3 —¢3

m(t,s) 1u(ts)?

t,8) = =
q("s) s +2 52

. - ¢,
H(Y;, BP,t,s) = (r+e(Yt,1,t,s))N(d(Yt,Bg’,t,s)——v( S)>
S

52 s

d(Y;, B,t,s) = slog (B) - tvl(()tg (;)/t) —m(t s)

v (t, s)

v (t,s)°
52 ’

d(Ye, 1,t,s) + i

e(Yy, 1,t,s) = —

The immediate exercise boundary solves the recursive integral equation
1 — BY =p(Bf,t;0) + w7 (B, t, B (-);9)

subject to the boundary condition B} =min{1,6/ (r + +log (BL_))} At
maturity By, =1 > BL. .

The expressions for the components of the EEP formula in (4.14)—(4.15)
reflect the fact that the underlying asset price is an exponential transform
of a normally distributed random variable, i.e., Y, = exp(x/t) where x is
normally distributed with mean m(0, ¢) and variance v (0, ¢)%

The analytical formulas in Proposition 40 were derived by Wu, Kwok
and Yu [1999] using a partial differential equation approach.

4.8 American Forward Contracts

We complete this chapter with a study of American-style forward contracts,
as described in section 3.5, in the standard model with constant coefficients.
Let V/(S, t) be the value of the contract. The immediate exercise region, &
={(S,t) € Ry x [0,7]: VI (S,t) = S — K }, exhibits the following structure,

"Exercise at maturity is not a matter of choice due to the obligatory nature of this contract.
But given that V/(S, T) = S - K the set of prices for which this equality holds (i.e., the full
space) is tagged on to the exercise region for times prior to maturity. This convention enables
us to define the set ¢ for all ¢ € [0, T'].
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Proposition 41 The immediate exercise region & has the following properties
(i) (S,t) eeimplies (S,s) eeforall t € [0, Tland s € [¢, T].
(ii) (S,t) ee implies (\t) €€ for all N = 1, and for all t € [0, T1.
(iit) Suppose that S < (r/ OK. Then (S,t) ¢ € for all t € [0, T).

The first two properties are identical to the corresponding ones for the call
option contract. The third one differs in that it is only claimed that points (S,
t) where the local gains 8S - rK < 0 are negative belong to the continuation
region. As will become clear the structure of the forward contract payoff
implies that immediate exercise may well be optimal when S < K.

The counterpart of Proposition 32 is,

Proposition 42 The price VI (S, t) of the American forward contract satisfies
(i) VI(S, t) is continuous on R 4 x[0,T7.
(ii) VI(, t) is non-decreasing and convex on R for all t € [0, T1.
(i) VI(S, .) is non-increasing on [0, Tl for all S € R . ,
()0 < VI (S,t)/0S <1 onRy x[0,T]; OV/ (S,t) /0S =1 for (S,t) € £.

The arguments underlying these properties are similar to those employed
to prove the corresponding results for the call option. As before convexity of
the price (in (i1)) along with up-connectedness of the exercise region (property
(ii) in Proposition 41) imply the bounds on the slope of the price in (iv). Note
also that continuity of the price ensures that the exercise region is a closed

set. It follows that the exercise boundary (i.e., the boundary of the immediate

exercise region), B/ = {B/,f 1t €[0,7] }, belongs to &. Up-connectedness of
the exercise region implies that B/ = inf {S:(S,t) € £/ }.Again, the exercise
boundary is unique and depends on time alone. It has the following behavior,

Proposition 43 The boundary B’ of the immediate exercise region of the
American forward contract is continuous, non-increasing with respect to time
and has limiting valueslim;;p B{ — (r/8§) K and limr ;100 B = B/ =
(r/S) K+ f)/ (b+f — (72) where b =6 —r + %02 and [ = (b2 +2r02)1/2.
At maturity Br= 0.

These properties are motivated along the same lines as for the call option.
Note that the limiting values of the exercise boundary are those of the call
boundary with the substitution of (r/§K in place of max/K, (r/ )K}. This
modification follows because the contract does not provide the choice of
exercising, or not, at maturity. As a result the date T exercise threshold for
the option, equal to K, ceases to play a role in the case of a forward contract.

To get a characterization of the price and the exercise boundary we
specialize our earlier representation results.

Proposition 44 Consider an American forward contract with payoff Y =S - K
and delivery date at or before T. Its value, in the market with GBM price
process and constant interest rate, has the early exercise premium representation

v (S, t) = vf (Sg, ) + (S’t,t,Bf ()) ,  fortel0,T7],
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where v (S, t) is the European forward contract value
! (S4,1) = Syexp (=6 (T — 1)) — K exp (—r (T — 1))

and nf =xf (S, t, BY (\))is the early exercise premium

T
= / (38e=¢=N (d (5. B] s~ 1))

t

—rKe TGN (d1 (St, Bg, s — t))) ds

with d (S;, B{,s —t) and dy (S, B{, s~ t)|as defined in (4.4), (4.5). The
immediate exercise boundary B solves the recursive integral equation
B,/f k=t (Bf,t) +7f (Btf,t, Bf ()) subject to the limiting condition
Bi = (r/0) K.

As for an American call the forward contract with an early exercise provision
derives its premium from the excess of dividends over the interest rate
loss incurred. As a result its early exercise premium has the same structure
as the one for the call option. There are two main differences with respect
to the call price formula. The first one is that the European claim value
appearing in the formula, v/(S,, t), is the value of a standard (European)
forward contract. The second is that the exercise boundaries differ. The
mandatory delivery provision at the maturity date ensures that the forward
price differs from the price of a call. The optimal exercise boundary reflects
this basic difference in valuation. As the European-style forward contract
may produce a negative payoff the American forward boundary is bounded
above by the call boundary, B/ < B, for all ¢ e [0, T.

Figure 4.3 illustrates a typical exercise boundary for the American
forward contract. In the example displayed the limiting boundary value is
B%ﬁ =(r/6) K=66.67. For comparison purposes note that the call boundary
converges to Br_. = max{l,7/5} K = 100.. As time to maturity becomes
large the boundaries of the forward contract and of the call converge to the
common value B/ o = B

4.9 Appendix: Proofs

Proof of Proposition 31: Recall that S, » denotes the set of stopping times
of the Brownian filtration with values in /¢, T/. Using the GBM structure
of the stock price process we can rewrite the stopping time problem as

C(S,tT)= sup E [e‘T(T_t) (SN;, — K)*

TES:, T

where
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Boundary

70

Immediate exercise boundary
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1 1 1 L 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time-to-maturity

Figure 4.3: American Forward Contract: Immediate exercise boundary of an
American Forward (y-axis) versus time to maturity (x-axis). The strike price is
100, the interest rate 4%, the dividend rate 6%, and the volatility 0.20. Maturity is
1 year. Computations use the integral equation method with 200 time steps.

Ni - =exp <<r—5— %H) (r—t)+o(z —zt)>.

Note that the expectation above is unconditional due to the independence of
Brownian increments. Moreover, as the filtration generated by the Brownian
increment zs — 2¢.,in the interval /¢, T, is identical to the Brownian filtration
in [0, T - t] we can replace the set of stopping times S,r by Syz; in the
optimization and write

C(S,t;T)= sup E [e‘” (SN, — K)ﬂ

TGSO,T_t
where N; = Ny, = exp ((r —_— %02) T+ 027-).

(1) Fix S and let s = t. The last expression above shows that the value at time s of
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an option with maturity date 7 is the same as the value at ¢ of an option with
maturity date T'- s + ¢ and same strike price, i.e.,C (S, ;T — s +1t) =C (S, s;T)
(this follows immediately from So.7_s+;—1 = So.7—s). Furthermore, as
Sor—s € Sor—1, We obtain C (S, ;1) > C (S, ;T —s+1t) =C(S,s;T). By
assumption, immediate exercise is optimal att. Thus(S — K)" > C (S, s; T).If
immediate exercise is suboptimal at (S, s) we also have C (S, 5; T) > (S — K)*,
which contradicts the previous inequality.

(i1) Take S* > S? and suppose that (S2,¢). € € while (S',#). ¢ € Let 7, be the
optimal stopping time at (S*, £). We have the following sequence of relations

C(sht) = E[e™ (S'Ny, - K)7]

B [e—rn (S2N,, + (S* = S2) N,, — K) ]

E e (8 N;, — K)Y] + E[e7™ (S' = $?) N, ]
C(8%t) + (S* = S*)E[e7" N, ]

C(S%t) + (8" = 5%)
SP-K+(S'-5)=5"-K

IAN A IN A

The equality in the first line above results from the optimality of 7, at (S1,
t). The inequality in the third line uses (a+b)* = a*+b*. The fourth line
follows from the suboptimality of = at (S?, t), the fifth from S* - S? > 0 and
the supermartingale property of S, and the last line from the assumption
that immediate exercise at (S?, t) is optimal. Hence C (S',#) = S'-K, which
contradicts the assumption that immediate exercise is suboptimal at (S,
t). We conclude that (S, ¢). € €. This corresponds to the property stated,
with A=S/S%>1. The case \ = 1 is trivial.

(ii1) Suppose that 0 < S < K. As P[S, > K] > 0, for some v € [, T), immediate
exercise is a suboptimal policy. Suppose that K = S < (r/ §) K and assume
that immediate exercise is optimal, i.e., C(S, t) = S — K. Consider the portfolio
consisting of 1 call option, 1 share of the stock held short and K dollars
invested at the riskfree rate. Define the stopping time

r=inf{v e [t,T]: S, = (r/0) K}

or 7= T'if no such time exists. Suppose that we liquidate this portfolio at .
The cash flows generated by this policy are

time ¢ time 7
Buy Call —(S—K) max{(STfK)+7C(ST,T)}
Sell Stock  +S8 -5, — fT r(r—v 657,(11)
Invest K —-K Kelr— L) KJrf (T=v)r K dv
Total 0 max{(KfS ) ,C (S, )JrKfST}

— [ et (88, — rK) dv
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Given that rK — 8S, > 0 for all v < 7 we have constructed an arbitrage
portfolio. As the existence of an equilibrium implies the absence of arbitrage
opportunities it must be the case that C (S, ¢) > S - K, i.e., immediate
exercise is a suboptimal policy.

(iv) Immediate exercise is optimal at the maturity date if and only if S =
K n

Proof of Proposition 32:

(i) This result can be proved by using the continuity of the option payoff
function and the continuity of the flow of the stochastic differential equation
(4.1) relative to the initial values. Precise arguments can be found in Jaillet,
Lamberton and Lapeyre [1990] (see their Proposition 2.2 and the
corresponding proof). Continuity with respect to the first argument, the
underlying asset price, also follows from the proof of property (iv) below.

(ii) Suppose S* > S? and define S* = AS*+(1-\)S2. As the call option payoffis
non-decreasing and convex with respect to the asset price, we have, for any 7
€ So,rss

(S'N, - K)" > (8N, - K)*©
AS'N, = K)T 4 (1= 0) (82N, = K)T > (9N, — K)*

Taking present values and evaluating the payoffs at the optimal exercise
policies associated with the two prices establishes that the option price is
non-decreasing and convex.

(iii) This is a straightforward counterpart of Proposition 31 (i).

(iv) Consider (S?, ¢) and (S?, ¢) such that S! > S2. For any stopping time ¢
Te Sy,r.., we have

0<(SE—K)" (82— K)" <8L—52= (5" - 5% N,.

In particular this holds for the optimal stopping time 7, associated with
(S1, t). Hence, we can write

0 < C(ShLt)—C(S%t)
- B [e_m (S'N;, — K)j - E [e—m (S°N-, — K)w
- P [e_m (SN, — K)j B [e—m (SN, — K)j

(suboptimality of T1at (S°,t))

el

[e—rrl (Sl _ 82) N‘rl]
S'—S*E[eT N, ]
St —57)

<

where the last inequality follows because S* - S? > 0 and because the
discounted price of a dividend-paying asset is a @-supermartingale.
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Dividing both sides by S! — S? proves the statement (this argument also
establishes the continuity of the option price with respect to S). ®

Proof of Proposition 33: Property (iii) of Proposition 32 implies that the
boundary is non-increasing in time. This feature combined with the
definition of the boundary implies that B(¢.) = B(¢) = B(t,) where B(¢.) and
B(t,) are the left and right limits of the boundary at ¢.

Suppose now that (S, v) € € for all v > . As €is a closed set we have
lim, |, (S,v) € £.Thus,(S,t,) € & In particular (B (t1),t+) € & (take S
=B (¢,) in the previous argument). As ¢, = ¢, up-connectedness of the exercise
region implies B(¢,) = B(t¢). This combined with the reverse inequality (see
above) establishes that B(¢,) = B(t) (i.e., the exercise boundary is right
continuous).

Left continuity of the boundary can be proved using the arguments in
Jacka (1991) adapted to the call option case. Accordingly, suppose that B(z.)
> B(t). Then there exists an open set B(¢), B(t.))=0 such that 0 C € and for
allx € O there exists a sequence {x"} € C with x = limyx". Let us now use
the fact that the option price is C*' (R 4x[0,7']) and satisfies the fundamental
PDE (see Merton [1973a], Jacka [1991] and Jaillet, Lamberton and Lapeyre
[1990])

Co(S,) + Cs (S,8) S (r— 8) + %Css (5,8) $2%02 — 1C (S,4) = 0

for all (S, ¢) € C. Evaluating this equation along the sequence {x*/ shows that,
in the limit (at the point x = lim,«" in the closure of the continuation region),

1

5035 (z,t) 2%0% = rC (z,t) — Cs (x,1) — Cs (z,t) x (r — ) = S — rK.
As B(t) = (r/ 6) K we conclude that C(x, t) = 0 for all x € O and Css(x,t) =
€ > 0for x in a subset of O with positive Lebesgue measure. Integration
by parts now gives

B(t-) pry
C(B(t-).t) = C(B(t),t) = (B(t-) = B(t)) :/B@) ~/B(t) Css (2, t) dudy.

By definition of ¢ the left-hand side of this expression is null. The right
hand side, on the other hand, is no less than & for some £ > 0. This
contradiction implies that the set O must have null Lebesgue measure, in
other words that B (t_) = B (t).

To show that B = max {K, (r/ )K} note that property (iii) of Proposition
31 gives the lower bound Br_ > max {K, (r/§) K}.Suppose that By = max
{K, (r/ 8)K} and consider a pointz € (max {K,(r/0)K},Br_ ) .Then C(x, t)
>x—Kforall¢e [0,T). Thus, lim;7r C (z,t) = C(z,7-) > z — K (infact C
(x,T") =x— K + ¢ for some £> 0 when x is sufficiently below Br.). But, by the
continuity of the price function, we also have C(x, T) = C(x, T) = x - K
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(as x > K), a contradiction. We conclude that the interval (max {K, (r/ 6 )K},
B..) has null Lebesgue measure, i.e., that B;.= {K, (r/ § )K}.

To complete the proof we need to identify the boundary B_c. This limiting
value can be obtained from the EEP formula (4.2) in Theorem 34 taking 7" = -
(see Corollary 35). B

Proof of Theorem 34: Proposition 31 implies B = max{K, (r/ § K/. Hence Y
=(S - K)*equals S - Kin ¢. It follows that dY, = S, [(r — §) dt + 0dZ, in the
exercise region, i.e., dAY =S, (r —d)dt on {S, > B,}. Theorem 21 then
implies

C (Sq.t) ¢ (Se,t) + E

T
/ e (r (S, — K) — (r—6)S,) I{SUZBU}dU]
t

C(St,t) + Et

T
/ e—r(v—t) (65@ — TA’) l{SUZBu}dU] ’
i

Under the GBM assumption the expectation above can be computed explicitly.
This leads to (4.2)—(4.3). The recursive equation for the optimal exercise
boundary is obtained by imposing the boundary condition C(B,t) =B - K. &

Proof of Corollary 35: When T' T « the immediate exercise boundary
becomes time independent: B = Bes. It follows that

(r—d0+30%) (s—t)
oys—1

and d; (Bsy, Boo, 8 —t) = d(Beo, Boo, 5 — t) — 0/5s — t are independent of
Be. As the European call option value converges to 0 the recursive
equation (4.6) becomes linear in Be and has the unique solution
Boo =K (b+ f)/ (b+ f —0?). The value of the option then follows from
(4.2): the early exercise premium simplifies to (B, — K) (S/Boc)m/”z, [ |

d(Boo, Boo,s —t) =

Proof of Proposition 36: The property is a special case of Theorem 26.

Proof of Theorem 37: In the exercise region the EEP representation
states S — K = ¢(5,t) + 7 (S,¢, B(+)) for § > B,.Twice differentiating with
respect to S, and using the relation

e "ty (d(S,Bs,s —t) —ov/s —t) = e 0= (d (S, Bs,s — 1)) Bi’

gives

0 =cs5 (S,t) + 755 (S, ¢, B(+))
where
1

5o (9,8) = e T (d(S, K, T — t)) ———
css (Sit) =e n (d( ))SU\/T—_t
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and

1
s (8,8, B (- Se=%Yn (d (S, B, —
T { / ¢ (A5, Bsys = t) 5=

—/ e (d(S, By,s — 1)) d (S, By, s — 1)
t

y 6B, —TK 1 J
B, So? (s —1t) 5

Given that the exercise set is closed we can take the limit as S — B, to obtain

1
0 = T d(By, K, T—1) ——
e n(d(B; ) —m—
1
57006 (d (B, Bg,s —t d
/ (d(Br, Buys = 1)) 7=y

_/ e 96~ (d(By, By, s — ) d (B, By, s — t)

t

y 6B, —TK 1 J
B, o2 (s—1) *
and substituting

d(B;,Bs,s —t) = <1og (B:/Bs) + <r -5+ %H) (s — t)) Jovs —t

we can write

T
0B; —rK 1
—8(s—t) _ S
log (Bt)/t e n(d (B, Bs,s — 1)) ( B. ) o3 (s — 1) ds

1
STy (d(By, K, T — t)) ————
€ n( ( ty ) )) O’\/T_—t
/ Se 0ty (d(By, Bs,s — t)) ! ds
gv/s—t
—log (By)+ (r—d+ Y(s—1)

- / =5~ (d (By, Beys — 1))
t
y 6B, —TK 1 J
B; o2 (s—1) 5

Solving for log(B,) and using the definitions of I(B, B(.)) and J(B,, B(.))
establishes the statements in the theorem. B

Proof of Proposition 38: Taking the derivative of (4.2) and simplifying
leads to the expression announced. Continuity follows from the continuity
of h(S, t) and d(S, B,, s - t) with respect to S, and the continuity of N(x) and
n(x) with respect to their argument x. In the exercise region immediate
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exercise is optimal. It follows that H(S, ¢) = 1 for all S>B,t € [¢,T'). Continuity
of the hedge ratio implies that H(S, ¢) = 1 on the boundary S = B,. &

Proof of Proposition 39: We first prove the existence of a non-increasing
right-continuous function B = {B (t) : t € [0,T]}suchthat& = {(S,t) € R, x.
[0,7]: S > B (t)} Our next two lemmas are instrumental,

Lemma 45 Consider a claim with payoff 0 = u (S) = S and price V(S, t).
Suppose that

(1) u(S) is increasing, and

() u(S") —u(S) < S —Sforall S’ >8.
Then, V (S',t) =V (S,t) < 8" — Sforall 8" >8.

Lemma 45 bounds the variation in the price function for a given change in
the underlying price. The conditions on the payoff are standard: condition
(i1) bounds the slope of the payoff by 1; both conditions hold for the call
option payoff. Put-call symmetry ensures that put options are also covered
by these conditions (see Schroder [1999] or Detemple [2001]).

Proof of Lemma 45: Consider two initial prices, S and S”, such that S" > S.
Let 7be the optimal stopping time at (S”, ¢), i.e., V (9',t) = E; [R; ,u (S5)]
where R; , = exp (— [, 7 (S, u) du). As 7 is suboptimal at (S, ¢) we have
with V (S,t) > E; [Re-u (ST)] w1th Rir =exp (— ] v (Su,u) du). Thus,

A V(8',t) =V (S,1)
By [R} ,u(SL)] — By [Ryru (S, )]

E, [R), [u(S)) —u(S,))] + E¢ [(Ri, — Rer)u(S,)]. (4.16)

IA I

The Comparison Theorem for solutions of Stochastic Differential Equations
(Karatzas-Shreve [1988], Proposition 2.18) implies @ [S; < S..for all s € [¢, 7],
=1 (@ is the risk neutral measure). An approximation argument then shows
that Q [S; < S.]=1forallT € S; 1.

As RSy + ft“ R .6 (Sy,v) Sydv is a @-martingale, Doob’s optional
sampling theorem gives

St = Et [Rt,TST] + Et |:/ Rt,vcs (Sv; U) Svd'U:| (417)
t

S, = E; [R; .S.] + Ex [ / R, ,6(S),v) S;du] . (4.18)
t
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Let I = E; [R; , [u(S7) —u(S-)]] We can write
1 < Et [R;ﬂ' (S‘lr - ST)]

_ sk [ / R;7U5(S7'J,U)S;dv] AT A
t
= S — B[RS, - E [/ Ry ,6(S),v) S;du] + E; [Re+S-] — Ex [R, . S;]
t
= §'-S-E[(R,,~Re,) 58]

—E; [ / (R; 16 (S, v) S, — Ry.20 (Sy,v) Su) dv] ,
i

where the first line follows from assumption (ii) in the lemma and the
second and fourth lines use (4.17)—(4.18). Substituting this inequality in
(4.16) and collecting terms gives the upper bound

A < 8 -S—E (R, —Ri-)(Sr —u(S,)]

_E; [ / (RQ,TcS(S;,v)S;—Rt,fé(sv,u)sv)dv]_ (4.19)
t

Giventhat S, > Sy, forallu e [t, T and r(S, t) is decreasing in S, we have

r (S, u) < r(S,,u). Hence exp( ft du) > exp( ft (S, u) du)
As ST = u (S7) we obtain
E; [(R}, — Rex) (S- —u(S:))] > 0. (4.20)

On the other hand, § (S,,,v) S, > 6 (S,,v) Syby assumption and % , > R »,
so that

E, [ / (R, .5(S),v) S, — Re,70 (Su,v) Sy) dv] >0. (4.21)
t

Combining (4.20)—(4.21) with (4.19) gives V (5',t) — V (S,t) < §" — S,‘as
claimed. W

Lemma 46 Consider a claim with non-decreasing payoff u(S) such that 0 <
u (S) = S and price V(S, t). Suppose that the solution of (4.8) satisfies
decreasing time-monotonicity. ThenV (S, t;T — (' —t)) > V (S, ;T forall
t' et T

This lemma shows that the value of a claim with a fixed time to maturity
cannot improve with the passage of time. This result can be traced to the
depreciation, over time, of the discounted payoffs that can be achieved.
The increasing structure of the payoff, the decreasing time-monotonicity
and the properties of the interest rate combine to produce the property.

Proof of Lemma 46: Recall that the filtration generated by the Brownian
process z, — z:in[t, T + ¢t — t" is the same as the filtration generated by z,, — Zy
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in [t, T]. Let U =T - t” be the length of these time intervals and let 7 =
{Zy : v € [0,U]} denote the Brownian motion that carries the common
filtration. The set of stopping times of this filtration is Sour.

With these definitions we can write

V(StT—({H —t)= sup E, [Rmu (S,(.S"))} = sup E [Eo;u(Z?)] .

Test,T—(t’—t} ?égo,u

The expression after the first equality is the usual value of the American
claim where S®? solves (4.8) subject to the initial condition S, = S. To get
the second equality we use the fact that the Brownian motion Z generates
the same filtration and is such that Z; = 0. The expectation f; is taken
relative to this Brownian motion and the corresponding measure p. The
process {Z, : v € [0, U]} solves

7 ~
dZ =(r(Zy,v+1t)—0(Zy,v+t))dv+o(Z,,v+t)dz,; Zp=S9

and the discount factor is

EO,T = exp <_/ T (Sf;sjt)a U) d’U) = exp <_/ r (Zv,’U + t) d’()) -
t 0

Let A =t - ¢. Similar steps show that
V(S,¢;T)= sup E [ﬁg;u (Z;l)]
?Ggo,u
where Z" = {Z" : v € [0, U]} solves the time-shifted equation

h
dZZ;j = (Zlv+h+t)—6(Z)v+h+t))dvto (Zlv+h+t)de,; Zo=S

and

ﬁgf = exp (—/ T (ngs’t ),v> dv) = exp (—/ T(Z{},’U-Fh—Ft) dv) .
# 0

With these transformations the value functions become easy to compare.
Decreasing time-monotonicity implies that Z, > Z! for all
v € [0,U] (P — a.s.).and, as the payoffis a non-decreasing function, we obtain
u(Zy) > u(Zh)forally c [0, U] (]3 — a.s.). The properties of the interest rate
(decreasing in the first argument and increasing in the second argument)
also enable us to conclude that ﬁgf < ﬁoy?. The lemma follows. B

Proof of Proposition 39 (continued): To show that the exercise region is
up-connected note that the call payoff satisfies the conditions of Lemma
45. Thus,C(9,t) < C(S,t)+ S —Sfor 8’ > S. Suppose then that
immediate exercise is optimal at (S, ¢) but not at (S’, £). The optimality of
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exercise at (S, t), combined with the inequality above, implies
C(5t)<S5—-K+5 —S5=5— K.This contradicts the suboptimality of
exercise at (S, t). We conclude that immediate exercise must also be optimal
at (S’ ¢t). As this holds for any (S, #) € ethe exercise region is up-connected.
The existence of a unique exercise boundary follows.

To show that the boundary is non-increasing (i.e., that the exercise region
is right-connected) we proceed as follows. Suppose (S, t) € eand ¢" > ¢. We
want to show (S, ) € €. Suppose not, i.e., suppose that C (S, #) > (S-K )*. In

this case we have
C(S,t:T) > C(S,tT—(t —1) (shorter maturity option)
> C(S,t;T) (decreasing time-monotonicity)
> (S—K)" (suboptimality of exercise at t').

The inequality in the second line follows from Lemma 46. The last inequality
is the assumption that immediate exercise is suboptimal at ¢". Given that
(S, t) € € we have a contradiction.

The same arguments as in the proof of Proposition 33 can be used to
prove the right continuity of the exercise boundary. W

Proof of Proposition 40: The structure of the exercise set and the validity
of the EEP representation follow from Proposition 39.

To establish (4.14)—(4.15) we pass to a new numeraire corresponding to
the detrended asset price. Substituting the underlying price in the strike
function gives

1/t 1 1 1/t
G: = exp (;/ In (S,) du) = exp (5 (r —6— 502> t+ U?/ Eudu>
0 0

and YV, = G/ S = exp(a:/t) with

_ ) 12t2+ /t~d tz
Ty = 27" 20’ a Ozuu zt ).

An application of Ito’s lemma shows that

t t
/ Zudu —tZ; = —/ udz,.
0 0

Substituting in x and using the translated (under the risk neutral measure)
Brownian motion dz; = —dz; + odt gives

1 1 ‘
Ty = —§<r—5—502>t2—0/0 udz,

. 5+12t2+ td*
= 5 (7 57 crouzu.
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Under the measure dQ* = exp (— 302t + 0% ) dQ the process z* is a Brownian
motion (by Girsanov’s theorem). It follows that

zs=ax:+m(t,s)to(ts)z, fors>t,
wherem(t,s) = —3 (r — 0+ 302) (s> = *), v (t,s) = 01/(s®> — ?) /3 and z is
a random variable with standard normal distribution function.
The European option value is
p(Yi,t;0) = e T (B} [1ypeny] — By [Yrlpmeny]) -

The two probability elements are respectively,

B [lpyp<ny] = /<d( ) tT)n(Z) dz = N (d(zt,1,¢,T))

Jonn
2<d(xy,1,t,T)
t,T) 1v(t,T)?
_ / exp xt"'m(a )+_U(52)
2<d(ze,1,8,T) r 2 T

L 1 v(t,T)>2 J
—exp|—=|z— z
Var o\ 2 T

and

E; [Yrlpy,<iy]

kel

= exp (T +qt 1)) N (d (2 11,7 == (th)>
where
dlow.0.7) = SRR - B
gty = 2T | Lo T)

T 2 12
The pricing formula (4.14) follows from the relations exp (z:/T") = Ytt/ T and

Thn(1)—z; —m(t,T)

’U(t,T) :d()/talataT)

d (xta 15 ta T) =

For the early exercise premium note that, by Ito’s lemma,

dy

1 1, N1 1 ,¢2
Y [; (— <T—5—|— 5 )tdt+atdzt> — t_zxtdt+§g t_th

Y [— <T—5—|— tlzxt> dt—|—crdz;‘]
Y [(6 — 6y () dt + odz{]
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with 8y (t) = r + 2, /t*.. The EEP is given by
™ (Y, t, BY (1) 8) = e7*070 /tT (B [01tv<mny] — EY [by (90Yelqv,cmpy]) ds.
The first probability element is

Ef [0lyy,<pry] = 0N (d (w4, B2, t,5)).

The second one simplifies as follows,

Ef [8y (s) Yslgy,<pry]

/ <r+xt+m(t,s)2+v(t,s)z>
2<d(z:,BY,s,t) 8
X €Xp (xH_m(t s)tolts)z ) (z)dz

t,
_ <r+xt—|—m( s)

5 )exp — +q(t, s))
=)

( xt,Bp t

t / ( v (t,s))
—|— exp —|—q (t, s) —
z<d(z;,BY t,s) 8
XLGX L (z vt S)>
V2 P12 s

where the integral in the last term equals —n (d (x4, B2, t,s) — M)

8

Combining all these expressions produces the formulas in (4.15). The
recursive equation for the immediate exercise boundary is obtained using
standard arguments. The boundary condition follows from the dividend

Sy (T-) =7+ 4In (B%_)paidbyYast—)T. m

Proof of Proposition 41: Properties (i) and (iii) are standard. For (ii)
note that

VI(AS, ) = sup E[ (7= (ASNy, — K)| <VE(S,8) + (A —1) 8

TES:, T

for A = 1, where ¢ stands for the optimal exercise time. A standard argument
can now be applied to conclude that the claim holds. B

Proof of Proposition 42: The arguments in Jaillet, Lamberton and

Lapeyre [1990], Proposition 2.2, can be invoked to prove the continuity in
(1). Property (ii) is a consequence of the affine, increasing payoff structure.
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Property (iii) is the counterpart of (i) in Proposition 41. The proof of (iv) is an
adaptation of the proof of (iv) in Proposition 32. &

Proof of Proposition 43: The proof parallels the proof of Proposition 33
for call options. The only difference is the “exercise” boundary at maturity,
equal to By= 0. This value is implied by the obligatory nature of the contract
at the expiration date. B

Proof of Proposition 44: An application of Theorem 21 to the payoff
function S - K leads to the formulas indicated. l
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Chapter 5

Barrier and Capped
Options

This chapter examines the valuation of American barrier and capped options.
Barrier options, such as down-and-out calls, are considered first (section 5.1).
The case of capped options is treated next (section 5.2). Contracts with constant
and growing caps are analyzed in the Black-Scholes setting with constant
coefficients, of chapter 4. Results are also reported for capped options with
stochastic caps, that are written on nondividend-paying assets with stochastic
volatility. Insights about the optimal exercise policy when the underlying
asset price follows a diffusion process are also provided (section 5.3).

5.1 Barrier Options

5.1.1 Definitions and Literature

A barrier option is an option whose payoff depends on whether the underlying
asset price reaches a pre-specified level, the barrier, during a certain time
period. The most common examples are knock-in and knock-out options. A
knock-in option comes into existence, while a knock-out option expires, when
the barrier is reached. Knock-in and knock-out options each come in two
varieties (down and up) depending on the position of the barrier relative to
the initial asset price. If the barrier is below the underlying price at inception,
the option is a down-and-in or a down-and-out option; if it lies above, the
option is an up-and-in or an up-and-out option. All these contracts exist in
the form of puts and calls. For instance, a down-and-in put is a put option
that comes into existence when the underlying asset price decreases to a pre-
specified barrier; a down-and-out call is a call option that expires when the
barrier is reached. Knock-out options can involve a payoff at expiration. If
they do, the payment is called a rebate.

Vanilla barrier options, such as those described above, are sometimes called
“one touch” barrier options to emphasize the fact that an event materializes at
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the first touch of the pre-specified barrier. This contractual provision can be
contrasted with more exotic barrier and event specifications that have begun
to appear in derivatives markets and that will be dealt with in chapter 7.

European-style barrier options have been studied by Cox and Rubinstein
[1985], Rubinstein and Reiner [1991] and Boyle [1992]. Hedging aspects are
addressed by Bermin [2002], [2003]. American-style contracts are examined
by Gao, Huang and Subrahmanyam [2000].

5.1.2 Valuation

Our analysis is carried out in the context of the Black-Scholes market setting.
Consider an American down-and-out call option with maturity date 7, exercise
price K and barrier H with K > H. In the event that the barrier is reached at
or before maturity the option payoff'is null (the rebate is assumed to be null).
On the complementary event the holder has the right to exercise the option
and collects (S - K)* if he/she chooses to do so.

The down-and-out call option is a simple example of a path-dependent contract
because the payoff depends on the trajectories followed by the underlying asset
price. In spite of this apparent complexity the valuation of this American-style
contract is straightforward. It rests on a simple extension of the EEP
representation to American-style contracts with random maturity. Formulas
of this type emerge in several valuation problems involving derivatives with
trigger levels (such as the capped options examined further in this chapter).

Theorem 47 (EEP representation) Consider an American down-and-out
call option with maturity date T, exercise price K and barrier K > H. Let
B be the optimal exercise boundary, C(S, t, H, B™ () the value of the
contract, and c®(S, t, H) the value of a down-and-out European call with
identical characteristics (T, K, H). For H < S < B and t € [0, T, the value
of the American down-and-out call is given by

C% (S,t,H,B% () = % (S,t, H) + 7% (S,t, H, B** (-)) (5.1)

where _ N
o (8¢, H) = E, [e_T(T_t) (St — K) 1{7H>T}}

mde (S, t, H, Bdoc ()) = F,

TuNT
/ €_T(U_t) (5Sv - TK) l{SvZB,‘f"C}d’U
t

and g = inf {v € [t,T] : S, = H} denotes the first hitting time of H in [t,
T], or g = oo if no such time exists in [t, T]. The optimal exercise boundary
solves the recursive integral equation

BY¢(t) — K = C% (B%* (t) ,t,H, B (")) (5.2)
subject to the boundary condition B¢ (T_) = K V %K.
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This decomposition of the American down-and-out call option is similar to
the early exercise premium representation for standard American options
(Theorem 34). The first component is the European down-and-out call price.
The second component, the early exercise premium, again represents the
present value of the benefits from early exercise. For the contract under
consideration the benefits are collected as long as the contract is alive, i.e., as
long as the underlying asset price exceeds the barrier H. When the barrier is
attained (on the event {r, < T'}) the option is retired and loses all value.

Asusual, the EEP representation (5.1) leads to an equation for the exercise
boundary (see (5.2)). The intuition here is standard. As immediate exercise is
optimal on the boundary the value given by (5.1) must equal the exercise
payoff when both are evaluated at S = B,

The components of the EEP representation can be expressed in more explicit
form by taking advantage of the availability of a closed form solution for the
joint distribution of the asset price and the hitting time 7,,.

Corollary 48 The EEP components of the American down-and-out call
option value are

(S t,H) = Se T [N (—d_ (K)+oVvT — t)
A2y (—d+ (K)+ovVT — t)}
—Ke T[N (== (K)) = N N (=d* (K))| (5.3)
and
T
0 (.1, H, B% (1)) = / 557900 [N (—d~ (B2°) + oo —F)

A2y (=d* (BE) + ov/o — t)} dv
-/ " K00 [N (= (B2°))

—\IEN (—d* (B))| v (5.4)

where

_ Elog(\) —log (H) +log (z) +b(v —1)
N ovu—t

and \ = %, b=6—1+ %0—2, In (5.3) terms in d(x)are evaluated at v = T.

d* (z)

For the up-and-out put similar computations can be performed to obtain

Theorem 49 (EEP representation) Consider an American up-and-out put
option with maturity date T, exercise price K and barrier K < H. Let B"? be
the optimal exercise boundary, P (S, t, H, B (-)) the value of the contract,
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and p* (S, t, H) the value of an up-and-out European put with identical
characteristics (T, K, H). For H > S > B“? and t € [0, T, the value of the
American up-and-out put is given by

P (S,t, H,B"7 (1)) = p"* (S,t, H) + 7" (S, ¢, H, B" ()) (5.5)

where the European up-and-out put and the early exercise premium are
given by

P (S,t,H) = Ke (T [N (d~ (K)) — A*2 N (d* (K))}
—Se= 8=t [N (d™ (K) —ovv —t)
N2y (d¥ (K) — Vv — t)}

9P (S,t, H, BYP () = /t D ke [ (a (B2om))
—NIEN (d* (Bren)) | dv
_ / " 5867300 [SI (4 (B1P) — 0v/5 =)
— NP TN (dF (Brer) — a\/m)} dv.

The optimal exercise boundary solves the recursive integral equation
K — B"P () = PU (B"P (t),t, H, B“P (.)) (5.6)
subject to the boundary condition B*? (IT_) = K N £ K.

Inspection of the formulas for the down-and-out call and the up-and-out put
reveals the following relationship

Proposition 50 (American barrier option pul-call symmetry) Consider an
American up-and-out put option with characteristics (T, K, H), written on
an asset whose price satisfies (4.1). The symmetry relation P°(S, K, H, r, 0,
T) = C*(K, S, KS/H, 6, r, T) holds. The exercise boundaries are related by
B = SK/B %

This proposition extends the put-call symmetry property for standard
American options (Theorem 3.13) to the case of barrier options. An important
difference, relative to plain vanilla contracts, is that the barrier must also be
adjusted when passing from the put to the call. The exercise boundaries on
the other hand stand in the usual relationship. This result, that can be
proved by using the change of numeraire outlined in section 2.7 (i.e., passing
to the equivalent probability measure @* in (2.23)), is a special case of the
general put-call symmetry for random maturity options (see Section 4 in
Detemple [2001]).
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5.2 Capped Options
5.2.1 Definitions, Examples and Literature

A capped option is a contract whose payoffis limited by some pre-specified
amount. For example a capped call option with cap L and strike K pays off
(SANL-K )+ upon exercise; a capped put option with cap L and strike K
paysoff(K — Sv L)+ .1 Capped options can be European- or American-style.
They can also incorporate automatic exercise provisions. For example, a capped
call option with maturity date T and automatic exercise at the cap is a call
with random maturity given by the first time at which the underlying asset
price reaches the cap, or the maturity date if no such time exists prior to 7.

This contract is a knock-out barrier option with rebate equal to the option
payoff at the trigger date. Finally, the cap provision can be a constant, a
function of time, or a stochastic process. Examples of capped options with
time-dependent caps include contracts with discrete monitoring dates.

Several contracts with cap provisions have been issued by firms or financial
institutions in the last two decades. One example is the MILES contract
(Mexican Index-Linked Euro Security). This security is a package comprised
of several securities including an American call option on the dollar value of
the Mexican stock index. The contract is unusual in that it has both a time-
dependent cap and a restriction on the exercise period.

Other examples are the capped options on the S&P 100 and S&P 500 indices
that were introduced by the Chicago Board of Options Exchange (CBOE) in
November 1991. These capped index options, which are called CAPS, combine a
European exercise feature (the holder of the security cannot choose to exercise
until the maturity of the contract) with an automatic exercise provision. The
automatic exercise provision is triggered if the index value exceeds the cap at the
close of any trading day (see Flesaker [1992] for a critical analysis of these options).
Additional examples of European capped options include the range forward contract,
collar loans, barrier options, indexed notes and index currency option notes (see
Boyle and Turnbull [1989] and Rubinstein and Reiner [1991] for details).

European capped options are studied by Boyle and Turnbull [1989].
American-style contracts are examined by Broadie and Detemple [1995],
[1997a],[1999] in the Black-Scholes setting and Detemple and Tian [2002] in
a more general class of diffusion models.

5.2.2 Constant Cap

In this section and the next we suppose that the market satisfies the Black-
Scholes assumptions (model with constant coefficients) with positive interest
rate. In this setting consider an American capped call option with maturity
date T, exercise price K and constant cap L with L > K. Upon exercise the

! The call payoff is capped by L - K; for the put option the maximum payoffis K - L. The
constant L corresponds to the cap on the underlying asset price.

© 2006 by Taylor & Francis Group, LLC



90 CHAPTER 5. BARRIER AND CAPPED OPTIONS

contract pays (S A L — K)*. Let B and C*(S, t) denote the optimal exercise
boundary and the price of the capped option, respectively. The optimal exercise
boundary is characterized in Theorem 51 and illustrated in Figure 5.1

180

175

170

165

160

Immediate exercise boundary

155

N

1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 06 07 0.8 09 1
Time-to-maturity

Figure 5.1: GBM model. Exercise boundary of a capped call option (y-axis) versus
time to maturity (x-axis). The strike price is 100, the cap 160, the interest rate 6%
and the dividend rate 4%. Computations use the integral equation method with
2,000 time steps.

Theorem 51 Consider an American-style capped call option with maturity
date T, exercise price K and constant cap equal to L with L > K. The optimal
exercise boundary B is given by

BY=LAB
where B denotes the optimal exercise boundary of an American uncapped
call option with same maturity date and exercise price.

© 2006 by Taylor & Francis Group, LLC



5.2 CAPPED OPTIONS 91

The exercise boundary of the capped call option has a very simple structure
indeed! Intuition for this result can be gathered by examining the various
configurations of the asset price S, the cap L and the exercise boundary B
that can materialize. When S is above the cap waiting to exercise is suboptimal
due to the time value of money. When S is below the cap B (¢) A L = B (¢)
and the holder of the capped option can implement the optimal exercise policy
and match the payoff of the uncapped American option with identical strike
and maturity date (see Figure 5.1). This policy will therefore be optimal for
the capped option as well. From these two observations one concludes that
the exercise boundary for the capped option B” is always bounded above by
B/A\L and is equal to B at the first time ¢* at which B (1) = L. When S lies
below the cap and B (¢t) A L = L(i.e., before {*) the argument is more subtle.
In this situation it can be shown that the holder of the capped option can in
fact duplicate the optimal exercise policy and the payoff of an uncapped option
with shorter time-to-maturity for which immediate exercise is suboptimal
(see the proofin the Appendix).

With the optimal exercise policy fully identified, the valuation of the contract
becomes easy to perform. Let ¢* be the solution of the equation

B(t,T) =1L
if an interior solution, with value in [0, T'], exists. If B (t, T) < L for all ¢ € [0,

Tlsett*=0.IfB (1, T) > L for all t € [0, T] set t* = T. The next theorem
provides a valuation formula for the American capped call option.

Theorem 52 Consider an American-style capped call option with maturity
date T, exercise price K and constant cap equal to L (L > K). For § > L A B
theoptionvalue is(S AN L) — K. For S < L A B and t > t* the option value is
CL(S,t) = C(S,t). For S < LA B and t < t* the option is worth CT (S,t)
given by

(L _ K) Et [e_T(TL_t)l{TL<t*}i| + Et [e—T(t*—t)C’ (St*;t*) l{TLZt*}} (5.7)

where 71, = inf{v € [t,T] : S, = L} denotes the first hitting time of L in [t
T] and r; = T tf no such time exists in [t, T]. The representation formula in
(5.7) can be simplified by computing the expectations explicitly

cL(s,t) = (L—K) (A2¢/02N (do) + N2/ N (do + 2fVE —1 t/ch))

et Y /OLC(x,t*)u(x,t,t*)dx 68)

where sy .
w(z, b ) = n (dy (x)) —;\/ﬁ__t n (df (z)) 5.9)
do = 8 (?\/_% %) (5.10)
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+log(\) —log (L) +1log (z) + b(t* —¢t)
oI —1

andb=956—r+3i02 f=Vb2+2ro2, ¢=L1(b—f),a=1(b+ f) and A\ = S/L.
2 2 2

An alternative decomposition that draws on Theorems 51 and 52 relates
the value of the American capped option to the value of a capped option with
automatic exercise at the cap.

di (z) =

(5.11)

Theorem 53 (Early exercise premium representation) Let C° (S, t, L) be
the value of a capped option with automatic exercise at the cap (see formula
(5.13) below). ForS < L A B and ¢ € [0, T, the value of the American capped

option is given by

Cl(S,t) = C*(S,t,L) + E, [ / e~ (55, — rK) 1 szBv}dv]@lz)
t

where 71, = inf {v € [t,T] : S, = L} denotes the first hitting time of L in [t,
T], and 77, = T if no such time exists in [t, T]

This decomposition of the American option value is similar to the early exercise
premium representation for standard American options (Theorem 34). It differs in
that it relates the value of the option contract to the value of a contract that may
be automatically exercised before the maturity date (the standard representation
uses the value of a European option with exercise at the maturity date as the
benchmark). This is the first component on the right hand side of (5.12): a call
with automatic exercise at the cap. The second component in (5.12) measures the
premium achieved by optimally exercising prior to reaching the cap. The premium
isthe present value of net benefits in the event of exercise, consisting of the dividends
collected on the underlying asset net of the interest costs incurred.

When dividends are sufficiently low the exercise boundary of the uncapped
option B exceeds the cap L at all times. In this case the valuation formulas
(5.7) and (5.12) simplify significantly. Straightforward deductions show that,

Corollary 54 (American capped call valuation with low dividends) Suppose
that § <rK/L. For S < L and t € [0,T], the value of the American capped
call option equals the value of the corresponding capped call option with
automatic exercise at the cap

ch(s,t) = C*(S,t,1L)
= (L-K) (A2¢/“2N(do)+/\2"/“ (do+2f\/_/0))
+8e=0T (N (d7 (L) — o/T) — N (d7 (K) — ov/T))
AT/ LT (N (dF (L) — oy/7) = N (df (K) — 0v/7))
~Ke " (N (dy (L)) = N (d; (K))
SAHSD/T (N (dF (L)) - N (df (K)))) : (5.13)
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In (5.13) the expressions for dy and df are the same as in (5.10)—(5.11) but
with =T - t replacing t* - t. The expressions for b,f, ¢, and o are the same
as in Theorem 52.

Remark 5 The value of a European capped call option with strike price K,
cap L and maturity T (the option with payoff (Sy A L — K)+ at date T) s
given by

Ce(S,t,L) = SedT-D (N (d; (L) — ovT = t) N (d; (K) — ovT = t))
~Ke™" T (1 = N (d7 (K))) + Le 7" T=9 (1 = N (d (L))).

The European capped option value can serve as a benchmark to measure
the gains from early exercise (prior to maturity) embedded in the American
capped option value. The early exercise premium is particularly simple to
compute in the case of low dividends (formula (5.13)).

Remark 6 IfL T  the European capped call option value C ° (S, t, L) converges
to the Black-Scholes formula adjusted for dividends (see corollary 15).

5.2.3 Capped Options with Growing Caps

Consider now the class of American capped options whose caps grow at a
constant rate g > 0. Suppose that

Ly = Loe?*, t € [0,T) (5.14)
where we assume that L, > K. Let t* denote the solution to the equation B (%,
T) =L, if an interior solution in [0, T'] exists. If B (¢, T) < L, for all t € [0, T']
sett*=0.If B (¢, T)> L,for all { € [0, T] set t* = T'. In order to describe the

optimal exercise region it is necessary to consider the class of exercise policies
defined next and illustrated in Figure 5.2.

Definition 55 (¢, t*, t ;) (Exercise Policy). Let t and { ,satisfyo <t <ty <
and T and t, < ¢t* < T.Define the stopping times

71 = inf{véfte,tyVE]: 8, =Ly} orif no suchv exists set 71 =T
To = tyif SLf > Ly, otherwise set T =T
T3 = inf{ve[t",T]:8, = By} orif no such v exists set 73 = T.

An exercise policy is a (1, t*, t )-policy if the option is exercised at the stopping
timeﬁ ANTo A Ts.

A (1, t% t,)-policy is an exercise policy that is completely described by the
three parameters indicated. Moreover, one of the parameters (t*)is already

determined as the solution to an equation, while the other two (¢, and ¢,) are
arbitrary constants, up to the restrictions0 < ¢, < t; < T and t. < t* < T.
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Figure 5.2: A (1 1% ( f)-policy for a capped call option with growing cap. Time-to-
maturity is on the x-axis: point e corresponds to 7'- ¢, point fis T - t, The option
strike is K = 100, the initial cap L, = 200, the cap’s growth rate is g = 10%, the
interest rate r = 6%, the dividend rate 6 = 3% and the volatility coefficient o= 0.2.
Computations use the integral equation with 2000 time steps.

A (1, t% t )-policy mandates immediate exercise along the cap if the time-to-
maturity is less than 7'- ¢ . In the interval [0, T - t*] exercise is immediate if
the underlying asset price lies in between the exercise boundary B and the
cap L. For times-to-maturity less than T - ¢, immediate exercise is also
implemented if the asset price lies above the cap.

Our first theorem identifies the optimal exercise policy.

Theorem 56 Consider an American capped call option with exercise price
K, maturity date T and cap given by equation (5.14). Then the optimal
exercise policy is a (1, t*, t f)—policy.

This result is quite surprising because it shows that the optimal stopping
time belongs to the class of (¢, t* ¢ j)-policies introduced in definition 55. As
we shall see shortly, the parameter  (in addition to t*) is already determined
by the structure of the capped option payoff, the cap process, the underlying
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asset price process and the interest rate. So¢, € [0,¢*]is the only parameter
that remains to be determined: pricing the American capped call option has
been reduced to the identification of a single parameter, ¢,. This boils down to
aunivariate optimization problem that can be resolved by using the valuation
formula given in Theorem 57 below.

Intuition for the optimality of a (¢, ¢* t )-policy is as follows. First, note that
immediate exercise is optimal for the capped option in the region B <S < L
because it is optimal for the uncapped option and the payoffs are identical.
Similarly, when ¢ >t* and S < B (1) the capped option holder can implement
the exercise policy of the uncapped option and collect the same payoff. Second,
note that immediate exercise is also optimal if t > ¢, and S > L. In this region
the discounted payoff decreases almost surely and, as a result, waiting reduces
value. The reverse argument applies when ¢ < ¢.and S > L,. Here the discounted
payoffy, = e~ (L, — K) increases over time which means that the policy of
exercising at £y A 71, where ¢, is the first hitting time of the cap L, increases
value. Third, when ¢ < t* and S < L, one can find an uncapped option with
shorter time-to-maturity whose exercise boundary falls below the cap at all
subsequent times. Implementation of this exercise policy dominates immediate
exercise for the capped option holder. Lastly, along the cap (i.e., when S = L
and ¢ < t*) the benefits of waiting (which dominate above the cap) are curtailed
by the risk of falling below the cap. When the maturity date is sufficiently
close (i.e., for t close to t*) this risk is enough to prompt immediate exercise.
With longer horizons the appreciation in the discounted value of the cap can be
sufficient for the optimality of a waiting policy.

The valueofa (t, t* ¢ )-policy is easy to calculate. The price of the American-
style capped contract naturally follows.

Theorem 57 (Valuation of American capped option with growing cap) Define
tr= (L — K)}.
s = arg max {e”"" (L — K)}

The value of the American capped option with growing cap is given by
CF(5,0) = max {CF (te. 1", t7) 1 te € 0,7 A tg]} (5.15)

where )
Ch (te, " tg) = ¢ [e_T(te_t) {C"Us. 500y + Cis, <y} (5.16)

and C* and C* are the values at time t ,in the events {S, > L, } and {S,, <
L.}, respectively. Explicit formulas for C* and C* are given in Broadie and
Detemple [1995].

Consider a fixed parameter ¢, along with the parameters ¢* and ¢ defined
above. The value of the (t, t¥ ¢ )-policy is given by C" (¢, t* t.) in formula
(5.16). It follows immediately that the value of the American-style capped
option is obtained by maximizing this value relative to the free parameter ¢
Even though this optimization problem does not have a simple closed form
solution it can be resolved numerically, by using standard methods.
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5.2.4 Stochastic Cap, Interest Rate and Volatility

This section considers a fairly general class of American capped options
written on nondividend-paying assets in a setting with stochastic interest
rate and stochastic return volatility. The asset price S satisfies (under the @-
measure)

dSt = St [Ttdt + O'tdgt] ,t S [0, T] ; SO given (517)

where volatility follows a stochastic processo = {0y, F; : t € [0,T]}thatis
progressively measurable, bounded above and bounded away from zero (P-
a.s.) and the interestrate r = {r,, F, : t € [0, T]}is progressively measurable,
strictly positive and bounded.

The capped call option has payoff (§ A L — K)*, where L satisfies

st = Ltgtdt,t < [0, T] ; LO given. (5.18)

We assume that the growth rate of the cap, g, is a progressively measurable
process such that L, > K for all ¢ € [0, T'] and such that the following growth
condition holds,

(9t =7) Le + 1K < 0,t € [0,T]. (5.19)

The model (5.17)—(5.19) for the underlying asset price and for the cap is fairly
general. It allows for a stochastic return volatility, a stochastic interest rate
as well as a stochastic growth rate for the cap. The factor underlying the
stochastic behavior of these quantities is the same Brownian motion that
affects the asset price: the market is complete. The cap’s growth rate may
take positive as well as negative values as long as condition (5.19) is satisfied.
This condition is a restriction on the growth rate of the cap that is clearly
satisfied if the cap is constant or decreasing. It is satisfied even when the
growth rate of the cap is positive as long as it is not too large. Broadie and
Detemple [1999] consider the special case with constant interest rate.
For this model the following result holds,

Theorem 58 Consider an American capped call option with stochastic cap
given by (5.18)—(5.19) when the interest rate is a positive, bounded and
progressively measurable process, and the underlying asset price satisfies
(5.17). The optimal exercise boundary is a stochastic process given by B' =
L. If S 2 L immediate exercise is optimal and C* (S, t) > L - K. If S < L the
optimal exercise policy 1is described by the stopping time
7L where Ty, =inf {v € [t,T] : S, = L, },7,= Tif no such time exists. For S <
L and forall t € [0, T1, the value of the capped option is

CL(S, t) = E [exp (—/ Tvd’U> (LTL — K) 1{7L<T}:|
t

T
exp (—/ rvdv) (Sp — K)* l{TLZT}] .
¢ (5.20)

+E
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Although the valuation problem under consideration involves path dependence
(as the cap, the interest rate and the volatility of the underlying asset are
adapted processes) it nevertheless has an explicit solution as far as the optimal
exercise policy is concerned. The intuition for this result parallels the intuition
for the optimality of exercise at ¢, above the cap when the cap grows at a
constant rate (section 5.2.3). When the underlying asset price exceeds the
cap immediate exercise is optimal if the discounted payoff is a strictly
decreasing function of time. In the case under consideration the discounted
payoff equals ¢, = exp (— 5 rvdv) (L; — K) when S, > L,. It follows that
(— Jo Tudv> [(g; — r+) Ly + 7 K] dt, which is negative under condition (5.19).
Hence in all circumstances (independently of the next realizations of the
Brownian motion z) waiting to exercise is a dominated policy. When the
underlying asset is below the cap, on the contrary, immediate exercise is
suboptimal: given that the asset does not pay dividends there is no incentive
to exercise. Combining these two insights shows that it is optimal to exercise
at the first time at which the asset price reaches the cap. The value of the
contract is the value of this exercise policy.

5.3 Diffusion Processes

Let us now revert to the diffusion model of section 4.6 along with the
accompanying assumptions. In this context we reexamine the optimal exercise
decision for a capped call option with constant cap.

Our main result, that draws on Detemple and Tian [2002], extends
Theorem 51.

Theorem 59 Consider an American capped call option with constant cap L
and suppose that the underlying asset price follows the diffusion process
(4.8), where the coefficients satisfy the assumptions stated. The immediate
exercise region of the capped call option 1S
EWL)={(S,1) eR, x[0,T): S > B(t) AL} where B (t) is the exercise
boundary of the corresponding uncapped option with identical characteristics
(T, K).

Quite remarkably, the structure of the exercise region is the same as for the
GBM price process: the capped option’s exercise boundary is the lesser of the
cap and the boundary of an uncapped option with the same maturity date
and strike price (Figure 5.3 provides an illustration in the CEV model). Thus,

as before, the exercise boundary of the capped option is known once the
boundary of the uncapped option has been identified.

Intuition for this result can be provided along the same lines as before. The

same arguments apply for each of the three possible configurations of (S, L, B).
We can complement these intuitions by also noticing that the optimal exercise
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Figure 5.3: CEV model. Exercise boundary for a capped call with constant cap (y-
axis) versus time to maturity (x-axis). The option strike is K=100 and the cap L =
220. The interest rate is = 6%, the dividend rate 6 = 3%, the volatility coefficient
o = 0.24/10 and the elasticity of variance 6 =1.7. Computations use the integaral
equation method with 2000 time steps.

function of time-to-maturity). As B* is bounded above by B /\ (1) Land equals
B (t*) = L at time t* it must be that B = B A L.

5.4 Appendix: Proofs

Proof of Theorem 47: Let C% (S, t) denote the down-and-out call price and
let £9o¢ = {(S, t) Ry x [0,T): C%?(S,t) = (S — K)+} be the immediate
exercise region. As K > H there is no incentive to exercise when K >S > H.
Similarly, exercising in the region H < S < (/) Kis a dominated policy as it
would induce a local loss equal to S - K < 0. It can also be verified that e
has properties that are similar to ¢ the exercise region of a standard American
call. In particular, the region is up- and right-connected (in the time
dimension). We conclude that £%¢ = {(S,t) e R, x [0,T) : § > B¢ (t)} for
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some non-increasing function of time B" (-) . The function B"™ is the immediate
exercise boundary. It is continuous and converges to(1 v (r/§))Kas t = T.

As the down-and-out call expires at the first hitting time 7, of the level H
and as the payoff (S, - K)* = 0, the contract can be viewed as an American
option with random maturity 7,.. The early exercise premium representation

CdO(S, t, H,Bdoc(‘)) = FE |:€—T(T/\7-H—t) (ST/\TH _ K)+

+E,

TATH
/ e (58, — 7K) 15,5 paocydv
i

follows by a straightforward extension of the results in chapter 3. On the
event {r, = T} the payoff (Srar, — K)Jr = (Sr4 — K)Jr = (0. On the
complementary event (5.~ — K)* = (Sy — K)*. The formula in the
theorem follows.

The recursive integral equation for the boundary (5.2) is obtained from
(5.1) using the fact that immediate exercise is optimal at the boundary, i.e.,
atS =B% N

In order to demonstrate Corollaries 48, 54 and Theorem 49 we need the
auxiliary lemmas stated below. These lemmas describe distributions and
truncated moment generating functions involving the first passage times of
sets with exponential boundaries, when the asset price follows a geometric
Brownian motion process. The formulas provided can be inferred from the
joint law of a Brownian motion and its running maximum (see Karatzas and
Shreve [1988], p. 95).

Lemma 60 Suppose that S satisfies the stochastic differential equation dS=.
S[(r —&)dt + Sodz;]. For A< B For A = B define the conditional
probability,

U(S,AB,t,T)=P|[Str <A and S, < B forve[t,T)|S:=25].
Then

IS 1—-2(r—6) /o>
U(S, A B,t,T)=N(d(A4)) — <E) N (d(A,B))
when S < B and t € [0,T], where
_ log(A) —log(S)+b(T ~ 1)
d(4) = T
d(AB) = log (S) —i—log(A()j—;li)gi(B) +b(T—1t)

andbzé—r—i—%aQ.
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Lemma 61 Suppose that L =L " and that 7, represents the first time in
[t, T] at which S=L (the first passage time of the level L). Then, fort < [0, T],
the conditional probability P{ry > T|S; = §]is given by

N (—E; O\, T — t)) — () HRAgHon /o (—E; A\, T — t)) if S < Ly
N (E§ A\, T — t)) — (A PRI (E; e, T — t)) if S > Ly

where

+log(N) —b(T —1)
oVl —t

df (M. T —t) =

and. \y = S/Ls, b=g+ 6 -1+ ic%
Lemma 62 The conditional density of the first passage time t  is, for y3t,

ar log(A+) .
—nld )\,y—t o-—gi ZfSSL
’y(y;S,t):{ ( 2 (M )) (y—)y%/2 t

=+ log( A .
n(d2 (At,y—t)) ) if S > L.
Lemma 63 The truncated conditional moment generating function of 7, 1s
(at date 0)

t
/ e @~ (y; Sp, 0) dy
0

g (a) aa)

Ao 7% N (do (a)) + Ng N(do(a)+2f(a) W) if do < 1

ag

gola) a(a)

N 7 N (—do (@) + Ay N(—do(a)—2f(a) ﬁ) if Ao > 1

where do (a) = 180 — F(@)t
o\t
with Ay = So/Lo, b=g+ 6 —r+ 302, f(a) = (52 +2(r —a)aQ) , 0(a) =
(b= f(a)) and a(a) = % (b+ f (a)).
Proof of Corollary 48: Using lemma 60 and a change of variable leads to
P[Sr>Aand S, > Bforve[t,T)S: = 9]

2b/c?
- N(—d(A))—(%) N (=d(A, B))

for A > B. The European option value is
o0 (8,1, H) = / exp (—r (T — 1)) (z — K)* 7 (2:5, H,t. T) do
H
where % (z; S, H,t,T) is the conditional density of the distribution above.

Performing the integration gives the expression for the European down-and-out
call. A similar computation produces the value of the early exercise premium. B
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Proof of Theorem 49: The proof parallels the proofs of Theorem 47 and
Corollary 48.

Proof of Proposition 50: Put-call symmetry can be deduced from the
formulas of Theorems 47 and 49. Alternatively, the general symmetry result
of chapter 2 can be specialized to produce the results stated. B

Proof of Theorem 51: The proof proceeds by considering all the possible
configurations for the asset price S.

Case (i): Suppose first that S > L. In this situation immediate exercise is
optimal because the exercise payoffis (SAL-— K)+ = [, — K,the maximum
payoff attainable, and the interest rate is strictly positive.

Case (ii): Supposethat B < S < L. As (SAL—K )+ < § — K theinequality

CF(S,t) < C(S,t)

always holds. In the region under consideration immediate exercise is optimal
for the holder of the uncapped option. Thus C* (S,t) < (S — K )+ = (S - K)
Given that immediate exercise is a feasible policy for the capped option and
yields a payoffequal to(S A I — K)™ = (S — K)* = (S — K), we conclude
that immediate exercise is optimal for the capped option as well (if not there
exists a waiting policy that dominates immediate exercise for the capped
option, hence for the uncapped option—a contradiction when S > B).

Case (iii): Suppose that S < B /\L. We must show that immediate exercise is
suboptimal. Consider first the case L > max {(¥/6) K, K}. Let B (1, T) be the
exercise boundary for an uncapped option with exercise price K and maturity
date T'. Recall that B (t, T) is a non-increasing continuous function of time
converging to K V (r/§) K when t goes to T. Hence, in the case under
consideration, we can always find a shorter maturity 7 <T, such that S <B
(t, T ) < L. Clearly the policy of exercising at the first hitting time in [¢, T ) of
the boundary { B (v, Ty) ,v € [t,Tp)},0r at T if no such time exists, is feasible
for the holder of the capped option. This policy has the same payoff as the

uncapped option with shorter maturity date T,. We conclude that
C(S,t,Ty) < C*(S,t).

Because immediate exercise is suboptimal for the shorter maturity uncapped
option when S < B (f, T ) we must have (S — K)Jr < C(S,t,Ty) < CF(8,1)
It follows that immediate exercise is also suboptimal for the capped option.
Consider next the case L < (7/6) K. Let 7 denote the minimum of 7" and of
the first hitting time of the set /L, «). The policy of exercising at T dominates
immediate exercise because for §S, —rK < 0 for v € [t,7). B

Proof of Theorem 52: The proof follows immediately from Theorem 51.
Proof of Theorem 53: The structure of the optimal exercise boundary
shows that the set of exercise policies can be restricted, without loss, to

the set of bounded stopping times 7< 7. The representation formula in the
theorem follows.H
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bounded stopping times 7< 7,. The representation formula in the theorem
follows.H

Proof of Corollary 54: When 6=rK/L the immediate exercise boundary is
given by the cap L. The formula follows from the previous theorem.H

Proof of Theorem 56: The following cases arise.

Case (i): Suppose first that B <.S < L. Then the same argument as in the
proof of Theorem 51, case (ii) applies and demonstrates that immediate exercise
is an optimal policy.

Case (ii): Consider now the case S<B/\Land suppose that (7/ §) K> K. If L > (v/
0) Kthe argument in the proof of Theorem 51, case (iii) applies. If L, < (7/ §) Kthe
policy of exercising at the stopping time requal to the first hitting time of the set
[(r/8) K A L, oo)or T'if no such time exists dominates immediate exercise because
§S,—rK < 0for v € [t,7). Inthe case (v/§) K< K we have L, > K for all ¢ € [0,
T1(by assumption) and the argument of Theorem 51, case (iii), again applies.

Case (iii): Suppose now that S > L. It can be verified that the discounted
payoff function ¢, = e " (L, — K)has a unique maximum at
—rt
ty = argtrer[la)%]e (L, — K).
If ¢ is in the interior of [0, T'] the function ¢, is strictly increasing for ¢ < ¢,
and strictly decreasing for ¢ > ¢ .. If ¢, = 0 the discounted payoff i, is strictly
decreasing for ¢ > ¢; if t = T it is strictly increasing for ¢ < ¢. Hence, if ¢ = ¢
immediate exercise dominates any waiting policy If ¢ < ¢, the policy of
exercising at the first hitting time of L or at {, dominates immediate exercise.

Case (iv): Finally, suppose that immediate exercise is optimal at some time ¢
< t*whenS = L. Then it is optimal to exercise at allv € [t, t*/when S =L .
Suppose not, i.e., suppose that there exists u € /¢, t*/such thatS, =L and
CY(S,,w;T) > L, — K (for clarity we indicate the maturity dates of the options
under consideration). At ¢t we have

Li—K = CY(S:,t;7T)
> CY(S:,t;T —(u—1t)) (shorter maturity option)
= CH(S;,w;T) (H is L translated by t —u : H (u) = L (t))
> CY¥(S,,u;T)— (L, — L) (see Lemma 64 below).

(See Figure 5.4 for an illustration of L and its translation H.) If immediate
exercise is suboptimal at u then C (S, vw; T) > L, — K (recall thatS =L )
sothat, - K > (L, — K)— (L, — L;) = L; — K, a contradiction. We conclude
that immediate exercise is optimal along the cap, for all v € [t, t¥*],if it is
optimal at time ¢ (i.e., the exercise region is a connected segment along the
cap).
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Figure 5.4: Boundary and cap (y-axis) versus time to maturity (x-axis). The exercise
boundary of an uncapped call B, the cap function L and its translation H are plotted
against time to maturity. The option strike is K = 100, the initial cap L = 150 and
the maturity date T = 1. The interest rate is r = 6%, the dividend rate 6 = 4% and the
volatility coefficient o = 0.2. Computations use the integral equation method with
100 time steps.

Lemma 64 Suppose that the underlying asset price S satisfies (4.1). Consider
two American capped call options written on S, with common maturity
date T and ex ercise price K, and respective caps L and H satisfying (5.14)
withinitial condition Ly>H,. Let S} = Lo and S2 = Hy. Then CT (Sé, 0) <
CH (S%,0) + Lo — Hy.
Proof of Lemma 64: For any stopping time 7€ S or We have

0 < (S'AL —K) —(S?AH,-K)"
< S'AL,—S?AH,

= SéN()’T A Lged™ — SSNO,T A Hped™
where N, _is the exponential process defined in the proof of proposition 31. As

S3 = Lo and S = Hy and the expression on the last line is
(Sé — Sg) (NO,T N egT),
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which is bounded above by (S} — S2) No_,. This upper bound for the payoff
holds, in particular, for the optimal stopping time 7, associated with (S}, 0).
Hence, we can write

0 < Ch(s5,0)—C"(53,0)

- B [e*m (SiNo.s, A Loe?™ — K)*}
—E[e 7 (SENor, A Hoe?™ — K) ]

< E [e ™ (S5 — S3) No.r | (suboptimality of 71 at (Sg,0)
and upper bound)
< Sh - 82 (Q — supermartingale property of Rg ;S;).

By assumption S} = Ly and S5 = Hy . This proves the claim.l

Proof of Theorem 57: The valuation formula follows from the exercise
policy described in Theorem 56.H

Proof of Theorem 58: We must show the optimality of stopping at the first
hitting time of the cap. The valuation formula (5.20) is the value under that
exercise policy.

(i) Suppose first that S < L and assume that immediate exercise is optimal.
Consider the investment policy described below along with the exercise policy
7, defined in the theorem

time ¢ time 7, < T time 75, > T
Buy Call (S K) L, K (Spr— K)©
Scll Stock  +8 -5, —S7
Invest K —K Kexp (f/" rodv) Kexp (ftT rvdv)
Total 0 K cexp (ftTL rvdv) Kcxp (jtT Tvdv)
—-K —Kl{s, >k} — Stlis, <k}

As the payoff on the event {7, > T'} is bounded below by

T T
—Klig,<xy + K <cxp </ rvdv) — 1{5,,‘>K}) =K <cxp (/ Tvdv> — 1)
L t

and as » > 0 the policy outlined represents an arbitrage opportunity. The
absence of arbitrages in equilibrium implies that immediate exercise is a
suboptimal policy.

(i1) Consider now the case S > L. By Ito’s lemma the discounted payoff
P, = exp (- fot rvdfu) (L — K)satisfies
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¢
di, = exp <—/0 rvdv> [(gp—r) L, +rK]dt, t€]0,T)]

Condition (5.19) implies that the process isis decreasing (P-a.s.). The optimality
of immediate exercise follows as any waiting policy leads to a decrease in the
discounted payoff. B

Proof of Theorem 59: Let ¢* be the smallest solution of the equation B ()=
L;ort*=Tif L < B(T),or t* = 0if L > B (0). If the boundary is only right-
continuous and the cap passes in between two limit points, i.e., L € [B(1),inf
(B, : s < t}], at some discontinuity point ¢, let * be this unique point .

By the same arguments as in the proof of Theorem 51 we conclude that
BL(t) < B(t) A L, with equality for ¢ € [t*, T) (i.e., B* ()= B ()for t € [1¥
T)). To show that the upper bound is attained for ¢ € [0, t*) we will use the
fact that the function ¢t — B’ (1) is non-increasing. Define the difference
A(t) = B(t) AL — BY(t) and note that A (¢) > 0 for t € [0,T) while A (t) =0
for t € [t* T). These properties combined with B (t)non-increasing and L
constant imply that A (¢)for ¢ € [0, t*). B
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Chapter 6

Options on Multiple Assets

This chapter is devoted to American options written on multiple underlying
assets. We first provide background information about multiasset options
(section 6.1) and describe the financial environment (section 6.2). We then
study, in succession, options on the maximum of two assets (section 6.3),
spread options (section 6.4), options on the average of two assets (section
6.5) and options on the minimum of two assets (section 6.6). For each of
these contracts the optimal exercise region is characterized and valuation
formulas are provided. Extensions to derivatives on n > 2 assets are
presented in Appendix A.

6.1 Definitions, Examples and Literature

An increasing number of contractual rewards and obligations, held by
economic entities, involve options that are written on multiple underlying
assets. Some of the payoffs that have become fairly common include options
on the maximum of several asset prices (max-options), options on the
minimum of several prices (min-options), options on the difference between
two prices (spread options) and options on an average of prices (portfolio
options). Contingent claims with these characteristics can be found on
financial exchanges, in over-the-counter transactions, in cash flows
generated by investment decisions of firms and in executive compensation
plans.

The simplest example of a multiasset contingent claim is an index option.
A contract of this type is typically written on a portfolio of exchange-traded
assets and has an exercise payoff depending on an average of prices. For
instance, S&P 100 Index Options, that have traded on the CBOE since
March 1983, are American-style options written on the Standard & Poor’s
100 Index, a capitalization-weighted index of 100 stocks. S&P 100 Index
LEAPS (Long-term Equity AnticiPation Securities) are long-dated
American-style options, on the same index. Options on the difference
between asset prices, spread options, can also be found on several
exchanges. Crack Spread Options, traded on the New York Mercantile
Exchange (NYMEX), are essentially contracts on the difference between raw
material and finished product prices. The Gasoline Crack Spread Option is
written on the spread between the NYMEX New York Harbor unleaded gasoline

107
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futures price and the NYMEX crude oil futures price. The Heating Oil Crack
Spread Option is on the spread between the NYMEX New York Harbor heating
oil futures price and the NYMEX crude oil futures price. Both contracts are
American-style.

Derivatives paying the maximum or minimum of several prices or the
difference between two prices appear in a variety of contexts, often outside
the realm of exchanges. Corporate bonds and managerial contracts
commonly include ‘sweeteners’, taking the form of multiasset payoffs,
designed to enhance the attractiveness of an issue or to provide adequate
incentives. Embedded American max-options are routinely found in capital
budgeting decisions confronting firms. They are typically associated with
assets that can be put to multiple, but exclusive, uses. Real estate
development companies, for instance, often face a choice among several
exclusive alternatives regarding land use. A particular type of spread options,
options to exchange one asset for another, is also common. It characterizes
certain employment switching decisions and is the hallmark of stock tender
offers. Switching options are also standard in capital budgeting decisions.

In most cases the assets underlying these claims pay dividends or
produce cash flows. As shown in chapters 3 and 4, it is optimal to exercise
an American-style claim written on a single dividend-paying asset, under
appropriate circumstances. Intuition suggests that the same ought to be
true for multiasset claims. Clearly, if the local gains are large enough,
early exercise will be optimal when the right conditions prevail. The
determination of these conditions, however, is not as straightforward as
in the single asset case. The presence of multiple prices, that jointly
determine the exercise region, is an obvious complication. More subtle
differences appear in terms of intuition. As we shall see, some of the basic
insights from the single asset case do not carry over when several prices
affect the payoff. In addition, small variations in contractual structures
can lead to important changes in optimal exercise policies. The multivariate
nature of these claims ultimately results in complex decision-making.
Precise descriptions of the exercise regions become useful for accurate
decision-making, as well as for pricing and risk management purposes.

The early literature on multiasset options has primarily focused on
European-style contracts. European options to exchange one asset for
another were analyzed by Margrabe [1978]. Valuation formulas for
European put and call options on the maximum or minimum of two assets
can be found in Johnson [1981] and Stulz [1982]. The case of several assets
is treated by Johnson [1987]. In comparison, American options on multiple
dividend-paying assets have only received attention in more recent years.
Tan and Vetzal [1994] perform numerical simulations to identify the
immediate exercise region for some types of exotic options. Geltner,
Riddiough and Stojanovic [1996] also provide insights about the exercise
region for a perpetual option on the best of two assets in the context of
land use choice. The case of perpetual options on the minimum of two
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nondividend-paying assets is investigated by Villeneuve [1997]. The results
presented in this chapter are mainly drawn from Broadie and Detemple
[1997a] and Detemple, Feng and Tian [2003] who provide detailed
descriptions of the exercise regions and valuation formulas associated with
common multiasset options.

6.2 The Financial Market

Through most of this chapter we consider derivative securities written on a
pair of assets, with prices S! and S% Under the risk neutral measure, the
price of asset i, i = 1, 2, evolves according to

dS? = St [(r — 6;) dt + 0:dz] (6.1)

where r = 0 is the interest rate, §, = 0 is the dividend yield and o; > 0 is the
volatility of the asset’s return. The coefficients (7, §, o;) are constants. The
processes 3* ; = 1,2, are standard Brownian motions, under the risk
neutral measure. Their correlation coefficient p is constant and satisfies
the nondegeneracy condition | p | < 1.

Appendix A will allow for a more general framework with n > 2 assets.
Prices will also be modelled as geometric Brownian motions with
coefficients (8, ), i=1, ..., n.

6.3 Call Options on the Maximum of 2 Prices

We start with an analysis of an American call option written on the
maximum of the two asset prices S!, S? (a max-call option). Let 7" be the
maturity date of the option. The option payoff, if exercised at some time ¢
=T,is (S} v 7 - K)+, where S} v S? = max (S}, S7) Let C* (S}, 57,¢) be
the option value at (S}, S?,¢) Drawing on the results in chapter 3 value
can be expressed as

C* (81, 8%,1) = sup By [0 (shvs2- k)T,
TGSt,T

where S, 7 is the class of stopping times of the filtration generated by the
underlying Brownian motion processes (77, z>). The immediate exercise
region is the set

gee={(s1,8%,t) € RE x [0,7]: CF (8", 8%) = ($' v $2 - K) "}
of price-date points (S*, S% t) where the option price matches the immediate
exercise payoff. Its complement is the continuation region

coe = {(8',5%, 1) € RE x [0,7]: CF (51,8%) > (8" v 52 - K) "}

The t-section of &%, denoted by £ (¢) = {(S*,5%) € RZ : (S1,52,¢) € £4¢},
is the set of price pairs (S?, S?) in the exercise region at the fixed time ¢.
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6.3.1 Exercise Region of a Max-Call Option

In order to provide perspective it is useful to recall some of the fundamental
properties of the exercise regions of American-style vanilla call options.
Three features, in particular, deserve to be highlighted. The first one is
the up-connectedness of the call exercise region: (S, ¢) € eimplies (AS,?) €
e for all A = 1. The second is the optimality of immediate exercise for
sufficiently large asset value: when 6 > 0 there exists a constant M such
that (S, t) € € for all S = M. The last one is the convexity of the time
section of the exercise region with respect to the asset price.

These properties, at first sight, appear fairly generic and it is tempting
to conjecture that an American max-call will give rise to similar behavior.

Conjecture 65 Let S = (S, S?) be the price vector. The exercise region of
the max-call has the following properties

(1) (S,t) € e~ implies (\;8\y82%,t) e &*for all \; = 1 and \, = 1.

(it) Suppose that 6, > 0 and 8, > 0. Then there exist two constants M, and

M, such that (S,t) e &* for all S* = M' and all S* = M*.

(ii1) (S,t) e & and (S,t) € & implies (S(\),t) € & for all A € [0, 1]

where §(X) = AS + (1 - \) S.

Conjecture (i) is prompted by the fact that the exercise payoff increases
when either one or both prices increase. If it is optimal to exercise at initial
prices there should be even more incentives to exercise at higher prices.
Indeed, the local gains collected in the event of early exercise increase as
prices increase. The intuition for (ii) stems from the bounded nature of the
exercise boundary in the single asset case with dividends. By analogy, it
ought to be optimal to exercise, in the two asset case, when both prices
exceed a threshold. Convexity of the max-call payoff function motivates (iii).

Quite surprisingly, these seemingly intuitive properties are not valid.
As will become clear, attention must be restricted to subregions of the
space & in order to obtain features that are similar to those for . The set

G ={(5", 8% t) eRL x [0,T]: S" =S v §},

where the price of asset i is the maximum of the two prices, plays a crucial
role. Taking its intersection with the exercise region gives £ = £4* N G,.
This is the subset of the immediate exercise region in which S is the
maximum of the two prices. Our next proposition shows that the first two
conjectures above are invalid and establishes the relevance of the
subregions £°° i = 1,2..

Proposition 66 (Diagonal behavior) S'=S%> 0and t < T implies (St, 32, t)
& 5%,

Proposition 66 shows that immediate exercise before maturity is never optimal
when the underlying asset prices are equal (i.e., along the diagonal of the 2-
dimensional price space). It follows that the diagonal S'=S? at ¢ < T, belongs
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to the continuation region and that the exercise region, at ¢ < 7, can be written
as the union of two sets with empty intersection.

Some intuition for the suboptimality of immediate exercise along the
diagonal can be provided along the following lines. Suppose that asset
prices are the same. To simplify matters also assume that both dividend
yields equal the interest rate and that prices are independent. Then, the
probability of an increase in any one of the underlying asset prices over
the next increment of time is roughly equal to 1/2. But the probability of
an increase in the maximum of the two prices is about 3/4. The max-option
holder has therefore a much better chance of improving his/her payoff by
waiting, than the holder of an option on a single underlying asset. These
improved odds are sufficient to induce the optimality of a waiting strategy.
When correlation differs from zero the probabilities of the events described
above are modified. Yet, as long as correlation is not perfect the odds of an
increase in the maximum of two prices are better than the odds of an
increase in any one of the underlying prices. This enhances the value of
waiting for the max-option.

Additional motivation can be provided by noticing that the policy of
delaying exercise up to some fixed time s > ¢ has value

By e (stv 52— K)¥]
- i [e‘r(s_t) (81— &+ (52— s;)+)+]
> B [e7C0 (S - )| 4 B [0 (82 - s1) ]
= Sledils—t) _ ger(s=t) 4 B, |:e—r(s—t) (532 _ Ssl)ﬂ

where the first component of the lower bound on the last line is the value of a
forward contract on asset 1 with delivery price K and the second component is
the value of a European option to exchange asset 2 for asset 1, both with
maturity date s. When s approaches ¢, the value of the forward contract
converges, at a finite rate, to S - K. At the same time the value of the exchange
option decreases to zero at a rate that increases to infinity in the limit (see
Figure 6.1 for an illustration). The value of the package consisting of the forward
contract and the exchange option is therefore strictly positive for a range of
times greater than ¢. The existence of an exercise time s, strictly larger than,
that dominates immediate exercise follows.

The subregions & i = 1, 2, of the exercise region display many of the
properties satisfied by the exercise region in the single asset case. The next
proposition summarizes some of the salient features of these sets. We recall
the vector notation S = (S, S?) and S = (S',.5%). We also use B! (¢) to denote
the optimal exercise boundary for a call option written on asset 1 alone.
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Sum

Exercise payoff
4F Forward contract 1

Values

1k Exchange option 1

0 1 1 1 1 1 1 1 1 1
0 0.02 0.04 006 008 01 012 014 0.16 0.18 0.2

Time-to-maturity

Figure 6.1: This figure displays the behavior of the lower bound for the value of a
max-call option at a point on the diagonal. The values of the forward contract, the
European exchange option and the sum of the two (portfolio) are graphed against
time-to-maturity. Parameter values are S’=.S?= 106, K = 100, 6,= 6,= 6%, 0, = 0,
=0.20, p=0.5,r = 1%. The immediate exercise value is 6. Time-to-maturity varies
between 0 and 0.2.
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Proposition 67 The immediate exercise region for the max-option, € £*=
EVT U E3 " satisfies the following properties.

(1) (S,t) € e*implies (S, s) ee*forallt =s = T.

(ii) (S, 8% t) € £7* implies (\S',8%¢t) € EVforall A = 1.

(iit) (SY, S% t) e EC *implies (S',\S%t) € 5C “forall0=r=1.

(iv) (S4, 0, ) € &7 @ if and only if S* = B' (1).

(v) (S,t) € e“‘and (St)e EPY implies (S(N), 1) € EV forall0= A= 1.

Results (i1), (iii), (iv) and (v) also hold for the subregion £5".

The first property captures the standard notion that the exercise region
expands as the maturity date approaches. This feature follows from the classic
observation that the set of exercise opportunities shrinks when the time-to-
maturity decreases. Given that a short-dated option cannot be more valuable
than a long-dated option, immediate exercise must be an optimal policy for
the short-dated contract if it is optimal for the long-dated one. Property (ii) is
a connectedness property of the subregion £;°*. It shows that immediate
exercise remains optimal when S! increases, if it is optimal at the initial
point (S, 8%, ¢) (hence establishes right-connectedness of the set £%). The
intuition rests on the price bound

C* (ASY, 82,1) < C* (S, 8%,£) + AS" — 51,

If immediate exercise is optimal at (S?, S2, ¢) and S! is the largest of the
two prices (i.e. (S', S% t) € £7°) the upper bound equals AS' - K, which
represents the immediate exercise payoff at (AS?, S?%, ¢). It follows that
immediate exercise must also be optimal at (AS?!, S2, #). Property (iii) is
also a connectedness property. It shows that the subregion £;* is connected
when S? decreases.

For property (iv) it suffices to notice that the price process S? has an
absorbing barrier at zero. At the point (S?, 0, #) the call option on the
maximum of two prices becomes a call option on a single asset: C* (S, 0, ¢)
= C (S, t). Its exercise region naturally corresponds to the exercise region
of the call on asset 1. Property (iv) shows that the subregions £;%, £5 are
non-empty, for ¢ < 7', when dividends are positive. In the light of Proposition
66 this establishes that part (iii) of Conjecture 65 fails.

The last property, property (v), establishes the convexity of the subregion
&y * with respect to prices. This feature is implied by the convexity of the payoff
function with respect to the vector S = (S, S?) and the multiplicative nature of
the geometric Brownian motion process (6.1) (i.e., the fact that S: = S*N; _ for
Te S WhereNtlT_exp(( — 8 — 10 (r—t)+ o, (2 zt)))

The results in Pr0p051t10ns 66 and 67 put a fair amount of structure on the
t-sections £77 (t) = {(51,5%) e R2 : (S1,5%,t) € 5”} of the subregions
EXTE =1,2. The suboptlmahty of 1mmed1ate exercise along the diagonal
1mphesthat5”() = EPT () UEST () with E7°(#) N EFT () = o fort <
T. The price-convexity of £~ shows that the ¢-section £ (¢) is convex, for
allz € [0, T']. The next proposition, in addition, establishes that the ¢-sections
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diverge from the diagonal as prices increase, before the maturity date. To state
this result define the open cone

R()\l,>\2) = {(81,82) S Rﬁ_ : )\281 < SQ < )\181}

for 0 = A; < A;. The set R(A4, Ay) is the cone with vertex at the origin and sides
determined by the price ratios Ay, A,.

Proposition 68 (Divergence of the t-sections of the exercise region). For
each t < T there exists a pair (A, Ay) with 0 =< Ay, < 1 Ay such that €*(¢) N R(\4,
)\2) = 0

Proposition 66 shows that the diagonal belongs to the continuation region,
prior to maturity. Proposition 68 establishes a stronger property: it shows
the existence of an open cone, containing the diagonal, that does not
intersect the ¢-section &*(¢) (hence belongs to the continuation region). Given
that the sides of the cone diverge from the diagonal when prices increase, the
boundaries of the #-sections will also eventually diverge when prices become
sufficiently large (a formal definition of the boundaries of the sets £ (¢) is
provided in the next section).

Figures 6.2—6.4 illustrate the structure of the exercise region. Figure
6.2 shows the behavior of the boundaries near maturity. In this example
the boundaries of the ¢-sections converge to piecewise linear functions as
t approaches T for the set £;* (¢) the limiting value of its boundary is the
diagonal for S? = K and the strike K for S? < K. Figures 6.3 and 6.4 show
the t-sections of the exercise region 3 months and 6 months before maturity.
The suboptimality of immediate exercise along the diagonal (Proposition
66) and the divergence of the ¢-sections as prices increase (Proposition 68)
appear clearly at all maturities. The shrinkage of the exercise region, as
maturity recedes, is also apparent (Proposition 67(i)).

6.3.2 Valuation of Max-Call Options

We now examine the valuation of the contract. The price function C* (S?, S?,
t) exhibits the following features.

Proposition 69 The value of the American max-call option, C* (S, S%, t) has
the following properties:
(i) C* (S, 8% t) is continuous on R3 x [0,T.

(i) C* (-, -, t) is non-decreasing on R3 for all t € [0, T.
(iii) C* (S', §?, -) is non-increasing on [0, T for all (S*, S*) € R3.
(iv) Cx (-, -, t) is convex on R?, for all t € [0,T.
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Asset price 2

Continuation
region

20F

20 40 60 80 100 120 140 160 180 200 220
Asset price 1

Figure 6.2: This figure displays the exercise region of a max-call option one day
prior to maturity. Parameter values are 6, = 6, = 6%, 0, = 0, =0.20, p=0,r=6% and
K = 100. Computations use a bivariate version of the binomial model with 400
time steps.

The continuity of the payoff function (S?V S?— K)* with respect to the price
pair (S%, S?) combines with the continuity of the flow generated by stochastic
differential equations of the form (6.1) (i.e., the continuity of §: =
S'N} ., T € S, withrespect to the initial pos1t10n S?) to produce property
(i). The non-decreasing structure of the price function in (ii) is also due to the
non-decreasing behaviors of the payoff and of the flow of the SDE (6.1). The
intuition underlying property (iii) rests on the loss of value associated with a
reduced set of exercise opportunities (see property (i) of Proposition 67). The
convexity of the payoff function is the source of (iv).

The continuity of the price function implies that the continuation region
C** is an open set while the immediate exercise region &*is a closed set.
Based on the structure of the exercise set we can define the boundary

BT (S%t) =inf {S' e Ry : (S, 5%) € &7 (1)}

BS®(S',t) = inf {S? € Ry : (8, 52) € £5° (1)}

© 2006 by Taylor & Francis Group, LLC



116 CHAPTER 6. OPTIONS ON MULTIPLE ASSETS

Figure 6.3: This figure displays the exercise region of a max-call option 6 months
before maturity. Parameter values are 6,= 8,= 6%, 0,= 0,=0.20, p=0,r=6% and K
= 100. Computations use a bivariate version of the binomial model with 400 time
steps.

functions for ¢ € [0, T. The function B{** (S?, t) represents the boundary of
the ¢-section £ (t); By® (S',t)is the boundary of £5(). The ¢-section of
the exercise region can be rewritten as

E9" (1) = {(8",5%) e RL : S' > BP® (5%,t) or S* > By” (S',t)}.

The optimal exercise time is the first time at which one of the two
boundaries is crossed

r=inf{t€[0,7]:5; > By* (57,t) or S > By" (S;.t)}.

If such a time does not exist set 7= T (with the usual convention that the
payoff is null in that event).

Properties of the boundaries can be inferred from the results in
Propositions 66, 67 and 68. The function By (52, ¢), for instance, can be
shown to be non-decreasing and convex in S?, non-increasing in ¢, bounded
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Figure 6.4: This figure displays the exercise region of a max-call option 1 year
before maturity. Parameter values are 6,= 8,= 6%, 0,= 0,=0.20, p=0,r=6% and K
= 100. Computations use a bivariate version of the binomial model with 400 time
steps.

below by S* (the diagonal) and such that B{* (0,¢) = B! (¢). It has limiting
value

52 if $%2 > max (K, K
Bf,x (SQ,T_) _ 01
max (K ﬁK) if 52 < max (K, £ K

As for the single asset case By"* (S 2, ) has a discontinuity at 7"if the interest
rate exceeds the dividend rate, r > 0.

The results in chapter 3 show that the max-option price has an early
exercise premium representation. Based on the characterization of the
optimal stopping time above we introduce the functions

¢f (81,5%) = B [T (max (kv $3) — K)*]

m (S', 8%, BYY) = o

T
—r(v—t) 1
‘/t € (5181) TK) 1{5'%23;’1(55717)}] dv
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T
5 (81, 8%, 6, By") = E; / e (6257 —rK) Lisaspoe(sy o) | 4V
t

7 (S, 8%,¢; BY", By") = 77 (S, 8%, ¢; BT ) + 75 (S*, 5%, ¢; BY)

where 77 (S1, S2,t; B{*)is defined for a continuous surface
{BS" ($7,v) 10 €0,T],8 e RY,j £1i},

i,j =1, 2. The function ¢f (S*, S?)is the value of the European call option on
the maximum of the two prices and is 7 (S*,52,¢; By, By'") the early
exercise premium.

Theorem 70 (Early exercise premium representation for max-call options).
The value of an American call option on the maximum of two asset prices
has the early exercise premium representation

CF (S, 8% BO® BS®) = ¢f (S',8%) + 7% (8,92, BO, BS®) (6.2)

where cf (S', S?)is the value of a European call option on the maximum of
the two assets and 7* (S, S%,t; B)", By") is the early exercise premium.
The exercise boundaries solve the system of coupled non-linear integral
equations

By (S*t) - K = Cf (BY"(S%t),8% By, By")  (6.3)
By*(s't)— K = CF(S',By"(S',t);By",By") (6.4)
subject to the boundary conditions

lim B (9% 8) = B (T2) v $%, lm By™ (8,1) = B* (1) V'S (6.5)
BY*(0,t) = B (t), B35 (0,t) =B*(t). (6.6)

At maturity By* (S?,T) = KV .S§? < BY (T_) Vv S?and By* (S4t) =KV S'=
B%2(T) VS

Formula (6.2) decomposes the price of the American max-option into a European
option component and an early exercise premium. As usual the EEP component
is the present value of the local gains realized by exercising prior to the maturity
date of the contract. For the max-option the local benefits of exercise can further
be decomposed into two parts. Each of these corresponds to the benefits provided
by the maximum of the two prices in the event of exercise
(6,5, — rK in the event S) > By (S4.v) . #4).

Applying the EEP formula at boundary points leads to a system of
equations for the boundary components B}, By“. The equations obtained
have the standard recursive structure. They are also coupled: the integral
equation for B depends on By* and conversely. This follows from the
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fact that the exercise premium, at any given point (S*, S2, ¢), depends on both
boundary surfaces integrated over future dates and prices.

More explicit formulas can be provided for the European option and the
exercise premium components, by using the geometric Brownian motion
assumption (see Johnson (1981) and Stulz (1982) for the European option
part). The resulting integral equations, along with the relevant boundary
conditions, can in principle serve as a basis for the numerical
implementation of the model (see chapter 8 for a description of the integral
equation method for the single asset case).

6.3.3 Dual Strike Max-Options

Dual strike max-options generalize max-options. A dual strike max-call pays
off (max (S* - K, S%- K,))*, i.e., it involves a strike price associated with each
one of the underlying asset prices. It collapses to a max-call when the strike
prices are equal.

Let €¢‘be the immediate exercise region of a dual strike max-call option.
For each i define the subregion

gt =54 {(81, 8% t) € RL x [0,T]: 8 — K; = max (S — K1,8% — Ka)},

i=1,2.The set 55’”‘ is the subset of the exercise region in which the spread
S' - K is greatest. The exercise region displays the following properties.

Proposition 71 The immediate exercise region of the dual strike max-call
Edhas the following properties

(1) (S,t) e E<dimplies (S,s) e Eforallt =s = T.

(ii) (S, 8% t) € £ implies NS, S, ¢) € £ for all A = 1.

(iii) (S, 8% t) € £ implies \S',S2 t) € £5? forall 0 = A = 1.

(iv) (S, 0, t) € - if and only if S'=BX(¢).

(v) If S?=S'+ K,— K;and t < T, then (S1,S%t)¢ €4

i) (S,t) € £ and (S t) € €5 implies (S (\), t) € E5 forall 0= A = 1.
Results (ii), (iii), (iv) and (vi) also hold for the subregion Sg'd-

The dual strike call option displays properties that are similar to those
characterizing the call option on the maximum of two prices. Prior to maturity,
the ¢-section of the exercise region is the union of two disjoint sets. These
subregions lie on each side of the line S? = S* + K, - K, (the translated
diagonal): immediate exercise along the translated diagonal is a suboptimal
policy before the maturity date.

An EEP formula for the price of the dual strike max-option can also be
written as in Theorem 70.
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6.3.4 Put Options on the Minimum of 2 Prices

The American put option on the minimum of two assets, or min-put option,
is also closely related to the call option on the maximum of two assets. The
min-put option payoffis (K — S'AS?)* at exercise, S'AS? =min(S?!, S?)where.
Let €P™ be the immediate exercise region and define the subregions

gpm=grmn{(S',5%t) e R: x [0,7]: S = S* A S},

fori =1, 2. Also let £F denote the immediate exercise region of a standard
put option on asset i, i = 1, 2. The exercise region satisfies

Proposition 72 The immediate exercise region for the min-put option,
Er™ has the following properties

(i) (S,t) e EP™implies (S,s) e EP™forallt = s = T.

(ii) (S*, 8%, t) € £V implies (NS, 8% t) € V™ for all 0 = A = 1.

(i) (S, 8% ¢) € S" " implies (S, \S2% t) € S" " forall A = 1.

(iv) (S, 8% ¢t) e S" ™ implies (S, ¢) € €1 (i.e., epm c &D).

(v) (S%,0,%) € & m

(vi) Suppose (81 t) e E1. Then there exists S?'such that (S, S2, t) € epm

for all S? = S,

(vi) If S'=S*# 0 and ¢ < T, then (S', S?, 1) ¢ €™,

(viii) (SY, t) € EP™ and (S,t) € V™ implies (S (N), t) € EP™ for A € [0, 1].

Results (ii)—(vi) and (viii) also hold for the subregion £

The properties of the min-put option parallel those of the max-call option
and can be proved using similar arguments. Formulas in the spirit of those
in Theorem 70 can also be provided.

6.3.5 Economic Implications

The analysis performed shows that an American call on the maximum of
two assets displays unusual properties. The most surprising aspect is
perhaps the fact that waiting to exercise is the optimal policy before the
maturity date of the contract if the underlying assets have identical prices.
Moreover, under these circumstances, waiting is optimal even if the
underlying asset prices or their associated dividend yields are very large.
This property of the max-call option stands in sharp contrast with the
exercise behavior associated with a standard call option written on a single
underlying asset.

The diagonal behavior of the optimal exercise policy of the max-call
option has interesting implications for capital budgeting and investment
decisions involving a choice between multiple exclusive alternatives.
Interpreted in that context the result in Proposition 66 shows that economic
entities may optimally delay certain investments when the present values
of the alternatives under consideration are identical. Given that projects
often involve assets that can be put to multiple exclusive uses this motive
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for delaying investments is likely to arise in a variety of situations. This
insight complements traditional theories of investment behavior under
uncertainty (see Dixit and Pindyck [1994]).

A complementary property is the divergence of the exercise region: the
distance between the diagonal and the exercise boundaries increases as
prices increase (i.e., moving up along the diagonal). Thus, when asset prices
are large, immediate exercise may be suboptimal even if the asset prices
differ by significant amounts. Interpreted in the context of investment
theory this suggests that the adoption of a project among a set of exclusive
alternatives may be optimally delayed even if present values are large
and differ significantly.

6.4 American Spread Options

A call spread option is a contingent claim written on the spread between two
prices, with payoff (S?—S1,0) - K) * = (82— S'— K)* upon exercise. When K =
0 the spread option becomes an option to exchange asset 1 for asset 2.
Let C¢ (S?, S2, t) be the value of the call spread option at the point (S?, S2,
t). Relying on the results in chapter 3 we can write
C*(8",8%t) = sup By e (82— 51— K)*].

TESt,T

The immediate exercise region is the set
e = {(5%,82%,t) e RE x [0,7]: G} (57, 8%) = (5 - 8" - K) "}

Its t-section is £%° ().

6.4.1 Exercise Region and Valuation

Our next proposition provides key properties of the exercise region.

Proposition 73 The immediate exercise region for a call spread option,
E°5, has the following properties

(i) (S, 82, t) e E*and t < T implies S?> S*+ K.

(ii) (S, t) € E<simplies (S,s) e Esforallt =s=T.

(iit) (S, 82, t) € E*implies (SLNS? t)e Esforall N = 1.

(iv) (S1, 8%, t) € E“*implies (NSLS? t)e E*forall 0 =\ = 1.

(v) (0, 8% ¢) € € if and only if S* = B (1).

(vi) (S;t) e E«*and (S t) € E<*implies for all (S (N), t) e Eforall0 =\ = 1.

Most of these properties are intuitive adaptations of those characterizing
max-options (or dual strike options). For property (i) note that the payoff
is non-positive if S? = S'+ K.

Proposition 73 implies that the ¢-section of the exercise region, £%¢(¢), is a
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Figure 6.5: This figure displays the exercise region (the upper shaded region) of a
spread-call option 6 months before maturity. Parameter values are 6, = 4%, 6, =
6%, 0, = 0.30, 0, = 0.10, p = 0, r = 2% and K = 40. Computations use a bivariate
version of the binomial model with 400 time steps.

convex set that lies above the line S? > S+ K. An illustration is provided in
Figure 6.5. In this example the exercise boundary displays very mild curvature.

The price of the spread option can also be written so as to emphasize the
gains from early exercise. Consider the functions

¢t (51,8%) = By [0 (83 — 53— )]

T (Sl,SQ;BC’S) =E

T
/ e (5,82 — 5,51 — rK) 1{5323C,3(55,U)}dv]
t

where {B%*(S',v) :v € [0,7],S' € R*} is a continuous surface. The
function ¢§ (S*,5?) is the value of a European call spread option,
75 (9%, 5%; B%*) is the early exercise premium and B** (S, v) represents
the immediate exercise boundary. The following decomposition of the spread
option price holds.
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Theorem 74 (Early exercise premium representation for spread options).
The value of an American call spread option has the early exercise premium
representation

Ci (8%, 8% BY*) = ¢ (S, 8%) + 7§ (81, 5% B®)
where c; (S, S?is the value of a European call spread option and r$ (S*, S%

Be%)is the early exercise premium. The exercise boundary B solves the
recursive integral equation

BoS (S'1) — K = ¢ (51, B (S1,8)) + 8 (ST, B> (51, ¢) ; Bo*)

subject to the boundary conditions

91
. c,s 1 1
?TIJI}B (S ,t) = max (525 + 3

KSH—K)
2

B (0,) = B2(t).
At maturity B©* (5. T) = 5" + K < B~ (5. T_).

6.4.2 Options to Exchange One Asset for Another

When the strike is null, K = 0, the call spread option reduces to an option to
exchange one asset for another, with exercise payoff (S? — S')* . Using the
price ratio S¢ = S?/S! enables us to write (S%2— S1)* = (S¢— 1)*. The exchange
option payoffis the same as the payoff of an option written on a single asset
with price S¢ and unit strike, adjusted by the random quantity S*.

These observations suggest that the change of numeraire approach,
reviewed in section 2.7, will be effective in pricing this contract. Given
that price processes are of the form (6.1), it follows immediately from an
adaptation of Theorem 8, with numeraire X{* = S} exp (1), that

Ce (1,82, 1) = St sup B [exp (=81 (1 — 1)) (S — 1)*

TES,T
where
dS; = 57 [(61 — 62) dt + o.dz;] (6.7)
with 4, \/o' 2 —201poy + 03 and where z¢ is a Brownian motion under

the pricing measure @* whose Q-density is 7T = exp (——U1T + o ZT) The
American exchange option is therefore equivalent to S' American calls
with unit strike, written on a single underlying asset with dividend yield
J, and volatility o, in a financial market with interest rate §;.

Based on this equivalence one obtains the following result,

Theorem 75 (Early exercise premium representation for exchange options).
The value of the American option to exchange asset one for asset two is

© 2006 by Taylor & Francis Group, LLC



124 CHAPTER 6. OPTIONS ON MULTIPLE ASSETS
C° (8", 8% t; BY) = SLC (8¢, t; BY) (6.8)

where C (S¢,t; B¢) = ¢ (S¢,t) + 7 (S, t; B¢)is the value of an American option
with unit strike on an asset with price S, dividend yield 8, and volatility o,
in a market with interest rate 0. More precisely c(Si,t) is the European
option value

c(Sg,t) = Sfe T=UN(d(Sg,1,T —t,81,02,0))
e (T (d (S¢.1,T — t, 81,89, 00) — /T = t) (6.9)

and 7 = (5§, t; B® (+)) the early exercise premium

/ 5285602 N (d (S8, BE, v — t,61,09,0¢)) dv

— / Sre 1=t (d (55, Bs,v—1t,01,02,00) — 0eV/U — t) dv
(6.10)

where
log (S§/BS) + (61 — 62 + 302) v
Ter/U

The optimal exercise boundary B° solves the recursive integral equation Bf —1 =
c (B¢, t) + 7 (B¢, t; B®) subject to the boundary condition Bs_ = (§1/d2) V 1

d(Steanﬂ’Ua 51,52)‘78) = . (6.11)

Formulas (6.8)—(6.11) and the discussion preceding the proposition show
that the American exchange option is symmetric to a standard option priced
in a modified financial market. This symmetry property was first discovered
by Rubinstein [1991] in the context of a binomial tree setting.

The proposition shows that immediate exercise is optimal when the
asset price, expressed in the new numeraire, exceeds the boundary,
i.e.,Sf > B*(t). Equivalently, it is optimal to exercise when S? > B¢ (t) S}.
In the plane (S!, S?) the exercise region corresponds to a cone issued from
the origin whose sides are the ray with slope B¢ (¢) and the vertical axis.
This exercise region coincides with the limit of the exercise region for the
spread option as the strike converges to zero.

6.4.3 Exchange Options with Proportional Caps

A capped exchange option has a payoffequal to($2? — 1)t A 15! where 7.>0
(equivalently we can write (52 A LS! — Sl)+ with L = L + 1).

Note that the payoff function for this contract is non-convex. It also
lacks smoothness in a region where the exercise value is strictly positive
(i.e. when 5?—5' = LS). It follows that the standard form of the early
exercise premium representation, as in Theorem 75, does not apply. As for
the case of capped call options, it is nevertheless possible to identify the optimal
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exercise boundary and to deduce a straightforward valuation formula. In
fact the usual change of numeraire reduces this contract to a standard capped
call in a modified financial market.

Theorem 76 The value of an American cﬁapped excﬁange option with
proportional cap (with payoff (S? — .S'l)+ A LS where L > 0) is given by

cee (S, 8%t B*) = S;Ct (¢, t; BY) (6.12)

where CU(S¢, t;B") is the value of an American-style capped call option,
written on a single asset with price 5%, dividend &, and volatility o, (see
(6.7)), with strike 1 and cap on the underlying’s price L =T, + 1, in a market
with interest rate 8. Accordingly, immediate exercise is optimal when
S?=B*Stwhere the boundary B is given by

B“=BL=BAL, (6.13)

i.e., the boundary is the minimum of the exercise boundary B for a standard
uncapped option on the asset price S¢ and the cap L. The value of the capped
option CX(S¢, t;B") is obtained from Theorems 52 and 53 with the appropriate
substitutions for the coefficients.

The change of numeraire method proves again very effective in this context.
By expressing the payoff in the new unit of account one sees immediately
that the contract reduces to the familiar form studied in chapter 5. It
follows that our earlier results apply, with a suitable relabeling of the
parameters, and this leads to the formulas in Theorem 76.

6.5 Options on an Average of 2 Prices

An option on a portfolio of assets is an example of a contract whose payoff
depends on an average of prices. Several averaging methods can be
employed. We examine the cases of geometric averaging (section 6.5.1)
and arithmetic averaging (section 6.5.2).

6.5.1 Geometric Averaging

For generality we consider a larger class of contracts with payoffs
1\ 71 2\ 72 +
((S ) (S’ ) —K) for some v,,v9 > 0 and v, + v = 7.

These are call options on a geometric sum of assets. Special members of this
class include calls on the power of a product of prices (71 = 72 = 7/2), calls on
a product of prices (7, =y, = 1), calls on a geometric average of assets (y=1) and
calls on an equally-weighted geometric average of assets (y,=y,= 1/2).

A simple argument establishes that these options are effectively written
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on a single underlying asset. Defining Y = (S*)”* (52) " and applying Ito’s
lemma gives

dY; =Y [(r — dy) dt + oy dz] (6.14)
where

1
Oy = (1=7)71+ 7101 + 7202 — 5 (03 — 7107 — 7203)

oy = \/(7101)2 + 27,7,01p02 + (72‘72)2

_ 7101dZ 4 7300d7Z

dZt =

Ty

One concludes that Y follows a geometric Brownian motion process with
implicit dividend yield dy and volatility coefficient oy. As (6.14) does not
depend on the original prices S;, S;, we conclude that the geometric sum
option is identical to an option written on Y alone. To proceed, let us assume
that dy = 0 (if the implicit dividend Jy is negative there are no incentives
to exercise early). Also let B; (§y, % ) be the optimal exercise boundary of
an American call on Y and let C, (Y) be its value.

Theorem 77 The optimal exercise boundary for an American geometric
sum option is
. 1 Bt 1/72
B9 (S1,1) = (W) (6.15)
where is the exercise boundary for the single asset call written on the process
Y given in (6.14). The option value is where C(Y, t) is the value of the
American callon'Y.

As announced by the discussion preceding the proposition the option on a
geometric sum is identical to an option written on asset Y alone. The decision
to exercise can be based directly on Y: immediate exercise is optimal at the
first time at which Y equals the boundary B. Alternatively, the decision can
be based on the two underlying assets. If asset 2 is taken as the reference
asset then immediate exercise is optimal at the first time at which S2 reaches
the boundary B# (S?, ¢) described in the proposition. As could have been
expected, this boundary is a non-linear transform of B, where the degree of
non-linearity depends on the parameter v,. The relation also depends on the
price of asset 1 and the associated power vy;.

6.5.2 Arithmetic Averaging

Consider an American option written on a weighted average of asset prices
with constant weights. The underlying asset in this contract can be viewed
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as a portfolio of two assets. The analysis of this type of contract is useful as it
also helps to shed light on the structure of the exercise region for a more
complicated contract, the min-option (see section 6.6)). The payoff on a call
option upon exercise is (wS'+ (1 -w) S?- K) , where w € (0, 1). The choice w
= 1/2 corresponds to a call on the arithmetic average of two prices. The next
proposition describes the optimal exercise region. We recall that B’ denotes
the exercise boundary of a call option on asset i, i =1, 2.

Proposition 78 Let E£<* be the optimal exercise region for a call option on
the weighted average of 2 prices where w € (0, 1) is constant. Then
(1) (0, 8% t) e E«vif and only if 5* > 2-B*(t).

(it) (SY, 0, t) e E“if and only if S* > L-DB*(t).

1
(iit) (SY, S? t) € E«¥implies WS, N2,S2 ¢) € Ec*with \'= 1, \2= 1.
(iv) (S, t) e E“*and (§,t) e Eimplies (S (M), t) e E¥for all A € [0, 1].
(v) (SY, S? t) e E<¥implies (S, S% s) eE¥for T = s = ¢.

Most of these properties are intuitive. Property (iii) establishes that
immediate exercise remains optimal when both prices increase. This
feature follows from the upper bound on the payoff function

(wA'S" + (1 —w) A28% — K)©
< (WS (1—w)S?— K)  rw (M —1) St + (1 —w) (A - 1) 52,
that holds for A!, A2 = 1. The payoff bound implies the price bound
Cv (NSNS ) < Cv (Y, 8% ) +w (N = 1) ST+ (1 —w) (A —1) 5%
As immediate exercise is optimal at (S, S?, ¢) the price bound becomes waAlS?

+(1 —w) \*S? — K, the exercise value at the point (A1S, A2S2, ¢). Immediate
exercise must therefore be an optimal policy at the point (A'S?, A2S?, ¢).

Figure 6.6 illustrates the exercise region for a weighted average option.
A valuation formula is given next.

Theorem 79 (Early exercise premium representation for weighted average
options). The value of the American call option on a weighted (arithmetic)
average of two assets is

C* (S', 8%, BY) =¥ (S', $%t) + 7 (81, 5%, ¢; B*Y)

where c* (S, S2,t) is the value of the European option on the weighted average
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Figure 6.6: This figure displays the exercise region (the shaded region) of an equally-
weighted average call option 6 months before maturity. Parameter values are 6, =

0,= 6%, 0, = 0,=0.20, p= 0, r = 6% and K = 100. Computations use a bivariate
version of the binomial model with 400 time steps.

of two assets and 7y’ =7 (Sl, 52 t; Bc’w) is the early exercise premium,
T
Ty = / w515'tle_51(v_t)¢1 (v) dv
t
T
—|—/ (1 —w) 8252e722 =D, (v) dv
t
T
—/ rKe "0, (v) du
t

where

¢1 (U) =¢ (SQ,BC’M (',U),v—t,p,(],alv v _t)
by(v) = @ (82 B (0) ;0 —t,p, 02/ (L= 7) (v — D), o2pv/0 — £

¢3 (U) = (825 BeY (‘,’U) y U — ta 12 050)
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and
@ (SQ, BeY (‘,’U) ; h’a P, y)
+oo

= / n(z—y)N(=d(S*, B> (S" (z),v),h,p,z) +x)dz

L (%)_4

with S (z) = SYexp (a1 (v—1t) + o12vv —t) and ; = r—6;—(1/2) 62,1 =1,2.
The optimal exercise boundary solves

wS' + (1 —w) B (SYt) — K = CY (S, B9Y (S',t) ,t; B*Y), fort € [0,T]

d($% B (81 (2),v) ,h) =

subject to the boundary condition wé, S* + (1 — w) §o B&Y (Sl,T_) =rKw
(62K +w(6y — 62)St).

6.6 Call Options on the Minimum of 2 Prices

An American call option on the minimum of 2 asset prices has an exercise
payoff given by (S'AS%— K)Jr‘ Let C™ (S, S2, t) be its price. The
immediate exercise region is the set

g = (87, 5%,1) B2 < [0,1]: 07 (8", 8%.0) = (5" 8° ~ K)*}.

Its complement is the continuation region C*™.

6.6.1 Exercise Region of a Min-Call Option

As for the max-option, it is of interest to examine the behavior when one
asset, or the other one, is more expensive. This partition corresponds to
the subregions G; = {(S',9%,¢t) € RZ x [0,7]: S =max (S, 5%)}i =1, 2.
Taking the intersection with the exercise region leads to the subsets
EOM = gemn g fori=1,2. Here £™ is the subset of the exercise region

in which asset i is more expensive. With these definitions, it is clear that
the intersection £ N £5"™, if non-empty, belongs to the diagonal. Given

that some of the results presented involve options on individual assets we
also need the exercise region E; for a call option on asset i along with the

boundary B, i = 1, 2. Similarly, we recall that €°* represents the exercise
region of a call option on a weighted average of two assets. The
corresponding boundary is B,

The next proposition identifies key properties of €%, £/ and £5"".

Proposition 80 The immediate exercise region of an American min-call
option, E°™ has the following properties

(i) (S, t) € E<™implies (S, s) € E"forallt =s =T.
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(ii) (S,t) € €,and (S, S, 1) € Gyimplies (S, S%, 1) € 7™
(1) (S, S2,¢) € £-™ implies (AS*, AS?) € £ for all A = 1.

(iv) (8%, 8%, t) € £7™ implies (S', AS?, t) € £ for all 1 = A = SY/S>.
(v) (S, 8%, t) € £ implies (AS', 8%, t) € £7™ for all S*/S' = A = 1.
(vi) (S, 82, ¢t) e E*for w € (0,1) and S* = S, implies (S', S%, t) e E°™
(vii) (0, 8%, t) & £5™;(S%, 0, ¢) ¢ E°m

Results (ii)—(v) also hold for the subregion £5™.

Property (i) is standard. Result (ii) states that immediate exercise is
optimal for the min-option if it is optimal for a standard option on asset
2 and asset 2 is cheapest. This is true because the min-option payoff can
attain, but never exceed, the payoff of a call option on asset i, i = 1 or 2.
The min-option price is then bounded above by the prices of the two call
options written on the individual asset prices. If immediate exercise is
optimal for one of these two calls and the min-option attains the same
payoff, it will also be optimal to exercise the min-option. Property (iii)
shows that the subregion £7™ is ray-connected: increasing both prices
by a common factor preserves the optimality of exercise. The subregion
Ep™is also up-connected (see (iv)) and left-connected (see (v)). Of course,
by the definition of £™, these connectedness properties only extend up
to the diagonal.

Property (vi) highlights an interesting relation between the weighted
average option and the min-option. It is easy to verify that the payoff of
the min-option is bounded above by the payoff of the average option

(S'AS%—K)" < (wS' + (1 —w)s? - K) "

with equality along the diagonal (where S'=S?). As a result, if immediate
exercise is optimal along the diagonal for the holder of the average option,
it will also be optimal for the min-option.

The last statement, (vii), expresses the simple intuition that immediate
exercise cannot be optimal along the two axes because the payoff is null.

Proposition 80 suggests an exercise region whose boundary can be
described by two surfaces By™ (S',t) and Bi"™ (S?,t) corresponding,
respectively, to the subregions £7™" and £5™. These surfaces meet and
merge along the diagonal. Their common lower extremity, along the
diagonal, is a curve By™ (t) parametrized by time. Thus, (S', S2, ¢) € £°™if
and only if S2= min (S!,S?%) = Ey™ (S1,¢). Similarly, (S*, S%,t) e Ey™ if and
only if S'= min (S, 8% = £7™ (§%,¢). Finally, (S, S, ) e £°if and only if
S = B,™ (). Figure 6.7 illustrates this structure.

Associated with the properties of the exercise region are the following
properties of the boundaries.

1M

Proposition 81 The boundary By'™ (52,t) has the following properties
over its domain,
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Figure 6.7: This figure displays the exercise region of a min-call option 6 months
before maturity. Parameter values are 6, = 6, = 6%, 0, = 6, =0.50, p=0,r = 6% and
K =60. Computations use a bivariate version of the binomial model with 1500 time
steps.

(i) BY™ (S,t) is a non-increasing function of time.

(it) BY™ (S,t) is non-decreasing in S* and bounded above by B (1).

(ii) If By™ (S?,t) = Sifori=1,2and S} < S3|then By™ (x, t) = x for
all ¢ Sf, S%]

(iv) thZToo Bf’m (SQ, t) =pB! (t)

(V) limyyr BY™ (S%,t) = K (1Vr/61) if S > K (1Vr/61); limyr BG™ (t)
=K

(vi) Let By™ (t) = inf {z : & = BY"" (x,t)}. Then By™ (t) < Bo™ (z* (t),t)
where x* (t) uniquely solves B** (x, t) = x.
Analogous properties hold for the boundary B5™ (S*.t) of the region EP™M.

The first 2 properties are direct consequences of (i), (ii) and (v) of
Proposition 80. Property (iii) states that the diagonal boundary component
is connected in the price direction (i.e., if two pairs of asset prices lie on
the diagonal and belong to the exercise boundary then every intermediate
diagonal pair also belongs to the exercise boundary). This parallels the
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behavior of the exercise region, along the cap, for a capped call option (see
chapter 5).

The limit in (iv) follows from the fact that the payoff of the min-option
converges to the payoff of an option on asset 1 alone as S?2 becomes large. The
same reasoning applies for the first limit in (v). As maturity approaches, and
if St is strictly less than S? then the min-option converges to an option on
asset 1. Accordingly, the min-option boundary converges to the limiting value
of the boundary for that single asset option. For the second limit in (v), along
the diagonal, convergence is toward the strike, even if the dividend yields on
both assets are low. This may appear puzzling at first sight. The explanation
is similar to the one for the suboptimality of exercise along the diagonal for
max-options. To simplify matters consider the case where asset prices are
independent, have identical volatility coefficients and dividend yields equal
to the interest rate. The probability of an improvement in the minimum of
two prices, along the diagonal, is only about 1/4 (the likelihood of a decrease
is about 3/4). Thus, as maturity approaches, it will pay to cash in any positive
payoff no matter how small. In the limit, the policy of waiting to exercise is
dominated as long as the option is in the money and asset prices are equal.

The results above show that the stopping time problem reduces to the
identification of the two surfaces B{"™ (S?,¢) and B;™ (S'.t) and of the
curve B;™ (t) along the diagonal (compare this to the (¢, ¢*, ¢)-policies that
are optimal for capped options with growing caps). Integral equations for
these curves are provided below.

6.6.2 The EEP Representation

As usual the derivation of integral equations for the boundary components
relies on the EEP representation of the option price. To establish this
formula in the case of a min-call one has to deal with a non-smooth payoff
function with discontinuous derivatives across the diagonal. The existence
of these discontinuities implies that the standard version of Ito’s lemma
cannot be used to describe the behavior of the minimum price process
S1AS2 Instead we must rely on an extension of the Ito rule, the Tanaka-
Meyer formula (see Karatzas and Shreve [1988, Chapter 3, Proposition
6.8]), that applies to convex functions.

Define X, = S! A S2 to represent the minimum price. For any fixed ¢,
ands ¢ [t, 7], let F,, = e 7678 (X, — K)* be the discounted payoff of the
min-option. An application of the Tanaka-Meyer formula establishes
where, for a process x, L (u, 0; x) is the local time of x at the point zero and
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Ft,s = Ft,t + / (—7") Ft,udu —|—/ TFt,udu
t t

8

) 1
—|—/ I{XH>K}6_T(“_t)7"Kdu—|—§/ e 7=, (v,0; X — K)
t

t

_/ Lxosrye” U7 (0180 s sy + 0250 sy 52 ) du
i

—%afn /t Loy, sxye "X, dL (u,0;In (S*) — In (S?))

+/ Lixysrye "D (0180 (51 <52y dZy + 0252 (515.521d32)
t

02 = 0% — 20,poy + o3 is the local variance of the difference in returns

(or, equivalently, in log-prices).! This gives a decomposition of the form
(3.8) for the payoff process Y. From Theorem 21 we now obtain the following
EEP representation of the option price (note that dL (i, 0; X - K) = 0 in the
exercise region of the min-option),

Theorem 82 The price of the min-call option has the early exercise premium
representation

O (8;,87) = e (8¢, 87) + 71 (87, 88 BY™, By™, By™),

where ¢} (Stl, Sf) is the price of the European min-call option and the function
T (St S BY™, By, By™) = w'+ n* +nfisthe early exercise premium

with components

WT:Et

T
—r{v— 1
/t e r(=t) (615, —rK) 1{3;’m(ss,v)§55<55}dvl

m ~
o :Et

T
—riv— 2
/t e~ r(u=1) (6257 —rK) 1{Bg’m(sg,v)§53<55}dvl

m 1 i
T3 = mEe

t

T
/ e (g1 g2 pem ()3 XudL (0,030 (S') —In (52))]

and where 0%, = 07 — 201pos + 05,

As usual the EEP formula decomposes the option value into a European
component, capturing the value of waiting to maturity, and an early
exercise premium, representing the benefits associated with early exercise.

'When x is a Brownian motion the process L (u, 0; x) is the Brownian local time defined as
L (u, 0; IE) = limn_mo % f(’)u 1{|ZS|S1/n}dS'
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Unlike the standard case, the exercise premium is the sum of two parts. The
first part is the present value of the net flow gains (i.e., dividends net of
interest costs) from early exercise, 7" + 77". The dividend benefits, for this
contract, are those associated with asset 1 (resp. asset 2) when S* (resp. S?) is
the minimum of the two prices. The second part, 77", is due to the lack of
smoothness in the payoff function, in the exercise region, along the diagonal.
Every time the minimum of the two prices crosses the diagonal the derivatives,
with respect to prices, of the payoff function jump. The local time process L
(¢, 0; In (SY) - In (S?)) compensates for these jumps: the increment dL is non-
negative at all times, and strictly positive along the diagonal. Thus, 77 is
non-negative. Intuitively, exercising the option along the diagonal saves value
given the higher likelihood of a decrease in the minimum price, and the
option payoff, over the next instant of time.

The formula for 74" provides additional perspective about the behavior of
the contract along the diagonal. Note, for example, that the variance of
the return differential is positive (i.e 42, > ) except when returns are
perfectly correlated and carry the same risk (i.e., 6, = 6, and p= 1). When
these conditions prevail underlying prices satisfy the deterministic relation
S? = S'H (t), with H (t) = (S3/S5) exp ((61 — d2) t). The min-option is then
equivalent to a call option written on a single asset, with a quantity
adjustment that depends on time: the option’s payoff takes the form
Q) St — K )+ where Q (t) = 1A H (t) . The smoothness of this contractual
structure, with respect to the underlying Brownian motion, implies that
the local time component disappears from the EEP representation.

Note also that the min-option is identical to a capped call option with
time-dependent cap when either ¢; = 0 or o, = 0 (see chapter 5 and section
6.4.3 above). Our previous analysis of this contract led to a pricing formula
emphasizing the gains from exercising before hitting the cap (see Theorem
53). The price decomposition in Theorem 82 provides an additional
representation of capped option prices, highlighting the benefits of
exercising before the maturity date of the contract. This expression, in the
spirit of traditional EEP formulas, prices the early exercise premium
relative to a European capped call option.

When 42 > 0, the premium component %" is positive and the exercise
boundary consists of the three parts B{"™ (S2.¢), B;™ (S.t) and identified
above. If the underlying assets do not pay dividends (8, = &, = 0). there are
no incentives to exercise off the diagonal. In this situation the premia =", 77"
vanish and the boundary curves B{'™ (S t), By™ (S'.t) collapse to the
diagonal: the exercise region is the subset of the diagonal above B;™ (t).

Before moving on to the next section let us also point out that some of
the EEP components can be expressed in more explicit form. A formula
for the European min-option price can be found in Johnson [1987]. More
explicit formulas can also be derived for the components 7* and 74 of the
early exercise premium.
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6.6.3 Integral Equations for the Boundary Components

Given that the EEP formula is valid in the exercise region, it can be used in
the traditional manner to characterize the exercise boundary components.
This leads to the following integral equations.

Theorem 83 The components BY™ (S%,t), By™ (S'.t), BS™ (t) of the
tmmediate exercise boundary solve the integral equations
By (S t) - K = (ST, B (Sh,t))
a7 (S, By (S',t); By, By™, BY™)

o (BY™ (S2,1), 5%)
+ay (BY™(8%,t), 8% BY™, By, BS™)

By (8%,t) - K

By (1) - K = " (B (1), Bg" (1))
+m (B (1), By (); BY™, By, By ™)

subject to the boundary conditions and lim;_ By™ (S1,t) = KV (r/d2) K for ST >
KV (r/82) K, limy_r By™ (S%,t) = KV (r/61) K for S* > KV (r/61) K and
lim,7 By™ (t) = K.

This theorem shows that the boundary surfaces B{™ (52,t) and
B5™ (S',t) satisfy a system of coupled integral equations. As in the case of
max-options the linkage between these integral equations is natural. It follows
from the fact that the exercise premium depends on both boundary
components. As coincides with the lower extremities of BY"™ (52,t) and
B5™ (S',t) along the diagonal the third equation is, in fact, redundant.

The system of integral equations in Theorem 83 can, in principle, serve
as a starting point for a numerical scheme designed to implement the
model. The presence of the local time component is an aspect that sets
this contract apart from the other multiasset claims studied in this chapter.
This element, along with the price dependence of the boundary and the
coupling of the integral equations involved, are likely to pose interesting
challenges for implementation.

6.7 Appendix A: Derivatives on Multiple Assets

In this appendix we provide general results about the structure of exercise
regions for derivatives written on n underlying assets. We suppose that
the price of asset i satisfies (under the risk neutral measure)

dS; = S; [(r — &;) dt + 0:dZ;] (6.16)
where z',i=1,...,n are standard Brownian motion processes and the

correlation between z* and 27 is p;;. Asbefore, ris the constant rate of interest,
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S, = 0 is the dividend rate of asset ¢ and the price processes in (6.16) are
represented in their risk neutral form. We use this setting with constant
coefficients for ease of exposition. However, many of the results presented
below hold in more general settings.

Consider an American contingent claim written on the n assets with
prices (6.16) and that matures at time 7" Suppose that its payoff, if exercised
at time ¢, is F (S}, S2,...,S;") = 0. For convenience, let S, represent the
vector (S}, 57, ..., S7). Denote the value of this claim at time ¢ by V¥ (S,, 1).
From chapter 3 we have

VE(Sit) = sup By e TIF (57
TESt+

where S, T'is the set of stopping times of the filtration with values in /¢, T]. The
immediate exercise region is £ = {(S,t) e R" x [0,T]: V" (S) = F (S) }.

We can now build on the transformation used in the proof of Proposition
31. Let a; =7 —6; — (1/2)0%, i = 1,...,n and consider a stopping time
7T € St,r. Given that the filtration generated by the increment
{zZL —Z: s € [t,T]} is identical to the filtration generated by the new
Brownian motion

/ZVL. = {%(T—t) 18 € [0, 1]}
we can write

St =S'exp (a7 (T —t) + 0iZp(7—p)) = SiN?i(T—t)

where 7 = 7 (7 — t) and 7 € &, is a stopping time, taking values in [0, 1],
of the filtration generated by z'. Let N, = (N/,..., N{*).| In what follows,
we write SN = (SN, ..., S*N"), to indicate the product, term by term, of
two vectors. With these definitions we see that

VF(S, t) = sup E [e_T?(T_t)F (SN;:(T_t))] )

?63\0,1

where the expectation is taken relative to the process 7, i = 1, ..., n. To simplify
notation we will simply write, throughout this section, E for this expectation
and S ; for the set of relevant stopping times.

Our first proposition provides information about the structure of the
exercise region as maturity approaches.

Proposition 84 Suppose that immediate exercise is optimal at time t with
asset prices S, i.c., (S,t) € EF'. Then immediate exercise is optimal at all
later times at the same asset prices. That is, (S, s) € for all s such that t =
s=T.

Proof of Proposition 84: Consider the new stopping time 7/ = 7k where
k= % > 1 for s > t.As 7€ Sy, we have 7’ € So.x. Using this relation and
7' (T — s5) = 7 (T — t) enables us to write
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VF(S,t) = sup E[ —rr (T (SN, (7 t))}

7'650 1

= sup E[e_TT/(T_S)F(SN‘r/(T—S))]
TIGSo,k

> s E [e_rr’(T—s)F (SNT/(T—S)):|

7'/630,1

= VF(S,s).

The inequality in the next to last line follows from S,,; C S, for k& > 1.
Suppose now that (S, s) ¢ £F. Then V¥ (S, s) > F (S) and the inequality
above implies V¥ (S, t) > F (S). This contradicts (S, t) € ¢*.1

Define A o; S by
Ao, S = (8, 8%,..., 87 As, gt LS

i.e., the operator scales the i"" component of the vector S by the factor A.
Proposition 85 gives a sufficient condition for immediate exercise to be
optimal at time t with asset prices A 0; S; and A = 1 if immediate exercise
is optimal at time ¢t with asset prices S,.

Proposition 85 (Right/up-connectedness): Constder an American claim
with maturity T and exercise payoff F (S). Suppose that immediate exercise
s optimal at time t with asset prices St, i.e., (S, t) € €. Fix an index t and
let A = 1. Suppose that the payoff function F satisfies

F(No; S) = F (8;) + ¢St (6.17)

where ¢ = 0 is a constant that is independent of but may depend on A. Also
suppose that

F(\o; S) < F(S)+cS' (6.18)
for all S € R¥(with the same c as in (6.17)). Then (A o; St t) € EF.

Proof of Proposition 85: Suppose that immediate exercise is not optimal
at (A o; S, 1), i.e., suppose VE(\o; S, t) > F(\o; S,) for some fixed ¢ and
A= 1. We have

v (Ao; Sy,t) = sup E {(ﬂ )\oZ SN (r— L))}
T7E€SH 1
. rr(T—1) i
- T:;SIE{@ ( (SiNer-) 1 ez
< VF(S,,t) +cS;
= F(S)+cS; (because (S, t) € £F)
= F(\o;5)) (by assumption (6.17)).
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This contradicts the assumption V¥ (A o; S;,t) > F (Ao; S,). B

Conditions (6.17) and (6.18) are satisfied by the following option payoff
functions (for the values of ¢ indicated):

Option payoff function Valid i and A
(a) F(S) = (max(Sll7 ST — K)+ i:S! = max (Sll, SL")
(b) F (S}, 82) = (S? — S} — K)' i=2

First consider payoff function (a). We prove that conditions (6.17) and (6.18)
hold for all i such that S; = max (S}, ..., S'). Note that if (S, ) belongs to
&Efthen F (S,) = (SZ ) = 8! — K > 0. For A>1, we have

F(Ao;S:) = ASi—
= Si—-K+(M\-1)8;}
= F(S)+cS;

So (6.17) holds for c = A - 1. To prove (6.18), define ! = arg max;—1, A o; SZ
and note that if [ # 1,

F(ho;S;) = (SL—K)T
< (SL-K) +(-1st
= F(S;)+cS..

If [ = i, then

F(Ao;8;) = (ASl )+
= (Si-K)+0-18)"
< (SL-K)T+ (A—I)SZ
< F(S;)+cSi.

The first inequality follows because (a + b)* = a* + b* for any a, b, € R,.

For payoff function (b), conditions (6.17) and (6.18) hold for i = 2. To
prove this, note that (S, t) € ¢¥ implies F (S;) = S — S} — K > 0. Thus,
for A > 1, we have

S-Sl —K+4+(\A-1)57
= F(St)+CSt2,
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80 (6.17) holds for ¢ =\ - 1. To prove (6.18), note that
F(Ao; 8) = (AS2-8'—K)"
= (($2-S'-K)+(n-1)5%)7
($2- S —K) 4+ (A —1)82
= F(S;)+cS2.

IA

The next proposition, Proposition 86, gives a sufficient condition for the
optimality of immediate exercise at time ¢ with asset prices \o; S; and
0 =\ = lifimmediate exercise is optimal at time ¢ with asset prices S,.

Proposition 86 Consider an American clatm with maturity T and exercise
payoff F (S). Suppose that immediate exercise is optimal at time t with
asset prices St, v.e., (S, t) € &¥. Fix an index 1 and a constant A such that
0 = \ = 1. Suppose that the payoff function F satisfies

Also suppose that

F(\o; S) < F(9) (6.20)
for all S € RY. Then (A o; Si,t) € &”.
Proof of Proposition 86: The proof is similar to the proof of Proposition

85. Suppose that immediate exercise is not optimal at (\o; S, t), i.e.,
suppose VF (X o; S¢,t) > F (Ao; S). For this claim we have

VE(\No; S;,t) = sup E {eﬂ'T(T*’/)F (()\ 0; S1) NT(T,L))]

T7€S801

IA

sup F {efrT(Tfl’)F (SLNT(T,,/))} (by assumption (6.20))
TE€S 1

- VF (Sht)
= F(S) (as (Si,t) € &7).

We conclude that V¥ (Mo, S;,t) < F(S;) = F(Ao; S¢) by (6.19). This
contradicts V¥ (A o; Si, 1) > F (Ao; S;). A

Conditions (6.19) and (6.20) are satisfied by the following option payoff functions
(for the values of i that are indicated),

Option payoff function Valid i
(a) F(S)) = (max (S}, ...,57) — K)+ i:Si <max (S}, ..., S7)
(b) F (S}, 82) = (52 — S} — K)" i=1.

Verification is straightforward.
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For a constant a define aS by the usual scalar multiplication
aS = (ole,ozSQ, ...,aS”) .

Proposition 87 gives a sufficient condition for immediate exercise to be
optimal for time ¢ with asset prices aS, and « = I if immediate exercise is
optimal at time ¢ with asset prices S,.

Proposition 87 (Ray-connectedness): Consider an American claim with
maturity T and exercise payoff F (S). Suppose that immediate exercise is
optimal at time t with asset prices S, i.e., (S, t) € £¥. Also suppose that for
all a = 1, the payoff function F satisfies

F(aS:) =aF (5) +c (6.21)

where ¢ = 0 is a constant that is independent of S,, but may depend on a.
Also suppose that

F(aS)<aF(S)+c¢ (6.22)
for all S € R*- Then for all « = 1, we have (aS,, t) € ¥

Proof of Proposition 87: Suppose not, i.e., suppose V¥ (aS;,t) > F (aSy)
for some a>1. A contradiction follows from the following string of
inequalities

vt (aS;,t) = sup E {chT(T*L)F(aS,/NT(T,L))]
TESy 1
< sup K {chT(T*L) (aF (SLNT(T,L)) + (’)} (by (6.22))
T7€Sn,1
< aVF (S, t)+te (as (S,,t) € £F)
= F(aS) (by (6.21)).

This completes the proof of the proposition. H
Conditions (6.21) and (6.22) are satisfied by the option payoff functions

Option payoff function

(a) F(S,) = (max (S},..,57) — K)
) F(S.57) (57§ k)"

(¢) F(S,) = (min (S}, ..., 5]") — K)+

To prove that the conditions hold for (a) note that (S, t) € £¥ implies F (S, >
0. We then have

F(aS:) = max oS/ —K

j=1,...n

a(_ nax Sg'—K>+(a—1)K

i=1,...n

aF (S;) + ¢,
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and note that

(ole — K)+

= (a(Sl—K)+(a—1)K)+
< a(Sl—K)++(a—1)K
= aF(9)+c

F(a8)

To prove that the conditions hold for (b) note that (S, t) € ¢ Fimplies
F(S;) =5?-5!— K >0 Then

F(aS;) = aSi—aSi—-K
= a(S}-S{—K)+(a—-1)K
= aF (5)+¢,

80 (6.21) holds for ¢ = (a - 1)K. To prove (6.22),

F(aS) = (aS?-aS —K)+
= (a(SQ—Sl—K)+(a—l)K)+
< a(SQ—Sl—K)++(a—l)K

aF(S)+ec.

To prove the conditions for (c) note that (S, t) € ¢¥implies F (S,) > 0. We
then have

F(aS) = min oS! -K

j=1,...n
= oz(_nllin S{-K) +(a-1)K
J=1,...,n

= aF (S;) +e,

s0 (6.21) holds for c=(« - 1)K. To prove (6.22) note that

F(aS) = (_min aSj—K>+

Jj=1,...n

= (a (j_lxl{;§’n Si— K) +(a—1) K) i

+
< a(_nllin Sj—K> +(a—1)K
i=1,...,n

= aF (S)+c

Proposition 88 shows that claims with convex payoff function, also have
convex pricing functions.
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Proposition 88 (Convexity): Consider an American claim with maturity T
and exercise payoff F (S). Suppose that F is a (strictly) convex function.
Then VF (S, t) is (strictly) convex with respect to S.

Proof of Proposition 88: Using the convexity of the payoff function, we

can write
VE(S(N), 1)
= sw [ TR (ASNor_oy + (1= \) SNrr )|
< s B [e7 70 (AF (SN o) + (1= VF (SNrr ) )]
< s F [T TR (SN )]
b s B[00 P (SN )

< WF(S )+ (1=-NVF (§ t) N

Important variations of Propositions 85 and 86 appear in our next two
results. These propositions cover the case of min-option payoffs.

Proposition 89 (Up-segment-connectedness): Constder an American claim
with maturity T and exercise payoff F (S). Suppose that immediate exercise
s optimal at time t with asset prices S, i.e., (S, t) € &F. Fix an index t and
suppose that there exists a function R¥ — R such that, for Si>A>1, the
payoff function F satisfies

F(XNo, St) = AF (Sy) + ¢ (6.23)

where ¢ = 0 1s a constant that is independent of S,, but may depend on ?.
Also suppose that

F (Ao S) S AF(S) +c (6.24)

for all S € RY (with the same c as in (6.23)). Then (Ao; Si,t) € ¥ for all h
(S)ISE> A > 1.

Proof of Proposition 89: Suppose that this is not the case, i.e., suppose V¥
(Ao; St t)>F (N 0; S)) for some fixed ¢ and some A such that & (S)/S; > A\ > 1.
We have

VE(No; S;,t) = sup E {chT(T*L)F (()\ 0; .5y) NT(T,L))}
TESH,1
< sup F {chT(T*L) ()\F (S,/NT(T,L)) + (’)}
TESH,1
< AVE(S,t)+c
= AF(S)+¢ (given that (S,t) € £F)
= F{\o; S) (by assumption (6.23)).
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This contradicts our assumption V¥ (A o; S;,t) > F (A o; S;). W

Conditions (6.23) and (6.24) are satisfied by the min-option payoff F' (S,) =
(min(SLl7 e SP) — K)Jr for the index @ : S] = min (S};...;Szl) and the func-
tion A (S)) = min (S},....S; ", S, ..., S]"). The result stated holds for all
A > 1 such that AS; < min(S},...,8", 8™, ...,5"). The constant ¢ =
(A —1)K. Note in particular that (mino; S — K)" < (minAS — K)" =
(AminS — K)" <A(minS — K)" + (A — 1) K = AF(S) +c.

Proposition 90 (Left-segment-connectedness): Consider an American claim
with maturity T and exercise payoff F (S). Suppose that immediate exercise
is optimal at time t with asset prices S,, i.e., (S, t) € €¥. Fix an index j and
suppose that there exists a function (.):R% — R such that, for h (S) <\ <1,
the payoff function F satisfies

F(Xoj5:)=F(S:). (6.25)
Also suppose that
F(\o; 8) < F(S) (6.26)
forall S € RY. Then (Aojs,t) € eforh (S) =\ =1.

Proof of Proposition 90: Suppose that immediate exercise is not optimal
at(No; S, t),i.e., VF(N0;S,¢) > F (\ 0, S,). We have

VE (Vo Sit) = sup E[e TR (M oy Si) Nagrooy)
TESo,l
—rr(T—t)
= ngglE[e F (StNT(T—t))] (by (6.26))
= V(8,1
F(S) (as (S, t) € €%).

Hence VE (A o; Si,t) < F(S;) = F (Ao; St)by (6.25). This contradicts the
assumption that VE (A o; S;,t) > F (Ao, S;).H

For min-options the proposition holds for any index j # i where i : Si = min
(SL ..., S». The function A () is & (S,) Si/S.

6.8 Appendix B: Proofs

Proof of Proposition 66: The argument following the proposition shows
that the American-style max-option price is bounded below by the value of
a package consisting of a forward contract and a European exchange option.
That is,

O (81, 82,1) > §le™ M0 — e~ (=0 4 Fy [emrem0) (52— g1y
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for s e [t, T]. Let V (¢, s) denote the value of the package at date ¢, when the
constituent securities have maturity date s. Suppose equal underlying prices,

=S? and assume that S{= S?>K (so that immediate exercise has positive
value). As s — ¢ the limits

Stle—él(s—t) _ Ke—r(s—t) _ Stl _
e, [(Sﬁ - S;)ﬂ =0
hold. Lemma 91, below, shows that convergence is from above. As a result
there exists a time w € [¢, T] such that V (t,w) > S} — K. It follows that
C* (SE,8}t) > S} — K = (S} — K)*. This argument holds for all ¢ < 7.H

Lemma 91 Assume that St = S%and t < T. Then there exists a time w € (¢,
T), such that

Sl ( —61(w—t) _ 1) _K (e—r(w—t) _ 1) + e—r(w—t)ﬁt [(Sﬁ, - Svi;)"'} > 0.

Proof of Lemma 91: Let w = t + h and U (h) = e~ E, [(Sﬁ, - S}U)+]. By
Theorem 75 this European exchange option is worth

U(h) = Sle "N ((51 5o + cr ) \/_/cre)
—Sle=h N ((51 — 0y — —cr ) \/—/ae>

with o, = \/0? — 201 pos + o3. Clearly ¥ (0)=0. Also, given that
i 2

U (h) = —0,8te "N ((51 — 6+ %H) \/E/ae>

+518tl€_61hN ((51 — 52 - %Ug) \/ﬁ/0'8>
1_—6ah L, L 4
+Sie%"n 51—524—506 \/ﬁ/o'8 — 80+ 50e

)i
BN SN YA O i

it is easy to verify that ¥’ (0) =+ . LetI' (h) = S} (e %" — 1) - K (e " — 1).
Simple computations show that I'(0) =0 and I” (0) rK — 6;S%. We conclude
that there exists an 2 > 0 such that the lemma holds (see Figure 6.1 for an
illustration). H

N — L\>|>—~

Proof of Proposition 67: Property (i) is an application of Proposition 84
in Appendix A. For (ii) use Proposition 85 and the remarks concerning the

© 2006 by Taylor & Francis Group, LLC



6.8. APPENDIX B: PROOFS 145

payoff function (a) following that proposition. For (iii) use Proposition 86
and the subsequent remarks for payoff function (a). For (iv) note that
S? =0 implies 82 = 0 for all s = ¢. In this event the max-option reduces to a
single asset option written on the price S, whose exercise boundary is B.
To prove (v) note that the convexity of the payoff function and Proposition
88 enable us to write

C (S (A), 1) < AC® (8,8) + (1 — \) C° (§t) .

By assumption (S, t) € £7" and (S, t) € £, It then follows that C*(S(\), )=
AMST = K)+(1-)) (gz — K) = §"(\)—K. Suppose now that immediate
exercise is suboptimal at (S (A), ¢), thatis C= (s (1), 1) > (ST VST - K)+ =
S (\) — K. This contradicts the previous inequality. We conclude that (S
N, e el

Proof of Proposition 68: Let &~ be the exercise region at date ¢,
parametrized by the strike K and let C* (S%, S ¢; K) be the corresponding
max-option price. The proof uses the next three lemmas documenting
properties of the exercise region.

Lemma 92 K, > K, = 0implies £¢* (¢, K,) C £%% (¢, Ky). In particular, K, >
K,=0implies £ (t, K1) C £%* (t,0).

Proof of Lemma 92: The proof proceeds by contradiction. Let K; > K, = 0
and suppose that (S,¢t) € £9% (¢, K1) but (5,t) ¢ £% (¢, K2). We show that

this combination of assumptions is not possible.
The following string of relations holds

(S'V 82— Ky)T < O (S, 8%t Ko)

= sup E [e_T(T_t) (Stvs:— K2)+]
TGSt,T

= B[O (8L, V82, - K+ K — Ka) ]
S A R e O M

+E, [e—“”—t) (K, — K2)+}

C* (S', S% t; K1) + Ky — Ko

S'vS? K+ K —Ky=8"Vv5%-K,.

The inequality on the first line expresses the suboptimality of exercise at (S,
t) for the max-call with strike K, (i.e. (S,t) ¢ £°*(¢, K,)). The second line is
the pricing formula for the American-style max-option. The third line is a
straightforward decomposition of the option payoff (7, > ¢ is the optimal exercise
policy for the option with strike K;). The inequality on the fourth line results
for the bound (a + b)* = a* + b*. The next inequality follows from r = 0.
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Finally, the last line uses the optimality of exercise at (S, ¢) for the max-call
with strike K, (i.e. (S,t) € £%% (¢, K)). The resulting contradiction shows
that immediate exercise must be optimal at (S, ¢) for the strike K, if it is
optimal for the strike K.

The case K, = 0 is an application of the general result. B

Lemma 93 (Ray connectedness) (S', 5%, t) € £ (t,0) implies (AS*,\S?,t) €
E<x(t,0), for all A > 0.

Proof of Lemma 93: The proof'is by contradiction. Let (S*, 52,¢) € £ (t,0)
and assume that there exists A > 0 such that (A\S!, \52, ) ¢ o (t,0). Letting
Tx € St v denote the optimal policy at (ASY, )\S2 t) (for an option with null
strike) we can write

ASTVASY < CF(ASY,AS2,£0)
By [emm=0 (s, v as2, )|

- AEt[e a0 (81 v s2 )]
< AC* (S, 5%,t,0) .

(the last inequality follows from the feasibility of 7, at (S*, S% ¢)). We conclude
that S'vS? < €7 (S1, S%,4;0), in contradiction with the initial assumption
that (S, 52,t) € £+ (¢,0). A

Lemma 94 (Diagonal behavior) (S, S, t) ¢ £5% (t,0) fort < T.

Proof of Lemma 94: The lemma is a particular case of Proposition 66 with
K=0.1

Let us now return to the proof of Proposition 68. By Lemma 94 (S, S, ¢) ¢
E<*(¢, 0). Given that the continuation region is an open set there exists an
open neighborhood N of the point (S, S) such that S, S #) ¢ £%(¢, 0). for all
(S1,8%) e N. Lemma 93 then shows the existence of an open cone R (A4, Ay),
containing the diagonal, such that R (), A\2)NEST (¢,0) = @. Lemma 92
enables us to conclude that R (A, A\o) N ES* (1, K) = 0. A

Proof of Proposition 69: Property (i) can be proved by using arguments in
Broadie and Detemple [1997] and Jaillet, Lamberton and Lapeyre [1990].
The property rests, in particular, on the continuity of the discounted payoff
function and the continuity of the flow of the stochastic differential equation
for S, i =1, 2. Property (ii) can be proved by using the Comparison Theorem
for solutions of SDEs (see Karatzas and Shreve [1988]) and the fact that
the payoff function is non-decreasing in prices. Property (iii) is the
counterpart of property (i) in Proposition 67. Convexity, in property (iv),
results from the convexity of the payoff function (see Proposition 88). B
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Proof of Theorem 70: The EEP formula follows from Theorem 21 extended
to the case of multiple underlying assets. The particular structure of the
exercise premium follows from the geometry of the exercise region delimited
by the two boundary surfaces B;"and B;". The recursive integral equations
for the boundaries are obtained by evaluating the contract along each of
the boundaries. B

Proof of Proposition 71: Property (i) follows from Proposition 84 in Appendix
A. For (ii) and (iii) apply Propositions 85 and 86. Property (iv) holds because
the dual strike max-option collapses to an option on asset one alone when S?
= 0. The case S? = S* + K, - K,, in property (v), corresponds to the case of the
diagonal for max-options. When S? - K, = S* - K; a movement away from the
line S% = S* + K, - K, provides good odds of improving the payoff. This can be
formally demonstrated using the arguments in the proof of Proposition 66.
The convexity property (vi) follows from Proposition 88. l

Proof of Proposition 72: Properties (i), (i) and (iii) are straightforward.
Property (iv) follows because the payoff of a min-put option is bounded below
by the payoff of a plain vanilla put on asset 1. Under the assumption of property
(v) the min-put option has maximal payoff K, which implies optimality of
immediate exercise. For (vi), suppose that there is no threshold S? > S* such
that (S*,52,t) € £ for all 5% > $%*for all S? = S¥. It must then be that
limgzto, P™ (S, 5%,¢) > K — S’ But the limit on the left hand side is the
value of a put on asset 1. This contradicts the assumption (S, ¢) ¢ £7. For
(vii) note that a deviation from the diagonal has high probability of increasing
the payoff. Dominance of waiting can be formally proved as in the proof of
Proposition 66. Convexity in (viii) follows from Proposition 88. H

Proof of Proposition 73: For assertion (i) note that immediate exercise
when S§? < S! + K would generate a non-positive payoff. Property (ii) is a
special case of Proposition 84 in Appendix A. Assertion (iii) follows from
Proposition 85 and the subsequent remarks for payoff function (b). For
(iv) use Proposition 86 and the remarks that follow for payoff function (b).
To prove (v) note that S} = 0 implics St = 0 for all v > ¢ . In this situation
the spread option reduces to an option on on asset S2, with exercise
boundary B2. The proof of (vi) follows from Proposition 88. l

Proof of Theorem 74: The EEP formula for the spread option is an
application of Theorem 21 generalized to multiple assets. The particular
structure of the exercise premium follows from the geometry of the exercise
region detailed in Proposition 73. Standard arguments lead to the recursive
integral equation. B

Proof of Theorem 75: The proof applies the change of numeraire outlined
in section 2.7. To establish the proposition we need to verify the dynamics
of the process S¢ under the new pricing measure.
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Let S¢=S%/S!. An application of Ito’s lemma gives
dSg = S¢ [(r — 6.) dt + 02dz} — 01dZ] ]

where 6. = r + 6, — §; — 02 + poio,.. Under the pricing measure @ such
that

1
dQ* = exp <_§UIT + 001z ) dQ

the translated process z; = —Z%} + o1t is a Brownian motion. Using
pdz} + /1 — p2dz} for some orthogonal @-Brownian motion yields

ds; = Sf[(r—dec)dt+ 02dZ — 01d7Z ]
= 57 [(r Q) dt + (oap —01) dZ} —|—02\/1——dz]
= Ste [(51 - 52 dt — (Uzp Ul)dzt + o9y 1 — dzt}

= Ste [(51 — 52) dt—FO'edZt]

with the definitions o, = /o7 — 201p0s + 02 and o.dz, = —(o2p — o1)dz} +
oor/1 — p2dz}

Theorem 8 can now be applied, with numeraire S} exp (§,¢) to establish
the symmetry result stated. The EEP representation and the integral
equation for the boundary follow immediately. B

Proof of Theorem 76: The option value can be transformed in the
following manner

Ccee (', 8%8) = sup B |70 (S2ALSE- 51
TGSt,T
= sup E [e_T(T_t)Si (SENL— 1)+]
TGSt,T
= S} sup E} [e“sl(T_t) (ScANL— 1)+]
TESt,T

where the last equality uses the passage to the new measure in which
asset 1 is the numeraire (see proof of Theorem 75). The results in the
proposition follow from this transformation. H

Proof of Theorem 77: The option with geometric sum payoffis identical
to an option on a single asset with price dynamics

dYe =Y [(r — 0y ) dt + oy dz)
where

1
Oy = (1 =) 7+ 7101 + 7202 — 5 (cr?/ — 7,07 —7203)

oy =\ (1101) + 2717990102 + (1572)°

© 2006 by Taylor & Francis Group, LLC



6.8. APPENDIX B: PROOFS 149

and

dzy = T101dZ] + 7202‘12';2'

oy
Let B denote the exercise boundary of the option written on Y. The boundary
of the average option is obtained by solving the equation

(S1)™ B9s (S1,1)"* =B (2). The value of the option is the value of the option

written on asset Y. B

Proof of Proposition 78: The claims (i) and (ii) are straightforward. The
proof of (iii) is by contradiction. Suppose that immediate exercise is optimal
at (S1, 82 t) but not at (A,S?, A,S2, ¢) where A, A, = 1. Let 7, > ¢ be the optimal
policy at (A,S?, A,S2, ¢). Standard arguments can be applied to show that
The resulting contradiction proves (iii).

¥ (S NS2 ) = B [e”‘(”*f) (WS, +(1—w)$2, — K

+w (A = 1) S+ (1= w) (s — 1) Sfxﬂ

IA

E [E_T(T*_t) (wSh, +(1—1w)S: — K)+]

+w (A — 1) B [e‘“”‘“SiJ

+(1—w)(\e— 1) E; [e_"(”_t)Szk]

C¥ (SN2 ) +w N —1)S"+ (1 —w)(A2—1)5?
= wS'+(1-w)S?—K

Fw (A — 1S+ (1—w) (A — 1) 52
= w/\ls’l + (1 - UJ) /\252 - K.

IA

The convexity result in (iv) is a special case of Proposition 88 in Appendix
A. The proof of (v) is standard (see Proposition 84). &

Proof of Theorem 79: The EEP representation gives
C™ (81, 5%,t) = (81, 5%, ¢) + 7 (S, $%t)
where
" (S],Sz, t) = E; [e_r(T_t) (wS} +(1—w)S%— K)+] .
T
™ (S, 8% t) :/ e~ 6 (£, v) dv

t

¢(t, ’U) = Et [(w51811) + (1 — ’LU) 5283 — TK) I{SEZBC’W(S}/,U)}] .

The event of exercise can be written as { $2 > B<* (S}, v) } and is equivalent
to {22 > d (52, B> (SL,v),v—t)} with

Bow 1
d (SQ,Bc,w (Si,v) , U —t) = > \/t)—t llog ( S("Qs’mv)) —ag (v — t)‘|
9 —
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andas =7 — 83 — 203, Using 2% = pz' + /1 — p?u. Using we obtain
(522 5o (sh0)) = {u > d(S%. B (SL0) v —t.p,21))

with
) _ d(SQ,BC’“’ (Si,v),v—t) P

- Vi-p? Vi-p?
With A =v - ¢, the conditional expectation inside the early exercise premium
T 18

d (5’2, Bev (Si,v) v —t,p, 2t

¢ (t,v) = w81 S}, () + (1 — w)2 57”0y (v) — rE 5 (v)

where

+o0 +o0 1 1 2
:/_Oo ’ \/—2_7Texp <—§ (zl —0'1\/%) )n(u) dudz'

400 +ooeX _l Qh ( 1 — \/—
P 202 +o2{pz+V1—p*u)vh
—o0 d

xn (z') n(uv) dudz'

+oco +co
/ / u) dudz’.

To simplify the notation let z = z!. Simple transformations give

b= [ n (2 o VB) N (a(82, B (5} ().0) hop. =)

— o

[T Lo (S (o)

—% (u — O'Qﬂ\/ﬁ) 2) dudz

+oo
by (0) = [ (N (<a(8 5 (81a).0) o)) de
and it is straightforward to verify that the double integral in ¢,(v) equals
+o0
/ (z—agp\/_) ( d (5%, B (S, (z), ),h,p,z)+02\/1—p2\/ﬁ) dz.

Substituting the function

+oco
B (5% B (,0)  hup,,y) z/ n(z—y)

XN (=d (8%, B“™ (-,v) ,h,p,z) + x) dz
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in the formulas above gives the result stated. B

Proof of Proposition 80: Property (i) follows from Proposition 84. For (ii)
it suffices to note that the min-option payoffis bounded above by the payoff of
the option on asset i, i = 1, 2. Properties (iii)—~(v) are special cases of Propositions
87,89 and 90.

For (vi) note that the min-option payoff function satisfies the bound

(S'AS2—K)' < (wS' +(1—w)S*—K)",

for w € (0, 1). The price upper bound C™ (S*, 52, t) < Cp (S*, 52, ¢)follows.
Suppose now that immediate exercise is optimal at a point along the
diagonal, for the weighted average option: (S', S2,¢) € €% and S' = §?
and S!' = S?2 At this point the previous inequality becomes
cr (51,52) < (wSl +(1—w)S? — K)+ = (§*~K)*,i=1,2. Given that
immediate exercise is feasible for the min-option we also have the lower
bound 7" (51,52) > (S*AS2— K)' = ($'—K) ', i =1, 2. The result
follows.
For (vii) it suffices to note that the payoff is null along the axes. B

Proof of Proposition 81: Statements (i) and (ii) are direct consequences
of (i), (ii) and (v) in Proposition 80.

To prove (iii) let By (S?,t) = SZ,i = 1,2 with S7 < S3. Consider a point
S e (Sf7 S%) The ray connectedness property of the exercise region (prop-
erty (iii) in Proposition 80) implies that immediate exercise is optimal along
the diagonal above (S7, 57) hence at the point (S, S). Thus, B (S,t) < S.
Suppose that the inequality is strict: B (S,%) < S.Given that the exercise
region is closed, a property that follows from the continuity of the price function,
we have (B (S5,t),S,t) € £&5™. Ray-connectedness then shows that
(ABS™(S,1),AS,t) € £ forany A>1. Selecting\ = $2/5 > lestablishes
that AB{™ (S,t) > By™ (AS,t) = B{™ (53,¢). But, by assumption,
B{™ (S,t) < S.Multiplying each side of this inequality by A = S3 /S produces
ABI™(S,t) < AS = S3 = B{"™ (52,t), a contradiction. It follows that
B (S,t) =S

Let us now establish the limit in (iv). By (ii) we know that B{""™ (52, t)is non-
decreasing in S* and S? and By (S?,t) < B! (¢) for all S* > S'. Suppose
that limg2 . By (52,¢) < B'(¢)and consider a price S* such that

Ste (Syglw BY™(8%,t), B (t)) .

For all §% > S* we have S'-K=C™ (S1,S2,¢). Taking the limit as S? —, and
using the continuity in (S?, S?) of the price function gives

S'—K = im €™ (S1,8%t) =C™ (S, 00,t).
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GiventhatC™ (51, 00,t) = C (S, t)(i.e., when S? goes to infinity any exercise
policy for the option on asset 1 becomes feasible for the min-option) we conclude
C (S',t) = S' — K. This contradicts our assumption S* < B* (¢) (i.e.,
immediate exercise is suboptimal for C (S!, ¢#) at S!, so that
C (S',t) > S' — K). This proves the limit stated.

For the first limit in (v), note that (ii) also implies lim;_7 B{""™ (S?,t) <
lim, 7 B! (t) = KVrK/§,. To establish the reverse inequality we need to
show that (S, 52,t) € £5™ implies S' > K Vv 7K/§;. The case K > rK/§, is
trivial because (5!, $%,¢) ¢ £5" implies S* = K. We consider the case
rK/8, > K next.

The proof is by contradiction. Suppose that (S*, $%,¢) € £5™" while S? >
St and St < rK/d,. We show the existence of an arbitrage opportunity.

The optimality of immediate exercise implies C™ (S?, S?)=S'— K>0. onsider
the portfolio comprised of a long position in one call option, a short position in one
share of the asset 1 and an investment of K dollars at the riskless rate. The
initial cost of this portfolio is null. Suppose that we adopt the portfolio liquidation
policy

r=inf{uet,T):S, =5, or S, =rK/5; } AT.

Clearly 7>t because S? > Stand S* < rK/5,. The portfolio payoffs generated
by this policy are given by

time ¢ time 7
Buy Call (S} ~ K) (S!—K) vom (s $21)
Sell Stock 4S5} —S— [[ertr=vg§, Skdv
Invest K -K Ke- = K + fLT e T K dy
Total 0 ST—RK) V(™ (S5, 5%.1) — (S K)

B fl—r er(r—v) (5155 — TK) dv.

AsrK —6,S! > 0 for all v € [t, 7)the cash flow at 7is strictly positive (the
portfolio represents an arbitrage opportunity). We conclude that
S! > rK/§,. The limit stated follows.

In order to establish the limit lim, .7 B;"™ (t) = K we use the behavior of
the option with respect to dividends. Let C™ (S*, 52, ¢; §) be the price function
and £ (§), 7™ (8), 5™ (§)the exercise region components for the model
with dividends § = (§;,d2). Elementary arguments show that
cm (51,52775;0) for all (51,52) € R%, where 0 = (0,0), Consider a diago-
nal point (S, S) and suppose that immediate exercise is optimal at time ¢ in
the absence of dividends, i.e., (S,5,t) € £9™(0) = 7™ (0) N E5™ (0).
Combining these elements shows that

SAS—K<C™(S, 8,46 <C™(S,8,40)=SAS - K,
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where the inequality of the left hand side follows from the feasibility of exercise
at (S, S, t) in the model with dividends. Thus, (S, S, ) € e™ and therefore
EXT(S) NEST(8) D EPT(0) N E5™ (0). If follows immediately that K =
By (t;6) < B7™ (t;0). By Proposition 2.4 in Villeneuve (1999) the limit
result, B;" (t;0) — K as t — T,holds. This, combined with the previous
inequality, proves the claim.

Finally, property (vi) follows from (vi) in Proposition 80. H
Proof of Theorem 82: From the Tanaka-Meyer formula for the discounted

payoff Fy; = =" (X, — K)* (see the beginning of section 6.6.2) we obtain
Fo = Fyo+ MF + A with

1
Al = Lpxsxye "'rKdt+ se AL (80X — K)
_l{Xt>K}€_Tt [515,511{5t1<5t2} + 525’,521{5tl>5t2}} dt
1 —r
_50-72711{Xt>K}€ tXtdL (t, 0,111 (Sl) —In (82))

and where 02 = 0?—201poa+03. In the exercise region the local time
increment dL (t, 0; X - K) = 0 (because immediate exercise at X = K is
suboptimal for £ < 7). It follows that R, (rY;dt — dA} ) = —d Al is given by

1{Xt>K}€_Tt [(518,51 —TK) 1{5t1<st2} + (528? — TK) l{Stl>St2}:| dt

50 ok Xl (10510 (87) — In (7))

in the exercise region. The EEP representation follows from Theorem 21. B

Proof of Theorem 83: The proof follows directly from the EEP representation
in Theorem 82. The limiting conditions are those from Proposition 81. H
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Chapter 7

Occupation Time
Derivatives

This chapter provides an introduction to the valuation of occupation time
derivatives (OTDs), both European- and American-style. Following a brief
review of the literature associated with occupation time derivatives (section
7.1), the general class of OTDs is presented (section 7.2) and a general
symmetry property for contracts of this sort is established (section 7.3).
The next sections are devoted to specific contracts, such as quantile options
(section 7.4), Parisian options (section 7.5), cumulative Parisian options
(section 7.6) and step options (section 7.7). Most of the presentation in
these sections focuses on the case of European contracts that pay off at a
fixed maturity date, provided they are alive at that date. The valuation of
American-style OTDs is addressed next (section 7.8). The chapter concludes
with a discussion of the multivariate case (7.9).

7.1 Background and Literature

Occupation Time Derivatives (OTDs) are recent innovations that have
appeared in derivatives markets. Broadly speaking, an occupation time
derivative is a security whose payoff depends on the time spent, by the
underlying asset price, in certain pre-specified regions of the state space.
Various contractual forms embedding features of this sort have been quoted
in the OTC market. Examples include step options, whose payoffs are
discounted at random rates depending on the time spent above (or below)
a barrier, Parisian options that expire, or come into existence, if the asset
price spends more than a prespecified amount of time above (or below) a
barrier and quantile options that are contingent on order statistics
computed from the path of the underlying price.

The literature dealing with OTDs is still nascent but grows rapidly.
Parisian options and cumulative Parisian options are priced by Chesney,
Jeanblanc-Picque and Yor [1997]. Cumulative Parisian claims are valued
by Hugonnier [1999]. Step options are considered by Linetsky [1999] and
quantile options by Miura [1992], Akahori [1995] and Dassios [1995],
among others.

155
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Occupation time derivatives have applications for default risk modelling.
Corporate finance has long relied on option pricing theory to examine
default events and value defaultable securities. In legal systems with
limited liability, firms financed with combinations of equity and zero-
coupon debt can be analyzed as portfolios of vanilla options. This well
known feature of standard corporate securities, originally discussed in
the seminal papers of Black and Scholes [1973] and Merton [1973], has
given rise to an abundant literature dealing with incentives and conflicts
of interest between different classes of claimholders. Debts with protective
covenants can often be viewed as barrier options. These contracts typically
include early liquidation provisions stipulating a transfer of assets, or
even ownership, to debtholders when certain liquidity conditions fail to
be satisfied. Black and Cox [1976] recognized this connection and developed
valuation formulas accounting for early liquidation provisions. In their
setting the firm is liquidated (assets are transferred to debtholders) at the
first time at which the firm value reaches a prespecified barrier. In practice,
liquidation covenants often provide grace periods allowing the firm to take
corrective actions, before mandating settlement of the claims. Even in the
absence of explicit provisions to that effect, grace periods are sometimes
implicit as it takes time to determine the best course of action once a
violation occurs. Liquidity thresholds may then be violated for some time
before legal procedures are engaged. Actions leading to dissolution of the
firm or restructuring of the claims only take place if the time spent below
the prespecified threshold exceeds a given amount of time. As a result
debt and equity claims can be understood as occupation time derivatives
where the liquidation trigger is the length of an excursion below a barrier.
This insight is the basis for some recent studies using Parisian option
theory in order to value corporate securities and assess the risk of default.
Debt valuation models in this class are developed by Francois and Morellec
[2002], Moraux [2004] and Galai, Raviv and Wiener [2005], among others.

7.2 Definitions

Suppose that the underlying asset price S satisfies the Ito process (2.2) of
section 2.2 and that the interest rate is a progressively measurable process.
An occupation time contingent claim has exercise payoff

Y = F(S,0(8, 4))

for some measurable function F (-,-) : R} x [0,7] — R, where O (S, A) is
an occupation time process defined by

t
Oo,t (S, A) =/ Lis,eA@wwndy, t€[0,T]
0

for some random, closed set A(-,:): ([0,27xQ,B([0,17)) 2 F) — (R, B(R})),
that is progressively measurable. The process O,, (S, A) measures the
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amount of time spent by S in the set A, during the time interval /s, ¢/.
When s = 0 the abbreviated notation O, (S, A) = Oy, (S, A)will also be used.

The formulation adopted here is general. Note, in particular, that the set
A (-, ) can be a random set, as long as it remains progressively measurable.
Simple examples that have been extensively studied
in the literature involve constant sets of the form
A (L)={zcRt:2>L}or A= (L) = {x € RT : 2 < L} with L constant. In
these cases the occupation time of A is the amount of time spent above or
below a constant barrier L during the period of reference. Immediate
generalizations of these examples are obtained by letting the barrier be a
function of time or of a progressively measurable stochastic process that
lies in the asset span.

The pricing principles reviewed in chapters 2 and 3 apply to occupation
time derivatives. The price of a European-style OTD, issued at date 0, is
given by the present value formula

m (Y) - EL [R,/’TF (ST, O(),T (S/ A))} . (71)
Prior to exercise, the value of an American-style OTD, issued at date 0,

satisfies B
Vi(Y)= Sup Et [R: - F (S-,007 (S, A))] (7.2)
TESL, T
where S, is the set of stopping times of the filtration with values in [z, T/.
Before focusing on the valuation of specific OTDs it is useful to establish
a general symmetry property.

7.3 Symmetry Properties

As for standard options and “one-touch” barrier options, a symmetry
property links different types of occupation time derivatives. Write the
claim’s payoffas Y, = F (Sy, K, Oy 1 (S, A)) to emphasize the dependence on
a constant parameter K. This parameter can be thought of as a strike
price or as a cap, depending on the context. Suppose also that the payoff
function is homogeneous of degree one in the pair (S, K). The change of
measure described in section 2.7 can be applied to obtain,

Theorem 95 Consider an American-style occupation time derivative with
maturity date T and exercise payoff Y.=F (S, K, O.(S, A)) at time t, where
0. (S, A) is the occupation time of the set A during the period [0, 1]. Suppose
that the payoff function F (S, K, O (S, A)) is homogeneous of degree one
with respect to (S, K). Let V (S, K, O (S, A), r, 6; F,) be the value of the claim
in the financial market with filtration F,, asset price S satisfying (2.2) and
progressively measurable interest rate r. Prior to exercise

V (St, K, Ot (S, A) s T 5, ft) = V* (S:, S, Ot (S*, A*) 5 5, T3 ft) (7-3)
where A* = {A* (v,w),v € [t, T} with

A*(v,w)={z €Ry :2=KS/y andy € A(v,w)} (7.4)
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and Oq ¢ (S*, A*) = Op+ (S, A). Here O, (S", A”) is the occupation time of the
set A" by the price S” during [t, v]. The quantity V* (Sf,S, O;(S*, A*), 5,7, Fi)
is the value at t of the symmetric claim with payoff F'(St, S, O1(S", A")) =F
(S, St, O1(S", A")) at time 1, parameter S = S,, occupation time O, (S*, A*)
and maturity date T. The symmetric claim is valued in an auxiliary financial
market with interest rate 6 and in which the underlying asset price follows
the Ito process

sy =56, —r,) dt + o,dz)],  forvet,T) (7.5)

with initial condition S; = K. The process z* is defined by
dz} = —dz, +o,dv,v € [0,T], 25 = 0. The optimal exercise time of the
symmetric claim in the auxiliary financial market is the same as the optimal
exercise time of the initial claim in the original market.

This symmetry result is reminiscent of the earlier property stated in Theorem
26 for American options. It is somewhat more involved because an
adjustment in the occupation time is now necessary to obtain the symmetric
claim. Note, in particular, that the occupation time of the new claim, O,, (S,
A’"), is based on the set (7.4). This follows from the equality of events

{S, € A(v,w)} =185, = KS5/S, € A" (v,w)}

implying that the occupation times

-

Oo,r (S, A) =/ Ls,cA(vw)ydv =/ Lssear(vw)ydv = Op - (87, AY)
0 0]

coincide for any stopping time 7 of the filtration.

The symmetry property for occupation time derivatives in Theorem 95
helps to price a number of contracts by just using formulas derived for the
symmetric claims. Several applications of this principle will appear in the
next sections devoted to specific contractual forms.

7.4 Quantile Options

Quantile options were introduced by Miura [1992] and studied by Akahori
[1995] and Dassios [1995]. Complementary results about the a-quantile
of a Brownian motion with drift can be found in Embrecht, Rogers and Yor
[1995], Yor [1995], Takacs [1996] and Fusai [2000].

7.4.1 Contractual Specification

A European-style o-quantile call option pays off (M (o, T) - K)* upon exercise
where

t
M (a,t) = inf {x : / s, <gydv > ozt} =inf {z: 0, (S,A™(2)) > ot}
0

and A=(z) ={y € R, : y — 2 <0} The process M (o, t) is the smallest
threshold such that the fraction of time spent by the underlying asset
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price at or below M(¢, t), during the period /0, ¢/, exceeds a. The quantile call
payoff can be written in the equivalent form (S, exp (6M=(¢c, T)) - K)* where
M= (0, T) is the o-quantile of Z, =1og (S,/S,) /0, the cumulative continuously
compounded asset return per unit volatility. This follows because o-quantiles
are preserved by monotone increasing transformations (the o-quantile of a
transformed process is the transform of the a-quantile of the underlying
process), so that M (o, T) = S, exp (oM? (¢, T)) (see Lemma 104 in the
Appendix).

7.4.2 The Distribution of an a-Quantile

In order to price o-quantile options it is useful to have a closed form expression
for the density function of the threshold M? (¢, T). For tractability, assume
the standard financial market with constant coefficients (the Black-Scholes
setting). When the cumulative continuously compounded return per unit
volatility is a Brownian motion with drift m this density is (see Dassios
[1995], Theorem 1, with 6=1)

P (M7 (a,t) € dz) = g (z; o, t) dov

where -
g (x0,m,t) = / 9~ (z—y;m,at) g (ysm, (1 - a)t)dy  (7.6)
with
_ 2\"? (z — mt)* S x4+ mt
g~ (z;m,t) = <<E> exp (—T —2me""*N (—T) Liaso0y
(7.7)
2\/? (x —mt)? e x+mt
gt (z;m,t) = <<%> exp <_2—t> + 2me? N( NG ) Liz<o}
(7.8)

and N(x) the cumulative standard normal distribution function. The
complementary distribution function, G (z; &, 1, ¢) = [ g (w5 v, 10, t) da, is
the probability of the event { A/Z («,t) > z}. The representation (7.6)~(7.8)
is the consequence of a deep result, showing that the law of the quantile M?
(o, t) is identical to the law of S"Po<s<at Zs + info<s<1-ayt Z5 where Z’is an
independent copy of Z (see Dassios [1995], Theorem 2 and Embrecht, Rogers
and Yor [1995], Theorem 1). From this identity it follows that the density of
the quantile is the convolution of the densities of
SUPp<acar Zs and infoc <1yt 22 The latter correspond to the functions
g~ (;m,at) and g* (-;m, (1 — a)t)appearingin (7.6) and defined in (7.7)«(7.8).

7.4.3 Pricing Quantile Options

Given the explicit nature of the probability law of an a-quantile, the
European quantile option becomes easy to price.
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Theorem 96 (Dassios [1995]) Suppose that the underlying price S follows
the geometric Brownian motion process (4.1) with dividend yield 6. The
value of oo European-style a-quantile call with strike K and maturity date
T is then given by

c® (S,t) = Rt,TSt/
K/S,

oo p <log (z)’ oT — O (S, A_(Stz)),m, T t)
o T—1
X1gp —a)T<O¢(S,A- (St 2 oT dz
{t-Q1 )Oo_ ( (Se2))<aT} (7.9)
+Rt,TSt/ 110,(8,4= (8:2)) <t—(1—a)T}d%
K/S,

where O, (S, A(Sz)) is the occupation time at t of the set
A7 (S2) = {x eRT: 2 < Stz}

andm = (r — 6 — 30°) /o

The o~quantile pricing formula (7.9) is an adaptation of Dassios [1995] to
the case of dividend-paying underlying asset. In order to gain some intuition
it is useful to consider first the valuation formula at the issue date of the
contract, date 0. Using standard arguments and the properties of a-quantiles,
it is clear that the option price can be written as

c*(Sp,0) = E [RO,T (So exp (UMZ(a,T)) — K)+]
~ ENT
= RO,TSOE (eXp (UMZ(O[, T)) _ S_)
0
i K
B Y (R A,
log(K/So)/o So

where g (x; o, m, T) is the density of M?(o, T) under the risk neutral measure.
An integration by parts argument (using - dG (x; o, m, T) =g (x; o, m, T)
dx) gives

c®(S0,0) = Ro,TSo/ / g(z;a,m,T)dedz
K/Sy Jlog(z)/o

o 7.10
RO,TSO/ G (10g (Z);oz,m,T> dz ( )

K/So g

where G (log (z) /o; o, m, T) is the probability of the set {MZ (a, T) > log(z) }

o

This expression corresponds to the pricing formula (7.9) indicated in the
theorem because O, (S, A (S, z)) = 0 for all values of z at the initial date ¢
= 0. The alternative pricing formula (7.10) reveals a two-stage
decomposition of the option value. The first stage consists in conditioning
on a level z of the a-quantile of the normalized asset price S;/S, (i.e.,
conditioning on z = exp (6M*(, T))) and in computing the cumulative
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probability that the quantile exceeds log (z) / 0. This gives the function G (log
(z) /o; oo, m, T, parametrized by z. The second stage integrates over all levels
z for which the option is in the money at maturity.

A similar decomposition applies if the option is valued at a later date ¢
> 0. In this case, however, a correction is necessary to account for the
passage of time and the fact that the occupation time O, (S, A(S,,)) becomes
positive. Conditional on information at date ¢

Ca (St, t) = Et |:Rt,T (S() exp (O'MZ(O[, T)) — K)+:|

Rt TStEt

- s | (sl (70 r) - 2) - )
t
- K
= Rt,TSt/ (exp (ox) — ) (z,t;a,m, T) dx
log(K/S¢)/o St

Rt,TSt/ / gz, t;a,m, T) dedz
K/S¢ Jlog(z)/o

where § (z, t; o, m, T')is the conditional density at t of M?(¢, T) - Z, under the
risk neutral measure. Given that

T
{MZ (O[,T)—Zt>’LU} = {/ l{Z <w+Zt}d’U§O[T}

T t

{/ l{Z Zt<w}d’U<OzT / l{ZU—Ztgw}d'U}

0
T

_ {/ | a(t,w)(T—t)}

—t)>w}

N)

M

with Z, = Z, — Z, and
al — f(: l{ZU—Ztgw}d'U
T—t
it becomes apparent that the tail probabilities (setting w = log (z) /o)

/ §(@ tam, T) de = / g (2 a(t, log (2) /o), m, T — 1) da
1.

og(z)/o log(z)/o

alt, w)

coincide. The identification

¢ ¢
/ iz, -z, <wydv = / 115,<S; exp(ow)}dv = Ot (S, A7 (St exp (crw)))
0 0
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combined with the change of variables w = log (z) / o then gives, with ¢ =
™ (S[/, t),

S T—0,(S5,4~
& = Ry TSt/ / g <x ¢ O: (S, (Stz)),m,T — t> dzdz
+ ,
K/S: Jlog(z)/o T—1

*° 1 T — A~ 7.11
Rt,TSt/ G ( 0% (Z), ¢ O (5, (Stz)),m,T — t) dz. (7.11)
K/5, g T—1

To reconcile this last expression with the result in the theorem it is
useful to consider two cases. The first case is for ¢ < min {7, (1 - )T}. As
t-(1-a)T < 0 the event {O, (S, A (S,2)) <t — (1 — «)T}is empty. On the contrary,
as O, (S, A= (S,2)) <t < aT,theevent{t — (1 —a)T <O, (S, A" (S,2)) < oT'}ig
the full set. Formula (7.9) then reduces precisely to (7.11). In this instance
the conditional distribution of the a(¢,1og (z) /o)-quantile is well defined
for all values of z in the range where the option pays off at maturity. The
option formula is then identical to the formula at date 0, except for the
correction parameter @(f, -) in the density function of the quantile induced
by the realized occupation time at the valuation date ¢. The second case is
when ¢ > min {aT, (1 - o)T}. In this instance the event
{0, (S, A= (S,2)) <t — (1 — )T} = {a(t,log(z) /o) > 1} may become non-
empty for some values of z and, in those cases, the probability of the event
{MZ @(t,w), T —t) > w} - {ftT 17, cu)dv S @(tw0) (T - t)},is one.

7.4.4 A Reduction in Dimensionality

The formula (7.9), provided in the theorem, is difficult to implement because
the occupation times O, (IS, A(S,.)) must be recorded for all levelsz > K/S,.
As revealed by the discussion above, computations appear much simpler
for newly issued contracts. But even in this case, implementation requires
the computation of a triple integral, given that the complementary
probability function G (z; o, m, T) is a double integral.

A simpler expression is derived by Takacs [1996] (see also Fusai [2000],
for additional results). For the case z > 0 he shows that the probability of
the event {M?(c, T) > z} can be written in the alternative form

G(z;a,m,T) = / g(z;a,m,T)dx
= 2/0‘ 7 (u; m\/f) go (u; i, mﬁ) du
0 VT

for oc € [0, 1], where

oy L1 x _m -y mN (my/1—u
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The density function can be obtained by differentiating G (z; o, m, T) with
respect to z and taking the negative of the resulting expression. In this

formula the product 2¢; (u; m\/T) g2 (u; z/VT,m T) represents the

density of the average occupation time

Or (Z, A= (z 1 [T
M:T/O 1z, <) dv.

Given that the events { MZ#(, T) > z} and {Or (Z, A (2)) /T < o} and are
the same, the expression above follows.

The case z < 0 can be treated by symmetry. It is easy to verify the the
random variables Ot (Z, A= (2)) /T and | —Or (—=Z, A=(—z2)) /T have the
same distributions. The variate Or (—Z, A= (—2)) /T is the average
occupation time by the Brownian motion - Z with drift - m of the set A(-z),
where - z = 0. Its distribution is obtained from the expressions above
substituting (-z, -m) in place of (z, m).

7.4.5 Quantile Contingent Claims

A European a-quantile contingent claim pays off Y, = F (M (o, T), K, T) at
the maturity date, for some measurable function /. Here K represents a
parameter or a vector of parameters affecting the payment. Examples of
claims of this sort include quantile forward contracts, quantile vanilla
options, capped quantile options, quantile straddles or quantile digital
options. An adaptation of Theorem 96 provides the following valuation
formula,

Theorem 97 Suppose that the underlying price S follows the geometric
Brownian motion process (4.1) with dividend yield 6. The value, at initiation,
of oo European-style o-quantile contingent claim with parameter K and
maturity date T is given by

oo

cc™ (Sy,0) = RO,T/ F(Spexp(ox), K, T) g (z;a,m,T)dz
— 00
with m = (7" — 06— %02) /o,

For differentiable claims, an expression involving the cumulative
distribution function of the quantile, as in (7.10), can also be retrieved by
using an integration by parts argument. For non-linear contracts this
representation will involve the derivative of the claim in addition to the
cumulative distribution function. Pricing formulas for subsequent times ¢
> 0 can also be obtained using the arguments underlying the derivation of
(7.9), with suitable modifications to account for the general payoff structure.

7.5 Parisian Options

The Parisian option is another example of an occupation time derivative.
This class of derivative security was studied by Chesney, Jeanblanc-Picque
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and Yor [1997]. The rationale for considering a contract of this sort is to remedy
some of the problems (e.g. vulnerability to price manipulations) associated with
standard “one-touch” barrier options that lose all proceeds (knock-out options) or
come alive (knock-in options), suddenly, when the underlying asset price reaches
acontractually specified level. Parisian options, in contrast, lose value or come
into existence progressively if the underlying asset price stays above, or below, a
barrier for a sustained period of time.

7.5.1 Contractual Specification

A Parisian knock-out option with window D, barrier L and maturity date T'
will lose all value if the underlying asset price has an excursion of duration D
above or below the barrier L during the option’s life. If the loss of value is
contingent upon an excursion above (below) the barrier, the option is an up-
and-out (down-and-out) Parisian option. A Parisian knock-in option with
window D, barrier L and maturity date 7' comes alive if there is an excursion
of duration D before maturity. If birth is contingent upon an excursion above
(below) the barrier the option is an up-and-in (down-and-in) Parisian option.

The stopping time representing an excursion of duration D is needed to
describe the contract payoff. Fix a time ¢ € [0, T (the current time), a
barrier L and suppose that no excursion of length D has taken place strictly
prior to ¢. Also suppose that the initial asset price lies below (above) the
barrier in the case of a knock-in or knock-out up (down) option.! Let g (L,
t) = sup {s <t : S,= L} be the last time before ¢ at which the process S has
reached the barrier L in the interval [0, T'] (if such a time does not exist set
g(L, t) = t). The random time

i t

O: (S, AT (¢, 1)) =/ lys,>rydv :/ Li(v,8,)e A+ (t,0)3 AV, (7.12)
g(L,t) 0

where AY (¢, L) = {(v,2):t > v > g(L,t),z > L} measures the age of a
current excursion above the level L. The random time

HY (t,L,D)=inf{ve[t,T]:0, (S, A% (v,L)) > D} (7.13)

is the first time in [t, T at which an excursion of length D above L is
recorded; if no such time exists set H* (¢, L, D) = . Note that this excursion
starts at g(L, ¢), a time that may be strictly prior to ¢. The payoff
of a Parisian up-and-out call with window D is Ly z+(..r.py>7y (ST — K) .
Likewise, the payoff of a down-and-out Parisian call is . Here

H™ (t,L,D)=inf{ve[t,T]:0, (S, A" (v,L)) > D}
with A= (¢, L) = {{v,z):t > v > ¢g(L,t),x < L} represents the first time

in /¢, T/ at which an excursion of length D below L is recorded (as before H-
(t, L, D) = - is no such time exists). Parisian knock-in calls come into existence

! This assumption only serves to simplify the description of the contracts. If it is violated
the definition of the random time g (L, t) must be adjusted.
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if an excursion of length D occurs before maturity. The
payoffs are l;g+urpy<r) (St —K)" for an up-and-in call and
Lig+(e.0.0y<1) (ST — K)* for a down-and-in call. Parisian put option payoffs
are obtained by substituting (K - Sp)* in place of (S;- K)* in the expressions
above.

7.5.2 Parity and Symmetry Relations

Before proceeding to value Parisian options it is useful to identify certain
relationships tying the prices of various contracts together. It is assumed,
throughout this section, that the primitives (S, r) satisfy the conditions of
section 2.2.

Parity formulas relate the prices of European-style Parisian knock-in and
knock-out options. Let us focus on call options; the same relations apply for
puts. Let ¢?® (S, t, K, T, D, L) be the price of a down-and-out call with strike
K, maturity date 7, window D and barrier L. Let ¢*% (S, ¢, K, T, D, L) be the
price of the down-and-in call with the same contractual characteristics. The
following no-arbitrage relation ties the two prices together

P (S4,t,K,T,D, L)
= E [Rt,Tl{H—(t,L,D)>T} (St — K)Jr}

= E [Rt,T (St — K)+] - B, [Rt,Tl{H—(t,L,D)gT} (St — K)*
= C(StataKaT)_cpdi (StataKaTaDaL)

where c(St, ¢, K, T) is the European vanilla call price. A portfolio composed
of a down-and-out and a down-and-in call, both written on the same
underlying asset and with the same strike, maturity date, window and
barrier, is therefore identical to a standard call option. It is also
straightforward to verify that Parisian up-and-out and up-and-in call
options are related in a similar manner. These parity relations mirror
identical relations linking “one-touch” barrier knock-in and knock-out calls
and standard call options.

An application of Theorem 95 also shows that American-style Parisian
call and put options are symmetric to each other. Let ¢ € [0, T and suppose
that no excursion of age D has occurred before ¢. This symmetry relation
can be stated as

CPu (Sy,t, K, T, D, L,7,6; F¢) = PP (S§,t,8,T,D, KS/L,§,;F)

where prde (§* t S T D, KS/L,§, r; F;)is the price of an American Parisian
down-and-out put option with strike S, maturity 7, window D and barrier
KS /L in an auxiliary market with interest rate 6 and where the underlying
asset S” pays dividends at the rate r.

To get insights about the nature of this symmetry property recall that
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S*=KSS/S,, and note that g (L,t) =sup{s <t: S, = L} =sup{s <t:S; = KS/L}
=g*(K/L,t). It follows that the occupation times

i
O (s AT D) = [ lsend
g(L,t)
i
= / Liks/p>s:ydv = Oy (S, A7 (t, KS/L)),
g*(KS/L,t)
and therefore the stopping times
H* (¢t,L,D)=inf {v e [t,T]: 0, (S,A" (v,L)) > D}
H*~ (t,KS/L,D) =inf {v € [t,T]: O, (S*, A~ (v, KS/L)) > D}
at which the call and put options lose all value also coincide. One concludes that
Cpuo (Sta ta Ka Ta Da La T, 57 ft)

= sup Et |:Rt,T1{H+(t,L,D)>T} (S‘I’ - K)—ﬂ
TGSt,T

sup [Ef [exp (—/ 5vdv> Lipre-(5/0,0)ry (S — 85T
t

TGSt,T

= deo(S:ataSaTaD’KS/L’(S’T;]:t)

where E," is the conditional expectation at ¢ under the measure @". An
American-style Parisian up-and-out call with strike K, maturity 7, window
D and barrier L has therefore the same value as an American-style Parisian
down-and-out put with strike S =S, maturity 7, window D and barrier KS/
L, in an auxiliary financial market with interest rate § and in which the underlying
asset price follows the Ito process describedin Theorem 95. Chesney, Jeanblanc-
Picque and Yor[1997] derive this symmetry property for European Parisian options
in a financial market with constant coefficients.

7.5.3 Pricing Parisian Options

Let us now focus on the valuation of European-style Parisian knock-in call
options. The parity and symmetry relations discussed above show that the
formulas presented in the next theorem also apply to knock-out call options
and knock-in and knock-out put options, modulo simple transformations.

Assume the standard model with constant interest rate and geometric
Brownian motion price process (Black-Scholes setting). For a constant
v let R}, = e~ 7T be the discount factor at the rate . A pricing formula for
the option, in this environment, is derived by Chesney, Jeanblanc-Picque
and Yor [1997].

Theorem 98 (Chesney, Jeanblanc-Picque and Yor [1997]) Let S, = S. The
value of a Parisian down-and-in call option with window D, barrier L,
strike K and maturity date T is given by
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¥ (S,0,K,T,D,L) = R}, / €™ (Se”V — K) y(T, y)dy (7.14)
do(S,K)
where v =7+ 3sm? m = (7" — 35— %0'2) Jo, do (S, K) = log(K/S) /o
and Ty (N, y) = [° e hy (t,y) dt. The function h(T, y) is characterized by
its Laplace transform 1y (A, y) = [i° e~ hy (t,y) dt given by the formulas in
Lemma 107 in the Appendix.

To gain insights into the structure of this formula note that a change of
measure can be invoked to write the price as (for parsimony the notation
¢’ ig used for the price without specifying the arguments)

¢ = RpE [I{H—(O,L,D)gT} (St — K)ﬂ
_ 8 mZr—im?T o +
= RrpE |:1{H;(O,Z,D)§T}e T—32 (Se T —K) ] (7.15)
A P R CO e O

where Z,= Wv+mv for v € [0, T is a Brownian motion process under the
measure @° such that dQ* = exp (—mWr — 4m?1) dQ = exp (—mZr + tm?1) dQ.
The expectation E¢/.] is under @ and the random time

H; (0,1,D)=inf{v € [0,T): O, (%, A; (v,1)) > D}

is defined with
A7 (v, ) ={(s,2) :v>s>g,(L,v),z <1}

g (L,v)=sup{s<wv:Z,=1}.

Note that the equality in the second line of (7.15) uses g, (I, v) = g(L, v) and
{H-(0,L,D) <T} ={H,(0,l,D) <T}. Inspection of the expression on
the right hand side of (7.15) shows that the Parisian down-and-in call in
the original market has the same value as a random number e™* of Parisian
down-and-in calls in a financial market with interest rate r* = r + im?
and in which the underlying price S7 = Sc¢”#: evolves according to

1
dS;/S; = (r® —6°)dt + odZ; = §m2dt + odZ;

and thus pays dividends at the rate &=r.
Next, use the law of iterated expectations to condition on the time of
birth H, (0,, D) and write

Pl = R B [1 (= 01.py<r) [emZT (Se7%r — K)+’ Fy- (O,LD)H (7.16)

where
Jod [emZT (SeO’ZT _ K)'I" fH;(O,l,D)}

+oco
= / e (Se?Y — K) (y;ZHz_(O,l,D)’T — H; (0,1, D)) dy

— 00

PP (ZH;(O,Z,D)’T_HZ_ (0,1, D);m) (7.17)
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and where n(y; i, 0% is the normal density function with mean x and variance
0. Modulo a discount factor correction (equal to RLZ_ (oL D),T) the quantity

ppdi (ZHZ (O.4,D)> T—H;(0,l,D); m) in (7.17)is nothing else but the price of

the option at the time of birth H; (0,/,D). Formula (7.16) is the present value
at initiation of the option value at birth. This present value is calculated by
taking the expectation E® [.] over the random variables
Zy=o..py and H_ (0,1, D)appearing in the components of the formula.

The valuation formula (7.16)—(7.17) may seem difficult to exploit, at first
sight, as it requires integration over a non-trivial bivariate distribution. The
usefulness of the representation becomes apparent once it is found out that
the random variables Zz - (o,.py and H. (0,, D)are in fact independent of
each other. This remarkable property relates to the information content of
H; (0,1, D). In essence knowing that /. (0,, D) has materialized reveals
the last hitting time g. (1, v) = sup{s <v : Zs = [} as well as the occurrence of
an excursion of length D below the barrier. But it does not convey further
information about the trajectory followed from ! to Z5 -, ; p). The set of
possible trajectories from [ to Z - (0,1, pyis therefore unrelated to the particular
values of H, (0,[, D)drawn. This intuitively suggests that the two variables
are independent (see the Appendix in Chesney, Jeanblanc-Picque and Yor
[1997] for additional insights and mathematical notions associated with this
result). From this independence property it now follows that the expectation
in (7.15) can be written as

£P [I{H_(O L,D <T}Updi (ZH‘(O Loy I'—H (0,4, D) 3m)}

= [ {H: (OlD)<T}/ Updl Z T—HZ (0.1, D)§m)¢(d7«“)]

+oo )
/ E* [1{H;(OJVD)§T}UW (z,T — H; (0,1, D);m)} ¢ (dz)

— o

+oo
= / €™ (SeY — K)*

— o

+o0
X (/ ES [1{H;(071’D)§T}n (y; z,T— H (0,1, D))] (b(dz)) dy

— o

where ¢ (dz) is the probability law of the random variable Z g (0.1, pyand the
inside expectation is over the random variable H; (0,/, D). Setting

+oo
h (T,y) = / E° [I{H;(O,LD)ST}TL (y;2, T —H (O,Z,D))} ¢ (dz)

— o

yields the form (7.14) in the theorem. The derivation of the Laplace transform
of hy(T, y) is carried out in Chesney, Jeanblanc-Picque and Yor [1997].
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7.5.4 Parisian Contingent Claims

A Parisian contingent claim is a generalization of the Parisian option obtained
by replacing the option payoff with a more general function. In its most general
form a Parisian claim (European-style) with window D, barrier L and maturity
date T pays off Yr = F (Sy, K. T,D,Or (S, A* (-, L))) at maturity. In this
contractual form, parametrized by the occupation time (7.12), the final payment
depends on the age of an excursion above or below the barrier. Knock-in and
knock-out Parisian claims are special cases where the claim comes into existence
or expires if the underlying asset price has an excursion of duration D above or
below the barrier L during the life of the contract. Up and down versions of
these claims are defined as usual, contingent upon an excursion above or below
the barrier. For instance, a Parisian up-and-out claim with window D pays off
Lig+@.o.py>7yI" (ST, K, T) at the maturity date, where H* (¢, L, D), defined in
(7.13), measures the first time at which an excursion of length D above L is
recorded.

Knock-in and knock-out Parisian claims satisfy parity relations that
are similar to those tying pairs of knock-in and knock-out options together.
For example, it is immediate to verify that the combination of a down-
and-out and a down-and-in Parisian claims, both with exercise payoffs
(S, K, T), gives a European claim with payoff F (S;, K, T). Likewise
symmetry relations hold for knock-in and knock-out claims that are
homogeneous of degree one in the pair (S;, K). For valuation purposes,
note that the following variation of Theorem 98 holds,

Theorem 99 Let Sy= S and suppose that the standard model with constant
interest rate and geometric Brownian motion price process applies. The
value of a European-style Parisian down-and-in contingent claim with
exercise payoff F' (S, K, T), window D, barrier L, parameter K and maturity
date T is given by

ccPd (5,0, K,1,D, L) = R% / eV (Se?Y, K, 1) hy (1, y)dy (7.18)

—o0

where v =7+ im*, m = (r —§ — 10?) /o and | = log(L/S) /o. The function A,
(T, y) is the same as in Theorem 98.

The proof of (7.18) is straightforward and parallels (7.15). Parisian down-
and-out claims can be priced from (7.18) by using the parity relation tying
in and out claims to plain vanilla claims.

More general contractual specifications can be priced by using the joint
distribution of the occupation time and the underlying asset price at the
maturity date. This approach is especially useful when the joint
distribution, or its Laplace transform, has an analytical representation.
Cumulative Parisian claims, examined next, provide an example where
this is the case.
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7.6 Cumulative Parisian Contingent Claims

Cumulative Parisian options, like Parisian options, were analyzed by Chesney,
Jeanblanc-Picque and Yor [1997]. Cumulative Parisian contingent claims
are discussed and priced by Hugonnier [1999].

7.6.1 Definitions and Parity/Symmetry Relations

A cumulative Parisian option, also called a cumulative barrier option or a
delayed barrier option, pays off contingent on the cumulative amount of
time spent above or below a prespecified barrier L. For European-style
contracts the occupation time of relevance is

T
OT (S, Ai (L)) = / l{SUeAi(L)}d'U
0

with A% (L) — {x C Ry : £(x L) = 0}. Cumulative knock-in options pay
off in the event {Or (S, A* (L)) > D}, i.c.,if the underlying price spends an
amount of time above or below the barrier in excess of D during the option’s
life [0, T']. For cumulative up-and-in and down-and-in calls the payoffs are

Lor(s.ar@yzny (ST — K)* and 1o, (s,4-(n)=p} (ST — K)*.

Cumulative knock-in puts are defined by substituting (K - Sp)* for (S; - K)*
in these expressions. Knock-out options are obtained by performing the
usual modification.

More generally, a European-style cumulative (Parisian) barrier
contingent claim has a payoff of the form

Yr = F(Sr,K,T,D,Or (8, A= (L)))

for some measurable function F. Particular cases include cumulative
Parisian options, cumulative binary and digital options, and cumulative
asset-or-nothing options. Cumulative corridor claims, such as corridor
options, can also be defined by writing the payoff as a function of the
occupation time of a band [L,, L] (or letting O be a two dimensional vector
of occupation times). Further generalizations are obtained by using
multiple bands (letting O be n-dimensional) to define payment
contingencies.

The general symmetry result in Theorem 95 applies to cumulative
barrier claims. If the function F (S, K, T, D, O (S, A*)) is homogeneous of
degree one with respect to the pair (S, K) the value of the cumulative
barrier claim is identical to the value of a symmetric claim with payoff

Yi =F(S,57,T,D,0r (S*, AT (KS/L)))

in an auxiliary economy with interest rate 6 and in which the underlying
price follows the Ito process described in the Theorem. The occupation
time of relevance is based on the set AT (KS/L) = {y e Ry : £(KS/L —y) > 0}
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because x > L is equivalent to KS /L > KS / x =y, for positive reals K, S, L and
x. Applied to option payoffs this result establishes that a cumulative up-and-
in call is symmetric to a cumulative down-and-in put.

Note also that cumulative barrier payoffs satisfy the relation

Liop(s,a+@Ly=pyF (ST, K, T) + 110,(5,4+ (L)) <Dy F' (ST, K, T) = F (S1, K, T')

where F(Sy, K, T) is any measurable function. Parity formulas tying knock-
in and knock-out cumulative barrier contingent claim prices to the
corresponding “plain vanilla” claim price follow.

7.6.2 Pricing Cumulative Barrier Claims

For pricing purposes let us consider the model with constant coefficients
(Black-Scholes setting). In this context, Hugonnier [1999] is able to solve
for the joint law of the occupation time and the asset price and to provide
explicit valuation formulas for a variety of claims, such as those described
in section 7.6.3. His derivation of the joint law relies on a characterization
of the distribution of certain functionals of Brownian motion established
by Kac [1949], [1951].

A cumulative barrier claim with payoff Y, = F (Sp, K, T, D, Or (S, AT (L))
can be priced by using the change of measure in (7.15) to write

v (S.K,T.D,L) = RrE[F(Sr.K,T.0r(S,A*(L)))]

= e UHIT s [emZr g (Se7 71 KT, Or (2. A* (1)))]

where Or (Z, A* (1)) is the occupation time of A* () = {x ¢ R} : £ (z — ) > 0}
by Z, with [ =log(L/S) /o. If k¥ (t,ds,dx) = P(O, (Z, A* (1)) € ds, Z, € dx)
represents the joint law of Z, and O, (Z, A* (1)) one can write

+oo  poo
W= wg [ [T (S KT ) HE (s da)dd

Assume that the asset price is below the barrier (i.e., S < L or [ > 0).
Using Kac’s characterization Hugonnier shows that the joint law of Z, and
O4Z, A* (L)) is given by

kf(t,ds,dz) = lz>nl'(l,x —1,5,t — s) dsdx
1oy (U(20 = 2,0,8,t — s)ds — 6o (ds) Ay (¢, x)) do

where 6,(+) is the Dirac delta function at zero and

r ((L, b, u,v) = ‘/OOO % exp <_—(Z ;’Ua) ) exp <_—(Z ;ub) ) dz
(7.19)

l(ax):\/T?eXp <_2_t> - \/ﬁexp - 2 . (7- )
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When the asset price is above the barrier (i.e., S > L or 1 < 0) the joint law
can be recovered from the relation &, (£, ds, dx) = k‘*” (t,t —ds, —dz)fort >
0 and 0 < s < t. Finally, for excursions below the barrier it is given by
k; (t,ds,dx) =k (t,t — ds, dx), for all le R and ¢ > 0.

For intermediate times ¢ € [0, T'] straightforward arguments show that

+oo
o= RZT/ / eMTF (Se?® K, T, 0 + 8) ki (T — t,ds, dz) dsda

where S = S, is the underlying asset price at ¢, O,= O, (S, A* (L)) is the
occupation time at ¢ and R/ = R} /R]/.

7.6.3 Standard and Exotic Cumulative Barrier Options

In order to obtain the values of specific contracts it suffices to specialize
the payoff functions in the formulas above.

For a cumulative Parisian knock-in call option with strike K, maturity
T, window D and barrier L this gives

= (S, K,T,D, L)

+o0
= fr / / — K)" Loz pykit (T, ds, da) dsdw
= R'V/ eme (Se — / k:i: T, ds dx) dsda
do (9, K)
= R} (SVE,,(T,do (S, K),D,I)
K (45,50, D.D) (7.21)

where d, (S, K) =log(K/S) /o, 1l =d,(S,L) =1log(L/S)/oc and the
function ¢* is defined as

+ T
UE(T,d, D, 1) = / e”x/ EE (T, ds, dz) dsda.
d D

A cumulative digital knock-in call with strike K, maturity 7, window D
and barrier L pays off a dollar in the event {51 > K} N {04 (S, A= (L)) > D}
and zero in the complementary event. In this instance the formula
simplifies to

de§P® (S, K, T, D, L)

+oco
= ]{Y / / l{SeGIZK}l{SZD}kli (T, dS, dx) dsdx

= R} / / k= (T, ds, dz) dsda
do(SK

= RJVE(T,d,(S,K),D,l).
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Multiplying this expression by H also gives the value of a cash-or-nothing
cumulative binary call with strike K, maturity 7, window D, barrier L and
payment H in the event {Sr > K} N{Or (S, A= (L)) > D} (and zero
otherwise).

For an asset-or-nothing cumulative binary knock-in call with strike K,
maturity 7, window D and barrier L, that pays the underlying asset price
in the event {S; > K} N {Or (S, A* (L)) > D}, one gets

ab®*= (8, K, T, D, L)

+oo oo

4o 00
= RJS elmtoe / kE (T, ds, dz) dsda
do(S,K) D

= RLSVZ ., (T,d,(S,K),D,I).

m4o

These formulas show that a cumulative knock-in call is the difference between
an asset-or-nothing cumulative knock-in call and a cash-or-nothing
cumulative knock-in call with payment H = K. This parallels the relation
that ties together the prices of standard and binary (non-cumulative) call
options.

Computation of prices can be performed by numerical integration. Some
of the expressions presented above can be simplified, as shown by
Hugonnier [1999] and Moraux [2002] (see Lemma 108 in the Appendix).

7.7 Step Options

Step options were also designed to bypass some of the difficulties associated
with “one-touch” barrier options. Like Parisian options, they lose value more
gradually than the classic barrier options. Detailed motivation for the
contractual design and pricing formulas can be found in Linetsky [1999].

7.7.1 Contractual Specification

A step option is an option whose payoffis discounted at a rate that depends
on the occupation time of a set above or below a barrier. A proportional
step call, with strike K and barrier L, pays off

Y; = exp (—pO; (S, A* (L)) (S: — K)*

at exercise, for some p >0 where A* (L) is as defined above. The depreciation
rate pis called the knock-out rate and exp (-pO, (S, A* (L))) is the knock-out
factor. Proportional step options are also known as geometric or exponential
step options.

Simple step options use a piecewise linear amortization scheme instead
of an exponential one. A down-and-out simple step call, with strike K and
barrier L, has exercise payoff

Y; = max (1 — pO; (S, A= (L)) ,0) (S, — K)T.
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This option is knocked out at the random time
(=inf{ve[0,T]:0, (S, A= (L)) > 1/p}

(if such a time does not exist in [0, 7] set {= «), called the knock-out-time.
This is the smallest occupation time of the set above, or below the barrier,
at which the payoff vanishes.

Step put options are defined by substituting the put payoff function for
the call payoff function in the expressions above. Step options are
European- or American-style depending on whether they can be exercised
only at maturity 7 or at any time at or before maturity.

7.7.2 Pricing European-style Step Options

Step options are particular examples of cumulative barrier contingent
claims. Assuming the standard Black-Scholes framework they can be priced
by specializing the previous formulas.

Consider, for instance, a proportional step call with strike K, maturity
T and barrier L. Its price satisfies

&E (S, K, T, L)

+o0 T
= Ry / / e~Poe™ (Se® — K)V EE (T, ds, dx) dsdx
—o0 0

+0 T
- / e (Se7F — K) / ek (T, ds. dx) dsda
d,(S,K) 0

= RL(S®E., (p,T.do (S, K),0,T,1) - K®= (p.T,d, (S, K),0,T,1))
where

+o0o T
(I)f (pa ta da D, Ta l) = / / e’ e—pskl:t (t, dS, dil?) dsdz.
d D

For a simple step call the price is

5= (S, K, T, L)

400 T
= R%/ /0 (1—ps)Tem (Se”® — K)* k;E (T, ds,dz) dsdz
+oc

; TAL/p
= R%/ emF (Se’" — K)/ (1—ps) kli (T.ds,dz) dsdx
do(S,K) 0

= RL(S®%E,,(0.7.d, (S, K),0,T,.1)— K®E (0.7,d,(S,K),0,T,.1))
+pR%.S8,®% , (0.T,d, (S, K),0,T,.1)

—pRIK9,0% (0,T,d, (S, K),0,T,,1)

where T, = TAl/pand 8,9F is the derivative with respect to the first
argument, p, of the function ® (and those derivatives are evaluated at
the point p= 0).

Note also that the contracts in 7.6.3 could have been priced using the
function ®F. Indeed, simple inspection of the formulas shows that
U (t,d,D,[) =&*(0,t,d, D, t,1).
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7.8 American Occupation Time Derivatives

The valuation of American-style OTDs can be approached from several angles.
This section provides results pertaining to the early exercise premium
associated with such a contract.

7.8.1 Early Exercise Premium Representation

Consider an American-style OTD with exercise payoff Y = F' (S, O (S, A))
where O (S, A) is the occupation time process

14
OO,t (Sa A) = / l{SvGA(v,w)}d’Ua te [05 T] (7.22)
0

defined for a progressively measurable, closed set A (-, ) : ([0, 7] x Q,B([0,T]) ®
F) — (R, B(Ry)). In the general market with Ito price process and
progressively measurable interest rate the claim’s price, V, (Y), is given by
(7.2). Recall the Snell envelope Z; = sup,cg, ,. £t [D-]of the deflated process
Dy = §,,Y: and the stopping time

e =inf{s € [t,T]: Zs = D}, (7.23)

which exists, if D is continuous. Invoking Theorem 21 and specializing to
the payoff function under consideration gives the early exercise premium
representation.

Theorem 100 Consider an American-style OTD with exercise payoff Y = F
(S, O (S, A)) where O (S, A) is given in (7.22). Suppose that and that YeT?
the function F (z,y) € C>' (R, x [0,T)). The value of the claim at t € [0, 1]
has the early exercise premium representation

T
Vilf,Y) = E; [RexY7) + B / Ry slr —gy(rsYeds —dAY)|  (7.24)

0

where 7, =inf{v e [t,T]: Z, = Dy} and

OF 1 8°F OF
AY = =S (rs — 0) + =5 S202 + =1 cw)y. (7.25
d 8 888 (T 5 )+ 2 882 SSUS + 80 {SSGA( ) )} ( )
If the claim expires at a random time 7, the representation (7.24) holds
with the substitution of 7, NTin place of T and the convention that Y ar is
the rebate (which may be null) in the event of expiration prior to maturity.

As usual, the EEP formula (7.24) splits the value of the American claim into
two parts, the value of a European claim and an early exercise premium.
The benefits from early exercise, 7,Y,ds — dAY, depend on the appreciation of
the payoff described in (7.25). Two non-standard components appear in this
expression. The first one corresponds to the quadratic variation resulting
from the non-linear payoff structure. The second one captures the impact of
the occupation time. These components could add or subtract value depending
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on the curvature of the payoff and the nature of its dependence on the
occupation time. The expressions obtained show that immediate exercise is
optimal only if

oF 10%F oF
%SS (Ts - 5%‘) - 5 682 Sggi - %I{SSGA(S7UJ)} > 0

Ceteris paribus, contracts that are convex in the exercise region, entail
reduced local benefits. Likewise contracts that are positively related to
the occupation time lose value if exercised when the underlying price lies
in the set A(s,w).

Contracts, such as knock-out cumulative Parisian claims or knock-out
step claims, that are not continuous with respect to the occupation time,
are still valued according to (7.24) provided the maturity date is replaced
by 7, AT with 7, the random expiration date.

Finally, it is worth noting that the EEP formula (7.24) can apply even if
the payoff function is not C?! over the whole domain. Smoothness in the
exercise region, i.e., over the event {7, = s}, is enough for its validity.

rod —

7.8.2 Valuation in the Standard Model

More explicit expressions can be written in the standard model with
constant coefficients ; 6 and o (Black-Scholes setting). Let us focus on the
valuation of a cumulative down-and-out call with strike K, maturity 7,
window D, barrier L and null rebate in the event of a knock-out. Exercise,
at the stopping time 7, yields the payoff1{o.(s.4 (ry<ny (S, — K)" where

O: (S, A~ (L)) :/o Lis,ea-(rydv

is the occupation time of the set A~ (L) = {zr € R, : —(z — L) > 0} during
the period [0, 7]. Given that the pair of underlying variables, (S, O), follows
a diffusion process the price
Cet(S,0,1) = sup E [Rt,rl{OT(S,A—(L))<D} (S —K)*
T t,T

is a function of (S, O) and time ¢. The notation C*(S, O, t; K, T, D, L) is also
used below to emphasize the dependence on the contractual characteristics
K, T, D, L. The call price can be viewed as a function defined over the
domain (S, 0,t) € D =R, x [0, D] x [0,7T, given that the option is worthless
if O > D. Moreover, for ¢ fixed, the domain of the occupation time is [0,t/A\d],
because O, < t. The immediate exercise region is

gedoc = {(8,0,t) e D : C°%(S,0,t) = (S — K)T}.

Its (¢, O)-section is £°9°¢ (t,0) = {S € R, : (S,0,t) € £}.

Basic properties of the immediate exercise region are recorded in the
next proposition. Using € to denote the exercise region of a standard call
option and &% that of a one-touch down-and-out call, the following holds
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Proposition 101 The immediate exercise region has the properties

(i) (S,0,t) € £°%c implies (S,0, s) € ¢ forall t € [0, Tl and s € [¢, T].
(i1) (S, 0,t) € £ocimplies (M., M0, t) € £ for all Ay > 1,
D/O> N,=1andte [0, T].
(iii) Suppose S < max{K, (r/0)K}. Then (S,0,t) ¢ £°%°, for allt € [0,T)
and € [0, tAD].
(iv) (S,0,T) € £“°¢if and only if S > K.
()¢ C gedoe C gdoe,

Properties (i)—(iv) are standard and parallel those for standard options
stated in Proposition 31. The main difference pertains to the fact that the
exercise region is defined in terms of a triplet (S, O, t), reflecting the
dependence on the occupation time O. Property (ii) identifies the basic
nature of this relation. It shows that the exercise region is connected, up
to the boundary of the domain, in the O-direction. The reason for this feature
is the negative impact of the occupation time on the option value. When the
occupation time increases the probability of an early knock-out increases,
thereby reducing value. Immediate exercise is therefore optimal if it is optimal
at the outset, i.e., at (S, O, ¢).

Property (v) shows the relations between the exercise regions associated
with the one-touch down-and-out call, the cumulative barrier call and the
standard call option. The inclusions reported reflect the ordering of prices

C%(S,t;K,T,L) < C°°(S,0,t;K,T,D,L) < C(S,t; K,T).

American down-and-out calls are naturally worth less than standard call
options that are not subject to knock-out prior to maturity. The American
cumulative down-and-out call is also worth more than the one-touch down-
and-out call because of its resilience to breaches of the barrier: the option
remains alive at the first time at which the underlying price reaches the
barrier. The ordering of prices implies the ordering of the exercise regions.
If immediate exercise is optimal for the plain vanilla call, it must also be
optimal for the two barrier options. Similarly, if it is optimal to exercise
the cumulative down-and-out call it is also optimal to exercise the one-
touch barrier call.

The results of Proposition 101 enable us to define the boundary of the
exercise region as B = {B (t,0) : t € [0,T],0 € [0, A D|} where

B(t,0) =inf {S: S € £ (t,0)}

is the smallest asset price in the exercise region at date ¢ when the occupation
time is O. Moreover, standard arguments can be invoked to show that B (%,
0) is aright-continuous, non-increasing function with respect to time. From
property (ii) above it also follows that B (¢, O) is non-increasing with respect
to the occupation time. Limiting values can be also be easily inferred. As the
maturity date approaches the likelihood of a knock-out goes to zero and the
exercise region converges to that of a vanilla option. If £ > D and the
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occupation time approaches the window the likelihood of a knock-out increases.
In the limit (i.e., when O is very close to D, but strictly less) the cumulative
barrier option becomes similar to a newly issued one-touch option that is
knocked out at the next touch of the barrier. The difference between the exercise
regions of the two options vanishes.

The definition of B (¢, O) shows that immediate exercise is optimal when
S >B (¢, O). The exercise region can be written as

gedoe = 1(S,0,t) € D: S > B(t,0)}
and the event {7, = s} is the same as {S; > B (s, O,)}. The EEP formula in

Theorem 100 takes the more explicit form

Theorem 102 Suppose that the underlying asset price follows the geometric
Brownian motion process (4.1) and that the interest rate is constant. The
value of an American-style cumulative down-and out call has the early
exercise premium representation

Ce°(S,0,t) = c®°(S,0,t) + 7°°(S,0,t, B()) (7.26)

for O € [0,t A D] and t € [0,T], where c*®(S,0,t) represents the European
cumulative call option value and w®(S, O, t, B(.)) is the early exercise
premium. These functions are given by

D-0O
=R/ / / €™ (Se” — K)k; (T —t,dv, dz) dvdz  (7.27)
do(S,K)

D-0O
/ st/ / T (§Se” —rK)
do(S,B(s,0+wv)) (7.28)

k(s —t,dv, dz) dedvds
with v =r+3m? m = (r—6 —%0?) Jo. | = log(L/S) /o and d,(S,y) = log

(y/S) /0. The immediate exercise boundary B¢ solves the recursive
nonlinear integral equation
Bedoe(t 0) — K = ¢®°(B°(t,0), 0,t) + n°%(B°°(t,0), 0,t, B(-)) (7.29)
for O € [0,t A D] and t € [0,T) subject to the boundary conditions
Be°¢(T_,0) = max{K, (r/8)K}, for O < D (7.30)

Beoc(t, D_) = BY°(¢), fort> D. (7.31)
At maturity B;=K<Br.
The EEP formula (7.26)—(7.28) identifies two value components embedded
in the price of an American cumulative down-and-out call. The first is the
value of the European cumulative down-and-out call with identical
characteristics (K, T, D, L). The second is the value accruing from early
exercise, prior to the minimum of the knock-out time and the maturity
date. Both value components are written in terms of the joint density
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function, defined in section 7.6.2, for the occupation time and the cumulative
continuously compounded asset return per unit volatility.

The exercise premium component shows that value is created by
collecting the local benefits when immediate exercise is optimal and the
knock-out provision is inactive. The innermost integral in (7.28) adds up
those benefits for prices above the exercise boundary B (s, O + v), conditional
on a fixed time s and a fixed occupation time v. The middle integral sums
up the cumulative benefits obtained over possible values of the occupation
time, conditional on a fixed time s. The outer integral adds up the twice
cumulated benefits over times up to the maturity date. The order of
integration is dictated by the dependence of the exercise boundary on the
occupation time. This can be contrasted with the European price (7.27)
where the order of integration is immaterial.

As usual the EEP formula is parametrized by the exercise boundary
Bedee, which, in this case, is a two dimensional surface depending on time
and on the value of the occupation time. Given that the formula holds for
all values of (S, O, t) € D, it holds on the boundary of the exercise region.
This gives the integral equation (7.29). This equation, along with the
boundary conditions (7.30)—(7.31), can in principle be used as the basis for
a numerical scheme designed to compute the option value.

The transformations employed to derive the pricing expression in
Theorem 102 can be carried out for several other occupation time
derivatives. Cases requiring modifications of the results in Theorems 100
and 102 are those where the dependence on the occupation time takes a
more complex form than (7.22).

7.9 Multiasset Claims

Occupation time derivatives can be easily generalized to the multiasset
case. For a progressively measurable, closed set A and an n-dimensional
vector of asset price processes S, a multiasset occupation time F-claim has
payoff F(S, K, O54) where

t
O,}S’A 2/ lys,ca,rdv, te€][0,T].
0

As before K represents a parameter such as a strike or a cap, depending
on the specific context.

7.9.1 Symmetry Properties

Multiasset occupation time derivatives also satisfy certain symmetry
properties. To state the main result, recall the scaling operator in Appendix
A of chapter 6,

No; S =(S%,..., 877 AS7 S+ 8™

defined for a constant A and a vector of prices S (the j* component of the price
vector is rescaled by the factor \). Also for a given occupation time F- claim
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with parameter K and for any j = 1, ..., n define the associated F/-claim
obtained by permutation of the j* argument and the parameter

FI(S,K,0%%) = F (XN o; S,87,0%4)

with M =K/S’. With this notation the following natural generalization of
Theorem 95 is obtained.

Theorem 103 Consider an American-style occupation time F-claim with
maturity date T and a payoff function F(S, K, O54) which is homogeneous
of degree onein (S, K). Let V(S, K, O%4, 1, 6; F,) denote the value of the claim
in the financial market with filtration F,,, asset prices S satisfying (2.26)
and progressively measurable interest rate r. Pick some arbitrary index j
and define

r

5"

Prior to exercise the value of the multiasset occupation time F-claim is
V(Se, K,0%% 1,6, F,) = VI(S;,87,0547 67, M (6) o 6, F¢)

where A* = {A*(v,w),v € [t,T]} with

M(8) =

K S7
A*(v,w) = {J:E]Ri:. ; 7/1/ fori#j,x; = 5
Yy L¥]
and y = (y1, ..., yn) € A(v,w)}

and O = 0" Here VI(Sr, 57,074 67, )\j((i) 0; §;F,). Here is the
value of the Fi-claim with parameter i — s7, maturity date T and
occupation time 04" in an auxiliary financial market with interest rate
¢ and in which the underlying asset prices follow the Ito processes
dSi = S[(89 — 64 )dv + (09, — 08)dzd*]; fori#j andv >t
{ dSi* = SI*[(67 — r,)dv + 0ddzi*); fori=j andv >t

with respective initial conditions S for i # j and K for i=j. The n-dimensional
process 2" is defined by

dzl* = —dz, + o dv

for all v € [0,T], 2" = 0. The optimal exercise time for the occupation time
F-claim is the same as the optimal exercise time for the occupation time F/
-claim in the auxiliary financial market.

The major difference relative to the single asset case is the choice of
numeraire associated with the multidimensionality of the relevant
variables. Selecting a specific asset as the numeraire leads to one particular
symmetric contract. Another choice can produce a very different symmetric
payoff. In the end, all these contracts are related as they are derived from
a common specification.
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A simple illustration of this property is provided by the cumulative barrier
exchange options with payoff function (S* — S?) 1 (054> py, withD e [0, T'.
By taking asset 2 as the numeraire it can be verified that this exchange
option is symmetric to a cumulative barrier call with suitably adjusted
occupation time. If asset 1 functions as the numeraire then the exchange
option is symmetric to a cumulative barrier put with adjusted occupation
time. Other examples are provided by cumulative barrier max- and min-
options. When there are two underlying assets, knock-in call options in this
category have payoff functions of the form (S; V 57 — K)*1 545 ) (max-
option) (S} A S7 — K)T1 (054> pyor (min-option), where D e [0, 7. Put options
have similar structures substituting put payoffs in place of call payoffs. Knock-
out contracts are obtained by conditioning the payment on
{Of'A < D} instead of {Of A > D}.Taking the cumulative barrier call max-
option with knock-in window D as an illustrative example it can be verified
that this contract is symmetric to cumulative barrier options to exchange
the maximum of an asset and cash against another asset, for which the
occupation time has been suitably adjusted. There are two symmetric
contracts, both of the same type, depending on the asset chosen as the
numeraire.

7.9.2 Valuation

Multiasset occupation time derivatives can be valued using the same principles
as for the univariate case. Present value formulas such as (7.1) and (7.2)
naturally apply. A multivariate version of the early exercise premium
representation (7.24)—(7.25) also holds. In this expression the appreciation
component of the payoff function, described in (7.25), is obtained by an
application of the multidimensional version of Ito’s lemma and reflects the
impact of all prices. More explicit formulas can be obtained, in the standard
model with constant coefficients, for certain contractual forms. Cumulative
exchange options, for instance, can be easily valued in that context. For
many multiasset contractual forms, however, explicit formulas may prove
elusive. With that in mind, it is worth recalling that the duality method
applies to OTDs. As mentioned before this approach is useful for constructing
upper bounds for derivatives’ prices. Finding tight bounds and approximations
may be of particular interest in this context.

7.10 Appendix: Proofs

Proof of Theorem 95: Fix ¢ € [0, T and suppose that O, (S, A) = O, (5*, A*).
For any stopping time 7€ S, T the occupation time O, (S, A) can be written
as

O(),'r (S/ A) = Oy, (S/ A) + / 1{51,€A(v,w)}dv
3

= Oy, (5%, A7) +/ Lisrea(ww)ydv = Og, (57, AY)
{
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where S! = KS5/S,,v € [t,T] and Oq , (5*, A*)is the occupation time of the
random set A* by the process S*. Performing the usual change of measure
leads to the result stated. B

Proof of Theorem 96: The proof of the theorem relies on the next 3
lemmas. Throughout it is assumed that the uncertainty is generated by a
Brownian motion Z. A progressively measurable process is understood to
be adapted to the Brownian filtration.

Lemma 104 Let Z be a progressively measurable, continuous process with
a-quantile M? (o, t) and define the transformed process S = f (Z) where f(.) :
D—DD. is a continuous and increasing function. The o-quantile of S is the
transform of the o-quantile of Z, that is M (o,t)=f(M?*(o,t)).

Proof of Lemma 104: The definition of an a-quantile and the properties of
the map fgive

T
M (e, T) = inf {T : / lig,<zydv > aT}
0

T
= inf {T : / 1{Z,,§j’*1(m)}dv > OéT} .
0

T
= inf {f(y) : / Lz, <ydv > aT} (defining y = £ (z))
0

T
= f (inf{y:/ 1{z1,<y}dU>OZT}> (inf f(y) = f(infy))

0
= f(M7(a,])).

The equality on the second line uses the fact that fis increasing and continuous.

The third line follows from the definition x = f{’y). The expression obtained

represents a constrained minimization problem (of the function f{y)) subject to

a constraint on y. For the fourth line note that the function f () is strictly

increasing: the minimization can then be performed directly over the argument
y. The last line is the definition of the a~quantile of Z. B

Lemma 105 Let Z be o progressively measurable, continuous process with
Zy = 0 and a-quantile M? (o, T) over the interval [0, T1. Then

M7 (a,T) = M7 (a(t,5;), T — t) + Z
where g« — MZ (@ (t,57), T — t) with Zy = Z, — %4,

al — fg I{ngy}dv

T—t¢
and pp2 (@ (t,57), T —t)is the a(t,y;) a-quantile of the process Z in the
interval [t, TY.

a(t,y) =
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Proof of Lemma 105: Let Z be an adapted stochastic process with initial
value Z,= 0. Then

T
M7 (a,T) = inf{y:/ l{Zugy}dv>aT}
0

T t
= inf {y : / l{Zugy}dv > ol —/ l{Zugy}dU}
t 0
T t
= inf y/ l{ZU—Ztgy—Zt}d’U>O[T_/ l{ZU—ZtSy—Zt}dU
t 0

T (7.32)
= inf {§t+Zt : / 1{2v<§t}dv > a(t, ) (T_t)}
. <

wherey; =y — Z; and

t
A o — [, I{Zvéﬂt}dv ol — fot Lz, —z.<y—z,ydv

t = =
a(ayt) T _ ¢t T _ ¢t

Let 7 denote the solution of the minimization problem in (7.32). Then, by
Lemma 104, the last line of (7. 32) shows that M% (a, T) = §i + 2 where
7 = MZ (@ (tg;).T—t) with Z, = Z, — Z, and MZ (a(t,5;).T —t) the
@ (t,y;)-quantile of the process Z in the interval [z, 7. &

Lemma 106 Suppose that Z is a progressively measurable, continuous
process with independent increments and let ij: and MZ (a (t,y;), T —t) be
as defined in Lemma 105. Then,

PM7 @ (5,7 1) >z]ft}

= P [MZ( (t,2),T—t) > Z} Lio<a(t,»)<1} + L{1<a(t,=)}

where P [-| F,] is the conditional probability of pjZ @(t7;). 17—t and P
represents the probability measure over the increments Z = Z,— Z,. v >t ‘
The quantity o(t,z) is Fr-measurable.

Proof of Lemma 106: Using the definition of 177 (@(t,y7), T — t)and the
independence of increments gives
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ft]

= PMZ@(t2),T - ) > 2| Lipcaun<n

P:Mﬁ(a(t,@*),T_t)nw
[T
_p /t L e <@ (62) (1 1)

N T
_ P /t L el <@ (62) (1 1)

+1l1cag, )

where tAhe probability measure P is over the increments T = Zy— 7, forv > t,
and M4 (a(t,z),T — t)is the a(t,z)-quantile of Z in the interval /¢, T]. Note
that the equality on the third line uses the fact that a(z,2) is known at date ¢.
|

The proof of Theorem 96 proceeds as follows. Using the geometric Brownian
motion assumption write the asset price as S,= S, exp (6Z,) where

~ . 1 1
Zy =z +mt  with mz—(r—5——02>
o 2

is a Brownian motion with drift m under the risk neutral measure. Lemma
104 can be invoked to conclude that M (o, T) =S, exp (6M? (o, T)). Moreover,
Lemma 105 shows that M:(o,T)=M?)(a(t,y,), T-t)+Z, where 7=
M7 (a(t,y;), T —t) is the @ (t,7;)-quantile of the process Z in the interval /¢,
T].

The price of the a-quantile option price can then be simplified as follows

C*(Sut) = Rerki[(Soexp (eM? (7)) - K)*]

= Rl (soex0 (oM @07 1) +0) - K)']
(exp (UMZ (@(t,yy), T — t)) - %) +]
(exp (UM2 (@(ty). T - t)) - %) +]

o0 K
= Rers. [ (exp (o2) - —) (@t (tyl) m T) da
log(K/8) /o St

= RtyTS()egzt FE

= Rt,TStEt

where g(x,t:0,m, T) is the conditional density at date ¢ of MZ (& (¢, ) , T — t).
Integrating by parts and simplifying the resulting expression gives
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C* (Sy,t) = RthSt/ ae‘”/ gl tya(t,y),m,T)dvde
log(K/S:}/o z

— RS / / G0, 6@ () ,m, T) dvdz
K/S: Jlog(z)/eo

= RS, / P[MZ @ (5).T ~1) > log () Jo| 7] dz
K/St

= RurSi / B P M7 (@(tlog (2) /o), T — 1) > log (2) /o
K/S,

oo

X1{g<a(t,log(z)/o)<1yd2 + B 1St /

Lii<a(tlog(#) /o) 42

The second line, in this derivation, is obtained by applying the change of
variables z = ¢7%,dz = 0e’®dz. The third line uses the definition of the
conditional probability. The last line is based on the result in Lemma 106.

Using the density g (z; @, m,T — t) of the a-quantile of a Brownian motion
over [0, T - t] enables us to write

P [MZ @ (t,log (2) /o), T — t) > log () Jo

_ /100 g (@@t log (2) /o) ,m. T — t) do

og(z)/o
and
C*(S,t) = Rt,TSt/ / g(z;a(tlog(z) /o), m,T—1t)de
K/S; log(z)/c

oo

X Lfo<ait,log(z)/o)<11dz + Ry 75¢ /
K/S

1{1<a(t,log(z) /o)) A2
The transformation

ol — [ilis oy ody
a(t,log (=) /o) 0 {Zeshosta)/o}

T—t
e fot L(7, <log(z)/o+2:} AV
N T—t
_ ol = [y s, <5,4dv
B T—t¢
- ol — Ot (S, A~ (Stz))
N T—t

leads to the formula in the theorem. l
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Proof of Theorem 98: The arguments following the theorem show that

+o0
Crit =y [ e (se - K b (1) dy
where
+o0
hi (T y) E/ E? [I{H;(O,I,D)gT}n (y;2,T — H; (0, Z,D))} ¢ (dz).

To complete the proof it remains to characterize the function 4, (T, y). This
is accomplished in the next lemma which gives the Laplace transform of
h(Ty. 1

Lemma 107 (Chesney, Jeallblanc-Picque and Yor [1997]) The function h; (T,
¥) has Laplace transform hy (\,y) = f0°° e Mhy (t,y) dt given by

V2N .
Oy — 4 To s =0 if 1 <0
o Ty KA (v =) [P ey (d) + 2\/76*“) (Ly) ifl>0

where p; (dz) = (leXP (=12/2x) /v 277353) dx is the density of the first hitting
time of the level | by a Brownian motion and

J (A, D) = DVaAw (\/ﬁ)
W(z) = 1+ zv2mexp (%22) N(z)

oo 2
Ky pla) = / Zexp (z_ — |z +a \/2)\> dz
0 2D

Gap(l,y) = /_loc [CXP (%) —Cexp (%) exp (* ly — 2| Jﬁ) dz.

In the special case y >l the Laplace transform simplifies to

W (—v/23D) 21-1v3x if 1 <0
- ¥ (v2AD) V2
hy (A,y) = \p( \/T) SI=1VEX e—AD

\I/(m) N3N fo i (dl?) + mc’/\,D (l’ y) lfl >0.

Proof of Lemma 107: See Chesney, Jeanblanc-Picque and Yor [1997],
section 5 and Appendix. B

Remark 7 A more explicit expression for K, p(a) can be obtained by
performing the integration. This gives

Dexp (—ax/ﬂ) v (—\/2>\—D) ifa>0

Dexp ((L\/ﬁ)

+2DVFADENPFVIN [N (—et (a, A, D))
(Vo)

—2DVTADEN VAN (e (a, A, D)) if a < 0.
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with ¢* (a,\, D) = a/v/D + v2)D.
The following expression for the function ¥ (7,d,D,l) in section 7.6.3 is
provided by Hugonnier [1999] and Moraux [2002].

Lemma 108 (Hugonnier [1999], Moraux [2002]) For S < L (or 1 > 0),
Ut (T,d, D,I) / / e T'(l,x —1,8,T — s)dads
dv

(7.33)
—|—/ / e’ T (2l — z,0,8,T — s) dads.
dnl

For S >L (orl <0)it holds that

T M
v (T,d,D,l) = / / e I'(l —z,—1l,5,T — s) drds
D Jdnl

T + o
+/ / e’ (0,x — 21,5, T — s) dzds
D Javi (7.34)

+o0
+/ e A (T, —x)de
vl

with
+oco
/ e’ A (T, —x)dx
vl
= exp <1V2T> N (dy (dVi,v,T))
2 (7.35)
— exp (%I/QT + 21/l> N(da(dV 1Ly, T))
and IVl T
Vi—v
di(dVviv,T)= ——"— .
(dvil—20—vT)
do (dV 1Ly, T)=— . .

Similar formulas can be established for ¥, (T.d, D,l) using k; (T,ds,dz) =
kS (T, T — ds,dx),

Proof of Lemma 108: Assume 0 < D < T and recall that

U (T,d, D,I) / / e T (l,x — 1,8, T — s)dzds
v

—|—/ / e’ T (21 — 2,0,s,T — s) dads
D Jdnl

T
—/ / "% 0o (ds) Ay (t, 2) dx
D Jdnl
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If S <L (orl>0)use

T
/ / "% 6o (ds) Ay (T, ) da =
D Janl

(recall that D > 0) to show that (7.33) holds.
IfS>L(orl<0)usek; (T.ds,dr) =k, (I,T —ds,—dr) where

kll\ (I, T —ds,—dx) = l_p>_yI'(=l,—x+1,T —s,5)dsdx

+l eI (=204 2,0,T — s5,5) dsdx
Fl_genybo (T —ds) Ay (T, —x) dw

and the symmetry relationT" (a, b, u,v) = I' (b, a, v, u) to write
T(-l,—a+1,T—s5s8)="10—z,-1,5,T —s)
T(-2l+2,0,T —5,5)=T(0,2 — 2,5, T — s)

k+

H (I, T —ds,—dz) = lg<pl'(l—2,-1,5T —s)dsdx

e (0,2 = 21,5, T — s) dsdz
Hlizspyo (T —ds) Ay (T, —x) dx

+oo T
Ut (T,d,D,l) = / / " ki (T, ds, dz) dsdx
D

T
= / / e T (I —ax,—1,8,T — s) dads
dAl
/ / e’ T (0, — 21,8, T — s) dads
dv

/ /d €460 (T — ds) A_y (T, —a) da.

To complete the proof of (7.34)—(7.37) note that A_; (T, —z) = A; (T, x) and

+oo
/ / e’ o (T —ds)A_ (T, —z)dx = / e A_ (T, —x) dx
dv d

Vi

+oo
/ e’ N (T, z) da.
d

Vi
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Following Moraux [2002] one can then show that

+oo
/ "N (T, x) dx
d

vi
_ oo Pt~ |ex (_x_2> — ex _M dr
avi \/27TT P\ 7ar P 2T

e (1 2T)/Jroo L e <x2>d
= exp| =V ——exp x
2 (dVI—vT) /T V27 2
1 ) +o0 1 132
—exp | =v T—|—2yl> / ——exp ( —) dz
(2 (dVI=20—vT) /YT V2m 2
1
= exp <§V2T> N(dy (dviv,T))
1
—exp <§V2T + 21/l> N (d2 (dVvil,v,T))
withd, (dVv i,v,T) and do (d V[, l,v,T)and as defined in (7.36)—(7.37). &

Remark 8 The following explicit formula for the function I' in (7.19) and
Lemma 108 is provided by Hugonnier [1999],

av + bu exp(—a—z—ﬁ>
(u+v)* Vuw 20 2u
2/ 1 \*? L= a)?
AN A ) U+ v

2
X exp _(b—aqa) Nl au + bv '
2(u+v) w (u+v)

This expression, obtained by collecting terms and performing the integration

in (7.19), proves useful for the implementation of the valuation formulas for
cumulative barrier claims.

1
T(a,bu,v) = =

Proof of Theorem 100: The EEP representation in (7.24) follows immediately
from Theorem 21. The appreciation component (7.25) of the payoff Y = F' (S,
O) is obtained by an application of Ito’s lemma. This derivation uses the
evolution equation for the occupation time, dO; = 1(s,c4,3dt, t € [0, T]H

Proof of Proposition 101: Properties (i), (iii) and (iv) are natural extensions
of similar properties for vanilla options, and are proved along the same lines.
For property (ii) note that

C (XS, M0, ) < C°°(\,S,0,t) < C%(S,0,t) + (A — 1) S.
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A standard argument can then be invoked to prove the claim. Property (v)
follows from the bounds

C%*(S,t; K, T,L) < C“°(S,0,t; K,T,D,L) < C(S,t; K, T)

where the contractual characteristics associated with the options involved
have been specified. Assume that the down-and-out options are alive. It is
then clear that the optimality of immediate exercise of the vanilla call
implies the optimality of immediate exercise of the two knock-out options
(otherwise immediate exercise cannot be optimal for the vanilla option).
Likewise, optimality of immediate exercise for the cumulative knock-out
call implies optimality of immediate exercise for the standard knock-out
call. The ordering of exercise regions follows. H

Proof of Theorem 102: For a cumulative down-and-out call the EEP
formula in Theorem 100 becomes

Ce°(S,0,t) = ¢*(S,0,t) + 7°4°(S,0,t, B())
with

“°(8,0,t) = Ey [Rt,Tl{OT(S,A—(L))<D} (St — K)ﬂ

(8, 0,t, B()) = E

TNANT
/ Rt,sl{TS:S} (585 — TK) d;|

0

and 7. =inf{v € [0,T]: O, > D}.
The European option value can be simplified using the additivity of the
occupation time and the change of measure

1 1
dQ® = exp (—mWT — §m2T> dQ = exp (—mZT + §m2T> dQ

described in section 7.5. This gives
% (S, 0,1t)

+

= Ets |:RZT1{O+Ot,T<D}€m(ZT_Zt) (SeU(ZT—Zt) _ K) :|

+o0 T
= RZT/ /0 Liyep—oye™ (Se7" — K)+ k(T —t,dv, dz) dvdx

+oo D-O
= RZT/ / em® (S — K)+ k7 (T —t, dv, dz) dvdaz

—o0 0

+oo D-0O

= Rir / / e (Se” — K)k; (T —t,dv,dx) dvda.
T Jda(S,K) Jo

In the equality on the first line O, r is the occupation time of the set A" (L)
during the period /¢, T/ and the conditional expectation F; [-]is over the joint
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distribution of Z; - Z, and O, ;. The equality on the second line integrates over
the bivariate law of Z; - Z, and O, ;. The next expression is obtained by
restricting the second integral to the domain over which the indicator function
is one. The final formula restricts the first integral to the domain over which
the option payoffis positive.

Similar transformations can be performed to simplify the exercise
premium component. Using the equality of events
{rs = s} = {Ss > B{(s,0;)}where B (s, O,) is the exercise boundary at date
s and simplifying the resulting expression gives

7¢d°(S,0,t,B("))

T AT
/ Rt slis,>B(s,0.)} (055 — 7K) dS]

0

= Et

T
— S Y
= E; / R{ 1{0+0, <D} {5ec2:- 20> B(s,040,..)}
t

x g™ Zs=21) (5SeU(ZS_Zf) — TK) ds]

T
/ R} $(S,0,5 —t)ds
t

where
(b (Sa Oa s — t)
= E [1{0+0t <D} (seoz 203 B(s 010, € T (5Se (Ze=20) _ TK)}

+oo
/ / 1{O+v<D}1{Se”I>B(s O+v)} (5S€gx - TK)

—t,dv, dz) dvdx

D O
/ / ME(885e”" —rK) k[ (s —t, dv, dx) dzdv.
(S,B(s, O—H)))

The steps in this derivation are, by now, standard. The only noteworthy
aspect is the fact that the outside integral in the final expression for ¢ (:S,0,s—
t) is over the occupation time v during the period /¢, s/, whereas the inside
integral is over values of x for which immediate exercise at s is optimal. This
order of integration is dictated by the dependence of the exercise boundary B
(s, O + v) on the occupation time v.

The recursive equation for the exercise boundary follows immediately
from the EEP representation formula. The boundary conditions are
discussed in the text preceding the theorem. B

Proof of Theorem 103: Fix a time ¢ and suppose that asset j is selected
as the numeraire. By the homogeneity property the payoff function can be
rescaled and rewritten as
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o S, K 7
SN e e
(si/81) F (8., 807, 054)

F(S; K,05%)

for any stopping time 7€ S, 7, where

K  KS

o (siysi) o
S, = W(Si,...,Si_l,SZ,Si“,...,Sf)
T i

_ 1,% j—1,% 7 i1, % T ,*
- (ST’ a"'a‘s’qj- aSta‘S’qj- ’ a"'aS‘r )

and where, fori + j, Si* = (S /S7) S/. With the definitions
FI(S,K,0%%) = F (N o; 8,87,0%%)
Aoy 8 = (8", ..., 8971\ S+ S™) and NV = K/S7

(i.e., FV is the same as F but where arguments j and n + 1 have been
exchanged) it follows that

F(S,, K, 054) = (SZ/S;?) F (§T,S$*,Of~“) - (Sz/sg') Fi (Si,S{,Of’A) .

The same rescaling can be used to rewrite the occupation time during
the period /¢, T/, as

OtSfrA = / l¢s,ca,ydv
t
= / l{S:jeAjj}dU:Of:A*a fOI‘TE [t,T]
4
where A* = {A* (t, v, w)7 v E [t, T}} with

A*(t,v,w) = {x eRY 1ay = yng/yj, fori# j,z; = KSf/yj
and y = (y1,...,yn) € A(v,w)}.

Assuming that occupation times have the same starting value at ¢, O,S S
0, onc has 054 = 05"A™ for 7 € [t,T], and F(S,, K,054) = (SZ./SZ)
Fi (S:,SLOE*-A‘).

X
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With this notation the price of the American multiasset OTD is

V(S:, K094 1,6;F) = sup E;[R,.F(S, K 03%)
TESy, T
= sup Et [Rt,q- (Sﬁ_/Sg) FI (S:,Sg,Of*’A*)}
TESy, T
= sw B[R} (s7.5].08)]
TESe,

where R} . = exp (— [ d,dv)is the discount factor based on the rate §and
E[J [.]is the conditional expectation at ¢ based on the measure

dQ7 = (s%/sg) exp (— /O ! (o — 04) dv) dQ.

The last expression is the value at time ¢ of an American OTD with payoff
function F, written on the price vector S*, with fixed parameter s/ and
occupation time O**4, in an economy with interest rate equal to 6. It can be
verified that the evolution of S* in the modified economy is described by
the equations reported in the theorem. Asset j, therefore, has dividend
yield r while asset i’s dividend yield remains the same. The vector of
dividend rates can be written as \/(§) o, § with M (8) = r/¢’, as stated. B
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Chapter 8
Numerical Methods

This chapter presents numerical methods developed to compute the optimal
exercise boundary and the value of an American option. Particular emphasis
is placed on recent approaches. Our presentation starts with a brief
summary of popular methods proposed during the last three decades
(section 8.1). Approaches based on the integral equation for the boundary
(section 8.2) and on simple approximations of the optimal exercise policy
(section 8.3) are reviewed next. Both of these sections assume that the
underlying asset price is a geometric Brownian motion process and that
the interest rate is constant. Extensions to more general diffusions (section
8.4) and a summary of additional recent methodologies follow (section 8.5).
A numerical study is carried out to compare the efficiencies of some of the
approaches described (section 8.6). A presentation of methods for multiasset
options (section 8.7) and for occupation time derivatives (section 8.8)
concludes the chapter.

8.1 Numerical Methods for American Options

As shown in the previous chapters there is no known simple analytic
formula for pricing an American option. As a result one must eventually
resort to a numerical method to compute the value of a given contract. A
number of approaches have been proposed for that purpose. Among the
major ones we find computational methods based on lattices, partial
differential equations, variational inequalities, integral equations, stopping
time approximations and Monte Carlo simulation. In this section we briefly
survey the first three approaches and the related literature. Other methods
will be presented in more details in the following sections.

Lattice methods are among the oldest approaches pursued and perhaps
the simplest ones. They rely on the fact that a geometric Brownian motion
process can be approximated by a binomial lattice and that the resulting
option price constitutes an approximation of the true price. The advantage
of a latticebased approach is that it reduces an infinite dimensional problem
to a finite dimensional one. This is accomplished by discretizing the time
interval into a finite number of subintervals, n, and assuming that the
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underlying asset price has only a finite number of outcomes at each node of
the tree. The most common lattice approach, the binomial method, postulates
an asset price with two possible outcomes at each node (Su, Sd) where u
(resp. d) is the gross return if the price goes up (resp. down). Thus, each node
of the tree has two follower nodes. If u, d are constants the tree is said to be
recombining. In this case the total number of nodes at stepjisj+1,7=1, ...,
n. The American option price can then be easily computed in a backward
manner starting from the last step, n (the maturity date). At that point the
option value is the exercise value. So, for a call option
C(n,i) = (Su'd*~* — K)*,fori =0, ...,n. At step n - 1 there are n nodes, and
therefore n option values. These are computed using risk neutral valuation.
Thus,

C(n — 1,i) = max{V(n — 1,7), (Su*d" "' — K)*}

fori=0,...,n-1,whereV(n —1,i) = e "7/ (¢C(n,i + 1) + (1 — q)C(n,3))is
the continuation value, (Su‘d” =~ — K)*is the immediate exercise value and
g the risk neutral probability. At stepj there arej + 1 prices to compute, that are
obtained using the same formula (replacing n - 1 by j). The option price at the
initial date (with one node) is the unique value obtained at that point. The
optimal exercise policy is the first time at which immediate exercise is optimal
7 = inf{j € {0,....,n} : C(j,i) = (Su'd’* — K)"}. The optimal exercise
boundaryis B(j) = Su’ d/~ % wherei* = inf{i : C(j,1) = (Su'd’~" — K)*}.
This simple approach was initiated by Cox, Ross and Rubinstein [1979].
A variant of the method uses a trinomial lattice, with three follower nodes
issued from each node of the tree, to compute prices. This modification
was proposed by Parkinson [1977] and Boyle [1988] and is analyzed by
Omberg [1988]. Additional refinements of the binomial approach and
improvements in its implementation can be found in Rendleman and
Bartter [1979], Jarrow and Rudd [1983], Hull and White [1988], Amin
[1991], Trigeorgis [1991], Tian [1993], Kim and Byun [1994], Leisen and
Reimer [1995] and Curran [1995]. A proof of convergence for lattice methods
appears in Amin and Khanna [1994]. The convergence of the optimal
exercise boundary is proved by Lamberton [1993]. Convergence rates for
European-style options are derived in Leisen and Reimer [1995]. For those
contracts Diener and Diener [2004] carry out a detailed asymptotic analysis
of the behavior of the binomial approximation. Numerical estimates of
convergence rates for American-style option prices appear in Broadie and
Detemple [1996]. Analytical bounds for convergence rates of American
option prices in binomial lattices are derived by Lamberton [1998].!
Partial differential equations methods rely on the fundamental valuation
equation derived by Black and Scholes [1993] and Merton [1993]. This

'The price of an American contingent claim can also be estimated by using a random
walk approximation of the underlying Brownian motion. Error estimates for these types of
approximations are provided by Lamberton [2002].

© 2006 by Taylor & Francis Group, LLC



8.2. INTEGRAL EQUATION METHODS 197
equation states that an American call option price C(S, ¢) satisfies
1
Ci(S,t) + Cs(S,1)S(r — 6) + 5CSS(S, 1)S%0? —rC(S,t) =0

subject to the boundary conditionslim,; 7 C(S,t) = (S— KT, limg_.oC(S, 1) =
0, C(By,t) = (B, — K)" and limg_, 5, Cs(S,t) = 1. Here C, C, and C,, are
the partial derivatives with respect to time ¢ and the price S. Finite difference
methods to solve this equation were introduced by Schwartz [1977] and
Brennan and Schwartz [1977, 1978]. Convergence of the Brennan and
Schwartz algorithm is proved in Jaillet, Lamberton and Lapeyre [1990] and
Zhang [1995]. Related numerical methods can be found in Courtadon [1982]
and Hull and White [1990]. Some authors have also proposed approximations
of the fundamental valuation PDE that admit closed form solutions. The
quadratic method of MacMillan [1986] and Barone-Adesi and Whaley [1987],
as well as the method of lines of Carr and Faguet [1995], fall in that category.

An approximation that echoes some features of the binomial lattice
construction is the one proposed by Geske and Johnson [1984]. This
approach discretizes the time interval into n subintervals and evaluates
the American option price as a multidimensional integral involving the
relevant payoffs at each discretization point. In effect the method uses an
approximation of the true price corresponding to an exercise policy
restricted to the n discretization points selected. Implementation of the
formula requires numerical approximations of the multidimensional integrals
and of the exercise boundary. Geske and Johnson [1984] also introduce
Richardson extrapolation in the context of option pricing. This extrapolation
technique has proved popular and is also used by Breen [1991], Bunch and
Johnson [1992], Ho, Stapleton and Subrahmanyam [1994], Huang,
Subrahmanyam and Yu [1996] and Carr and Faguet [1995]. For a full
treatment of Richardson extrapolation see Marchuk and Shaidurov [1983].

The variational inequality approach to option pricing was introduced
by Jaillet, Lamberton and Lapeyre [1990]. A discretization of the relevant
variational inequality leads to a linear complementarity problem that can
be solved by linear programming methods (see Cottle, Pang and Stone
[1992]). An overview of PDE and variational inequality approaches is
provided in the textbook of Wilmott, Dewyne and Howison [1993]. A short
survey can be found in Broadie and Detemple [2004].

8.2 Integral Equation Methods

Integral equation methods are based on the EEP representation formula
for the option price and the associated integral equation for the exercise
boundary. The numerical implementation procedure suggested by this
formula involves two steps. The first step consists in computing the optimal
exercise boundary B, the second step in computing the option price taking
the curve B as an input.

Implementation of this procedure starts with the equation for the optimal
exercise boundary. Let us focus on the case of a call option with strike K
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and maturity date 7. For the standard market model we know, from chapter
4, that the optimal exercise boundary B of this option solves the equation

Bt—K—C Bt, / (b Bt,BS,S—t)d (8.1)

where c¢(B,, t) is the European option value evaluated at S,= B, and
(b(StaBSaS_t) = 5St€_6(s_t)N(d (StaBSaS_t))
—rKe "GN (d1 (S, Bs, s — 1))
with
log(S:/Bs) + (r — 6 + 30%) (s — t)
ovs—1
dy (S¢, Bs,s —1t) = d(S¢ Bs,s—1) —ovs—t,
subject to the terminal condition B;. = Kmax{1,r/§}. This is a backward equation,
which naturally suggests a recursive algorithm to compute its solution.

The algorithm works as follows. Divide the period [0, T into n equal
subintervals and let At =T'/n. Forj =0, ..., n set t(j) = jAt. We seek a step

function approximation {B(") (j) = Bt((nj)), ji=0,.., n} that can be computed

d(St,BS,S—t) =

recursively. Step function approximations have been suggested by Huang,
Subrahmanyam and Yu [1996].

From the terminal condition we have B™ (n)= K max(1, r/ ). Suppose
now that B™(l) is known for all [ > j. A non-linear equation for B™ (j),
parametrized by {B™ (/)] =j + 1,...,n}, is obtained by discretizing the integral
on the right hand side of (8.1). This can be done in several ways by using
different quadrature approximations of the integral. If we use the trapezoidal
rule (see Press, Teukolsky, Vetterling and Flannery [1992]) we obtain the
equation

B™(j) - K
= ¢(B™G)H0))
+[o (B<"> (3). B (). n - 1)) + 6 (BOG), B ().4(0)) | 5
+ Z 6 (B™ (), B (q),4a - j)) At (8.2)
=j+1

with unknown B™(j). Its solution B™(j) can be computed using an iterative
method. This produces an approximation of the boundary at time #(j). Repeating
this computation recursively from j = n - 1 to 0 yields a step function
approximation of the exercise boundary,B™ = { B("(j), j =0,...,n
Several iterative methods are available to compute the solution of (8.2) at
each stepj. Kallast and Kivinukk [2003] have recently proposed to use the
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Newton-Raphson procedure and shown that it has good efficiency properties.?
Let F (B™(j)) denote the difference between the left and the right hand sides
of (8.2). The Newton-Raphson scheme produces a sequence of approximations
{B™k (j): k=0,1,2...} at stepj according to the map

F(B09())
T F(BH())

where F’(x) is the derivative of F(x). The initial value of the sequence can be
selected as B(™"(5) = B(™(j + 1). The scheme is run until the difference
between successive iterates falls below some selected tolerance level e. When
F (B (4)) > 0 the next iterate decreases (i.e., BU**t1(j) < B (4))
because I’ (B™*)(5)) > 0.When F (B™*)(j)) < 0itincreases. In numerical
experiments this scheme converges, and does so quickly.

The algorithm described above produces an approximate exercise
boundary, hence an approximate option value, for any fixed number of
time steps n. The true price is the limit as n goes to infinity. As computations
are based on finite discretizations of the time interval one may want to
improve efficiency for a given selection n. This can be achieved by using
the standard Richardson extrapolation scheme that gives the
approximation C(S,¢) = 2C)(S,t) — C("~1)(S,t) where C™ (S, ¢) is the
approximate price with n discretization points. Alternative extrapolation
schemes, such as the one proposed by Geske and Johnson [1984], stating
that C(S,t) = 4.5C"(S, 1) —4C" (5, 1) +0.5C"2(5,1), can also be
employed to that effect.

BOE(G) = B™O ()

8.3 Exercise Time Approximations: LBA-LUBA

The approximations presented in the previous section are constructed
directly from the recursive equation characterizing the optimal exercise
boundary. An alternative approach is to restrict attention to a class of
exercise policies that are easy to evaluate and to choose the best one within
this class. This is the key idea behind the procedure proposed by Broadie
and Detemple [1996]. Their approach produces a lower bound for the
exercise boundary, lower and upper bounds for the option price and
approximate option values that are called lower bound approximation (LBA)
and lower-upper bound approximation (LUBA).

8.3.1 A Lower Bound for the Option Price

A particularly simple exercise policy consists in exercising at the first hitting
time of a prespecified constant level L, or at maturity if this event does not
materialize before the expiration date of the contract. This policy is
represented by the stopping time

rr=inf{v € [t,T]:S, = L} or 7, = T if no such time exists in [¢,T]

2 Ju [1998] uses a two-dimensional Newton-Raphson scheme to solve for the free
parameters in an exponential approximation of the boundary (see section 8.5.2).
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This policy is certainly feasible for the holder of an American option that allows
for unrestricted exercise time. Thus, our class of simple stopping timesis S; ;- —
{7 : L > 0}.Implementation of a stopping time 7z € S; - gives the payoffof a
capped option with automatic exercise at the cap L. Suppose that we hold an
American call with strike K and maturity date 7' In this case the exercise policy
7, has avalue equal to C (S, ¢; L), the price of a capped call option with strike K,
maturity date 7" and automatic exercise at the cap L. As 7 is feasible for the
American call the lower bound C (S, ) = C (S, t, L) holds, and this for any L =
0. Given that the capped option is automatically exercised at L=S we can restrict
attention to constants L = S. Let S{ 7:(S) = {71 : L > S}be the corresponding
class of stopping times. Maximization with respect to these exercise policies
produces the highest lower bound?
C(S,¢) >maxC(S,t: L) = sup Fy [Rm (S,, — K)*| =Ct(s,1).
Lz2s TLESE 1 (S)

As the price C(S, t; L) is available in closed form this optimization can be
performed using standard iterative methods (such as Newton-Raphson).

8.3.2 A Lower Bound for the Exercise Boundary

The lower bound for the American option price derived above can be used
to construct a lower bound for the optimal exercise boundary. To derive
this bound define
0C(S,t; L)

OL I—s

which represents the derivative of the capped call with respect to the cap,
evaluated at the point where the cap equals the asset price, i.e., L = S.
When D(S, ¢) > 0 at a point S immediate exercise is suboptimal. Let Let L} =
inf {5 : D(S,t) < 0}. This quantity is the smallest price at which immediate
exercise is optimal when the option holder is restricted to policies of the
form 7;. Solving this optimization problem for ¢ € [0, T) produces a curve
L* = {L} : t € [0,T)}. Basic intuition might suggest that L* is a lower bound
for the optimal exercise boundary B. This is indeed the case.

D(S,1)

(8.3)

Proposition 109 Suppose that the underlying asset price satisfies (2.2). Let
B be the optimal exercise boundary for the American call option, and L* the
curve solving L; = inf{S: D(S,t) <0}, for all t € [0, T). Then (r/6)K Vv
K < L} < By, for all t € [0,T).Moreover, lim,_.y L; = K max{l,r/§}and

lim;—, o L} = KH[T—JUZ where b =8 —r + 10? and f = Vb> + 2ro?.

3Similar ideas can also be found in Bjerksund and Stensland [1992] and Omberg [1987].
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The intuition underlying the lower bound is simple. Given that barrier policies
t; are always feasible for the American call option it must be that immediate
exercise is optimal for the capped option whenever it is optimal for the uncapped
option. This implies that the derivative D(S, ¢) = 0 when

(S, t) € €. Taking the lowest price at which this slope is non-positive (i.e., L; = inf
{S:D(S, t) = 0}) will then give a lower bound for the exercise boundary B, (i.e.,
L;=B,).

The lower bound L* obtained via this procedure is very tight. As stated in
the proposition, it coincides with the immediate exercise boundary B at the
maturity date 7" and at very long maturities 7'— ¢t — . As shown in Figure
8.1 the difference between the two curves is small at intermediate times.

Figure 8.1: This figure illustrates the difference between the immediate exercise
boundary B and its lower bound approximation L*. The boundary B is computed
using the integral equation. Parameter values are K = 100, r = 6 = 0.06, 6 = 0.2.
Both curves are calculated using 100 time steps.

8.3.3 An Upper Bound for the Option Price

In turn, the lower bound for the boundary can be used to produce an upper
bound for the American option price. Substituting the lower bound L; in place
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of B, in the EEP formula gives the function
C* (S, t) =c(S,t) + /¢SL* t)ds.

This function depends parametrically on the curve L*. It is easy to compute
once L* is known as it only depends on the cumulative normal distributions
appearing in c (S, ¢) and ¢ (S, L;, s — t). Our next proposition shows that it
is an upper bound for the price.

Proposition 110 The American call option price is bounded above by the function
C* (S, t). Hence C' (S,t) < C(S,t) < C“(S,t) for all (S,t) € Ry x [0,7T).
Intuition for the upper bound can also be gathered by recalling that the

early exercise premium is given by the present value formula

T
7 (St t, B(+)) = E} / e "=t (085 —rK) 145, >p1ds| .
¢

Given that B, > L > (r/§)K (from Proposition 109) we see that the net

benefits of exercising, S, - rK, are positive over the event {S, = L}}, and
this for all s € [0, T. Substituting this event in place of {S, = B,} in the
premium and using the inclusion {S; = B,} C {S,= L;} produces an upper
bound. This upper bound corresponds to the function C* (S, ¢) defined above.

8.3.4 Price Approximations
The bounds C¥ C' can be used to construct various approximations of the
American call option. For example the weighted sums
CH(S.) =Ml (S,1); M1

C? (S,t) = MoC (S,1) + (1 — X)C (S,1); A2 €[0,1]
are suggested by Broadie and Detemple [1996]. The estimate CY(S, ¢) is a
lower bound approximation (LBA) of the American option price; C%(S, ¢) is a
lower-upper bound approximation (LUBA). They report that simple choices
of the weights (e.g., A;= 1 and A,= 0.5) already provide good results in typical
situations. Better weights can be obtained by using a regression approach
based on a sample of parameter configurations. Nonparametric methods
could also be employed to capture non-linearities in these relationships.

8.4 Diffusion Processes

The computational procedures presented in the previous sections can also
be applied in more general diffusion settings. Specifically, suppose that
the underlying asset price follows the risk neutralized process

dSt/S’t = (T’ (St, t) — 5 (St, t)) dt + o (St, t) d}ft (84)
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where r (S, t) is the interest rate, o (S, ¢) the return volatility, 6 (S, ) the
dividend yield and Z a Brownian motion under the risk neutral measure
(the setting of section 4.6). As before assume that the coefficients r (S, t), o
(S, t), (6(S, t) are continuously differentiable and satisfy suitable conditions
for the existence of a solution to this stochastic differential equation, that
o (S, t) is positive and that r (S, #) is a decreasing function of S and an
increasing function of ¢, while § (S, £) S is an increasing function of S. Also
assume decreasing timemonotonicity. In the remainder of this section we
show how to adapt integral equation and stopping time approximation
methods to handle this setting.

8.4.1 Integral Equation Methods

Under the conditions of the model we know that the optimal exercise boundary
is unique and satisfies the recursive integral equation (4.11) subject to the
appropriate boundary condition. This equation can be simplified if the
truncated moments in the integral equation can be written more explicitly,
in terms of known density and cumulative distribution functions. In this
case the exercise boundary B of a call option satisfies

T
B(t) — K = ¢(B(t),t) —|—/f o (B(t),t; B(v),v)dv

where the functions ¢ (B(¢), t) and ¢ (B (¢), ¢; B(v), v) involve the relevant
density and distribution functions. This integral equation is subject to the
terminal condition B(T") = K V B* where B* solves the nonlinear equation

_r(B,T)
- §(B,T)

if an interior solution exists. If § (S, 7).S — r(S,T) K < 0 for all possible
realizations S of the process (8.4) at T'set g — g (the highest possible value
of S). If6 (S, T)S — r (S, T) K > Ofor all possible realizations S of the process
(8.4) at T'set B* = S (the lowest value of S). If an interior solution exists it is
unique because r (S, T) is decreasing in S while 6 (S, T) S is increasing.
This recursive integral equation has the same structure as (8.1), albeit
with a different integrand ¢ ( B(t), t; B(v), v) and a boundary condition that
involves the solution of a nonlinear equation. It is then clear that the
numerical algorithms described in section 8.2 can also be used in this case.

8.4.2 Stopping Time Approximations: LBA and LUBA

Likewise, the stopping time approximations in section 8.3 can be adapted to
handle the case of diffusion processes such as (8.4). In fact, the construction of
the bounds is valid in the generality of this model, as it does not require the
existence of closed form expressions for distributions or truncated moments.

The construction of the bounds proceeds as in section 8.3. A lower price
bound is given by C'(S,t) = max;>g C (S, t; L) where C (S, ¢; L) is the
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price of a capped call option with automatic exercise at the cap L, and
same strike K and maturity date 7" as the American call option to be
priced. A lower bound for the exercise boundary is given by the time-
dependent function L;=1inf {S : D (St) = 0} where D (S, ¢) is defined as in
(8.3). An upper price bound is then obtained by substituting L* in place of
B in the EEP formula. Proofs of these results can be found in Detemple
and Tian [2002].

Therefore, all the elements of the LBA and LUBA algorithms extend to
general diffusion processes satisfying the assumptions stated above.
Although the construction does not require explicit distributions, this
approach becomes particularly attractive when the capped call option price
C (S, t; L) has a closed form expression. In this case the computation of L*
and of the price bounds is fast and easy to perform.

8.5 Other Recent Approaches

8.5.1 Lattice Methods: Binomial Black-Scholes Algorithm

A modification to the binomial lattice method was proposed by Broadie and
Detemple [1996]. This approach is based on the usual binomial recursive
algorithm except that it replaces the continuation value at the last step
prior to maturity (i.e., step n - 1) by the Black-Sholes value. The approach is
termed BBS (i.e., Binomial with Black-Scholes modification). The interest
of this modification stems from its reduced error and smoother convergence
to the true value. Combining the procedure with Richardson extrapolation
gives another approximation called BBSR (i.e., Binomial with Black-Scholes
modification and Richardson extrapolation). Broadie and Detemple [1996,
1997b] show that BBS and BBSR perform significantly better than the
standard binomial lattice methods when efficiency is measured by the trade-
off between computation speed and error. They also show that LBA and
LUBA give even better results than BBS and BBSR. Their numerical results
are generated using a sample of about 2, 500 randomly selected
configurations for the parameters of the option pricing model.

8.5.2 Integral Equation: Non-linear Approximations

Instead of using step functions in order to approximate the solution of the
integral equation one could employ piecewise non-linear functions. Ju
[1998] proposes a multipiece exponential function. In his method the
exercise boundary is approximated, within each subinterval, by an
exponential function of time (e.g., Bs = By, exp (bi(s — t;)) for s € [t;, tir1)).
Integration by parts can then be used to express the integral of the
discounted gains from exercise in terms of cumulative normal distributions.
This gives an approximation of the recursive part of the integral equation
that involves a single integral, the one in the cumulative normal
distributions. A by-product is an approximation formula for the option value
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in terms of cumulative normals. Given that the exponential function has a
free parameter b, that must be estimated along with the boundary point ,
the equation for the boundary is solved in conjunction with the smooth
pasting condition. Performing this computation recursively gives a
multipiece exponential estimate of the boundary. An estimate of the option
price is then obtained from the approximate option pricing formula.

This scheme can be combined with Richardson extrapolation to improve
efficiency. Ju shows that a 3-point extrapolation scheme (where the points
correspond to one, two and three subintervals) performs about as well as
LUBA in terms of root mean square error and speed of computation. This
result is obtained using a sample of 1, 250 randomly generated option
parameter configurations.

8.5.3 Monte Carlo Simulation

Monte Carlo simulation has long been used for pricing European-style
derivative securities. The method was introduced in the field by Boyle
[1977]; a detailed survey can be found in Boyle, Broadie and Glasserman
[1997]. Attempts at applications to American-style securities are more
recent and were initiated by Tilley [1993], in the context of single asset
models. The main difficulty in using simulation to price American claims
is the need to derive the optimal stopping rule in conjunction with the
claim’s price. The recursive nature of this optimization problem conflicts
with the inherent forward looking structure of the simulation approach.
Various approaches have been proposed to deal with this difficulty. Some
of the recent contributions include Barraquand and Martineau [1995],
Carriere [1996], Broadie and Glasserman [1997a], [1997b], Broadie,
Glasserman and Jain [1997], Raymar and Zwecher [1997], Carr [1998]
and Longstaff and Schwartz [1999]. Further developments, based on duality
(see section 3.4), can be found in Rogers [2002], Haugh and Kogan [2004]
and Andersen and Broadie [2004].

Monte Carlo simulation is especially useful for dealing with contingent
claims written on multiple underlying assets. Much of the recent literature
cited above, in fact, attempts to develop the simulation-based approach for
multiasset derivatives. A description of the some of these developments is
provided in the last section of this chapter.

8.6 Performance Evaluation

To provide perspective on the numerical methods for univariate pricing
problems we conduct a numerical study designed to evaluate the relative
efficiencies of the methods presented. For parsimony we focus on the
Binomial (B) algorithm, the Binomial-Black-Scholes (BBS) approach, the
integral equation (IE) method and the lower and upper bound
approximations (LBA and LUBA). Complementary results for additional
methods can be found in Broadie and Detemple [1996], [1997Db].
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8.6.1 Experiment Design

The experimental design follows Broadie and Detemple [1996]. Suppose that
we wish to compare the efficiency of JJ different approaches. To do so we
consider a large set of N parameter configurations
0; = [Si,Ty,0:,15,0:], i = 1,..., N, drawn from a prespecified multivariate
distribution. For each vector of parameter values 6, we estimate the
corresponding option price using each of the candidate methods. This gives
a set of price estimates C'(¢;, j), where j represents the method used, j = 1,
...,J. The sample of values obtained {C'(6;,7) : i = 1,..., N} is then used to
calculate speed and accuracy measures. Speed s(j) is measured by the
number of options prices calculated per second. Accuracy is measured by
the root-mean-squared relative error criterion

N

RMSRE(j) = %Z (M)

=1

where C(6,) is the true price of the option. The true price is calculated using
the binomial model with 15, 000 steps. Accuracy is, of course, inversely related
to root-mean-squared error. A plot of speed s(j) versus accuracy RMSRE()),
for each of the methods involved, provides perspective on the relative efficiencies
of the approaches.

The sample considered in this study consists of N’=2,000 initial
parameter values. From this set, draws resulting in option prices less than
0.50 were eliminated. The resulting size of our parameter set is N=1,841.
Speed and error measures are calculated from this data set.

The multivariate parameter distribution is selected as follows. Parameters
are independent of each other. The initial asset price S is uniformly distributed
between 70 and 130, time to maturity 7 is uniform [0.1,1] with probability
0.75 and uniform [1, 5] with probability 0.25, the dividend yield d is uniform
[0,0.10], the interest rate r is uniform [0,0.1] with probability 0.8 and null
with probability 0.2, volatility s is uniform [0.1,0.6]. The strike price K is set
equal to 100. This distribution is the same as in Broadie and Detemple [1996].
The coefficients of the regressions converting lower and upper bounds into
price approximations (LBA and LUBA) are then the same as in their study
(see Appendices B.6 and B.7 in Broadie and Detemple [1996]).

As mentioned above, the methods tested are B, BBS, IE, LBA and LUBA.
The experiment is run in MATLAB, on a PC with a 2.4GHz Pentium 4
processor. As the built-in function normedf (U), calculating the cumulative
standard normal distribution, is computationally time consuming, it was
replaced by a less accurate but faster approximation. This approximation
intervenes in the programs for IE, LBA and LUBA.

8.6.2 Results and Discussion

Figure 8.2 illustrates the results of our study. The speed-accuracy trade-
off is graphed in log-log scale for the 5 methods considered.
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The version of the binomial algorithm tested uses the parametrization
proposed by Hull and White [1988]. The plot is for time discretizations of 25,
50, 100, 200, 300, 400, 500, 600, 800, 1,000 and 1,200. The trade-off is clear:
an increase in the number of time steps increases accuracy but also slows
down computations. For n = 400 root-mean-squared relative error is about 6
x 10* and computation speed about 2.4 x 10. BBS is tested using the same
parametrization of the tree (of course with Black-Scholes correction at the
last step). The plot is for time discretizations of 25, 50, 100, 200, 300, 400,
500, 600 and 800 . The graph shows uniform dominance over the binomial:
for any fixed accuracy level BBS calculates more options per second than B.

The integral equation method is tested for discretizations n = 4, 8 and
16. The computation of the boundary approximation at each time step
(i.e., the solution of the integral equation) is performed using a Newton-
Raphson procedure. Strikingly, performance does not improve relative to
the binomial method. For the sample drawn B dominates IE when the
time discretization is 4 or 8, and performs about the same as IE with a
discretization of 16. Both B and IE are dominated by BBS over the range
of discretizations studied. The lower slope of the trade-off for IE, though,
indicates that its relative performance should improve as the number of
discretization points increases.

LBA and LUBA are also implemented using the Newton-Ralphson
algorithm to solve the non-linear equations for the optimal barrier policies.
LBA has an accuracy which is roughly of the order of 10 for a speed of
computation about equal to 3.4 x 102. LUBA reaches an accuracy of about
2x10* for a speed in the neighborhood of 102. This represents an
improvement over BBS by a factor of 10, and over B by a factor of 50.

These results are in line with those reported in Broadie and Detemple
[1996], [1997b]. Broadly speaking they document the dominance of LBA
and LUBA over the other candidate methods tested. BBS also exhibits
good performance properties. Given the simple and intuitive nature of the
method it may be the approach of choice for non-specialists. One notable
difference is the slightly worse performance of IE. The small variation
recorded here could be due to differences in precision parameters selected
in the program and/or to differences in the implementation of built-in
functions across software platforms.

8.7 Methods for Multiasset Options

This section provides a brief overview of numerical methods that have been
developed to deal with multiasset options. We first survey lattice methods,
then present more recent developments based on Monte Carlo simulation.

8.7.1 Lattice Methods

Multinomial lattice methods naturally extend the principles underlying the
binomial approach to option pricing. As for the latter, the central idea is to
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Figure 8.2: This figure shows the efficiency of the Binomial method (B), the Binomial
Black-Scholes approach (BBS), the Integral Equation method (IE), the Lower Bound
Approximation (LBA) and the Lower-Upper Bound Approximation (LUBA). Speed
is measured in options per second (y-axis). Accuracy is measured by the root-mean-
squared relative error (x-axis).

discretize the prices of the underlying assets and then to use a backward
dynamic programming algorithm to compute the option value. One of the
new challenges is to find a discretization that provides not only a good
description of the individual characteristics of assets but also of the
relationships across prices. Various multinomial procedures have been
proposed to that effect. Some of the most prominent ones include Boyle [1988],
Boyle, Evnine and Gibbs [1989], Madan, Milne and Shefrin [1989], Cheyette
[1990], He [1990], Kamrad and Ritchken [1991] and Rubinstein [1994].

The approach proposed by Boyle, Evnine and Gibbs [1989] illustrates the
basic ingredients needed to deal with the multivariate case. Suppose that the
objective is to price an American claim written on £ underlying assets. This can
be done by constructing an approximation of the price based on a lattice with 2*
branches issued from each node. For the two-asset case this gives 4 branches
leading to 4 pairs of outcomes (S'uy, S?us), (S'u;, S?ds), (S'di, S*us2) and
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(S*d', S?d?) with corresponding “risk neutral” probabilities .., qus ¢4, and guq.
These are given by

oo a(z )
(i3]
“3 (-2 2))
qdd_i(up V(24 22))

where oy = r — §; — 0.502fori =1, 2, and A = T'/n, with n representing the

»-lkl)—‘

number of time steps.? The up and down returns are u; = exp (ai \/ﬁ) andd; =

1/u;, i = 1, 2. The (approximate) value of the claim, at any given node, is the
maximum of the exercise payoff and the continuation value. The continuation
value is calculated using the probability ¢ described above, to calculate
expected values. A similar construction applies for the k-asset case.

This procedure is quite natural and closely parallels the single asset
case. The only subtlety involves the determination of the probabilities ¢
and the price movements (u,, d;), i = 1, 2, at each node. Most variations of
the approach select alternative parametrizations of these coefficients and/
or modify the number of branches in the tree. For instance Boyle [1988]
and Kamrad and Ritchken [1991] suggest a 5-branch lattice structure, for
the two asset case, where the additional branch can be selected to represent
the absence of a price movement. In He [1990] the price approximation is
based on a 3-branch lattice.

The computational effort, for a k-dimensional lattice such as the one
described above, is of the order O (n**') where n is the number of time
steps. Thus, computation quickly becomes prohibitive as the dimensionality
of the problem grows. In practice lattice methods can handle low
dimensional problems where % is limited to four or less variables.

8.7.2 Monte Carlo Simulation

Monte Carlo simulation is effective in dealing with the curse of
dimensionality that plagues the lattice approach. For high dimensional
problems it usually becomes the only approach feasible. This is indeed the
case for pricing problems involving European-style derivatives (see Boyle
[1977]). The interest of the method for pricing American-style claims is
much less apparent. As mentioned earlier (see section 8.5.3) the forward
nature of the simulation method seems to be at odds with the backward
structure of the pricing algorithm.

“The probabilities are selected so as to provide a good approximation of the characteristic
function of the bivariate distribution of returns.
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To overcome this difficulty Broadie and Glasserman [1997a] use simulation
to construct price approximations in a recursive manner. The starting point
is the simulation of a tree, with a fixed number of branches issued from each
node, and a given number of time steps corresponding to exercise decision
points. Each branch issued from a given node is drawn independently from
the others. Once the tree has been set, backward induction is employed to
compute, at each node, two estimates of the price, one biased high, the other
biased low. The high estimate is obtained by using the familiar recursion
from the binomial model. It is the maximum of the immediate exercise value
and the continuation value. If A(S) is the exercise payoff and v(?) the
continuation value, then the high estimate is C*(t) = max {h(S:),v(¢)}. This
estimate is biased high because the estimated continuation value either
overestimates the true continuation value, in which case C*is automatically
biased high (whether it is optimal to exercise or not) or it underestimates the
true value, in which case it will be replaced by a larger quantity, the exercise
payoff, in the event that it falls below this payoff. The result is an upward bias
that propagates through the tree, from the terminal nodes back to the initial
date. A formal argument relies on Jensen’s inequality applied to the convex
function max {A(S,), v(¢)}.

In order to construct the low estimate Broadie and Glasserman dissociate
the exercise decision from the reward collected in the event of exercise.
Suppose that there are b branches, j =1, ..., b, issued from a node and let
h be the time step. First, select the first branch j = 1 and use branches j =
2, ..., b to calculate the continuation value v(¢, 1) from the low estimates at
the next date C' (¢ + 1, j) forj = 2, ..., b. The exercise decision is based on
the maximum of v(¢, 1) and the exercise payoff 4(S,). The exercise reward,
on the other hand, is taken to be

’ eTThCH(t4+1,1)  if h(Sy) <wv(t, 1)
where C'(t + 1, 1) is the low estimate at time ¢ + 1 at the end of branch j =
1. Repeating this operation for each branch leads to a collection of rewards
Y& j),j=1,...,b. The low estimate is then obtained by taking the average
over this sample,

Clt) =

o=

b
_Z; Y(t.j). (8.5)
=

Understanding the reasons for a low bias in this estimate is more delicate.
Intuition can be gained by noticing that each reward function Y(%, j) is a random
variable with expected value, at time ¢, given by E¢ [Y (£, 7)] = h(Se)p(t,7) +
E; [e7™"C! (t + 1, 4)] (1 — p(t. j)) where p(t, j) is the conditional probability at
date ¢ of immediate exercise based on v(z, j).> The upper bound,

E,[Y(t,5)] < max {h(S,), B, [e7"CHt +1,5)] }

5The quantity p(z, j) is the conditional probability at time ¢ of the event {h(S¢) > v(¢,7)}.
Given the independence of branches, the event { h(S;) > v(¢, )} is independent of the estimate
C'(t + 1, ). The expression for E, [Y(t, j)] follows.

© 2006 by Taylor & Francis Group, LLC



8.7. METHODS FOR MULTIASSET OPTIONS 211

follows immediately. If the estimate C'(¢ + 1, ) is biased low, at time ¢ + 1, the
expectation on the right hand side is bounded above by the true continuation
value. Butthen F, [Y'(¢,5)] < C (f)‘ Because branches are drawn independently
we can now conclude, from (8.5), that the estimate C'(¢) is also biased low, i.e.,
B [C1)] = 3201 B [Y(£,4)] < C(1).

This approach is powerful to the extent that it does not limit the number
of assets underlying the contract (the variable S is a vector) and produces
an interval of values for the true price of the derivative. Practical
implementation, however, is limited by the fact that the amount of work is
exponential in the number of exercise decisions. This has led to various
modifications of the algorithm designed to improve performance and
applicability (e.g., Broadie and Glasserman [1997b], Broadie, Glasserman
and Jain [1997]).

8.7.3 Monte Carlo Simulation and Duality

The duality formula, described in Theorem 24, provides a systematic approach
for the construction of an upper bound approximation for the price of an
American-style derivative. The method suggested by the formula is
straightforward. It can be decomposed in three steps:

1. select a set of martingales that are null at the initial date M’, i =1, ..., m,

2. for each i compute I [Supte[O,T] (D¢ — M})|, where D is the discounted
payoff, and
3. choose the minimum value obtained (i.e., minimize over 7).

This procedure is implemented by Rogers [2002] who also suggests the
following variation. Once a collection of martingales has been identified
construct the linear combination M* = . w,;M,. Then use Monte Carlo
simulation, with a small number of trajectories, in order to calculate the
optimal minimizing weights w;. Finally, construct an upper price bound by
running a new simulation with a large number of paths to reestimate the
value of the net discounted payoff based on the optimal weights.

In the examples studied by Rogers this approach proves to be accurate,
often producing very tight upper bounds. Its main drawback is the
computation time associated with the optimization over the set of weights.
In the case of exotic options, in which a set of interesting martingales is
not a priori obvious, this minimization can be time consuming.

One possible remedy is a careful choice of martingales in the first step of the
procedure. After all the duality result states that the price of the American
claim is attained if the martingale in the Doob-Meyer decomposition of the
Snell envelope is selected. Of course identifying this martingale is typically not
possible. But clever choices can be made that will often speed up computations
and produce accurate results, even for exotic options (see Andersen and Broadie
[2004] and Haugh and Kogan [2004]).
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8.8 Methods for Occupation Time Derivatives

To conclude this chapter we provide a survey of numerical methods for
occupation time derivatives. The path-dependent nature of these contracts
complicates their evaluation. Standard approaches nevertheless apply,
modulo suitable modifications. The methods investigated include those
based on the numerical inversion of Laplace transforms, PDE-based
methods and Binomial/Trinomial trees.

8.8.1 Laplace Transforms

Valuation formulas for occupation time derivatives are often expressed in
terms of inverse Laplace transforms of density functions. In specific cases,
such as the cumulative barrier claims (see section 7.6), the inverse Laplace
transform admits an explicit solution. The calculation of prices is then
reduced to the evaluation of the single or multiple integrals associated
with the pricing operator and the claim’s payoff. Quadrature methods can
be used to carry out these integral evaluations.

In other cases, such as the Parisian option (see section 7.5), the inverse
of the Laplace transform does not have an obvious analytical solution. In
these situations the density function has an integral representation,
resulting in additional integrals in the pricing formula. Quadrature
methods can again be used to handle the computation of these multiple
integrals. Numerical schemes based on approximations of inverse Laplace
transforms can also be employed. Approximation-based approaches that
have been used in the context of OTD pricing include the Weeks, Padé and
Fourier-series methods.

Calculation of prices based on Laplace transforms and their inverses
are carried out by Chesney, Cornwall, Jeanblanc-Picqué, Kentwell and
Yor [1997], Hugonnier [1999], Linetsky [1999] and Fusai and Tagliani
[2001]. Numerical schemes for inverting Laplace transforms can be found
in Singhal, Vlach and Vlach [1975], Davies and Martin [1979], Abate and
Whitt [1992], Chaudhury, Lucantoni and Whitt [1994] and Craddock, Heath
and Platen [2000].

8.8.2 PDE-based Methods

Consider a European-style occupation time derivative written on an asset
price S and depending on the time O spent by S in a constant set A. Let
D € R4 x [0, T)be an open set with boundary ). The derivative’s payoffis F
(S, O, T) at the maturity date 7T in the event (S, 0) € ) and G(S, D, ¢) if
(S,0) ¢ obhandte [0, T]. Under standard differentiability assumptions the
derivative’s price V (S, O, t) satisfies the fundamental valuation PDE

1
Vt—|-VSS(7"—5)—|—§VSSSSUQ—|—V01{5€A} =7rV (8.6)

© 2006 by Taylor & Francis Group, LLC



8.8. METHODS FOR OCCUPATION TIME DERIVATIVES 213

for(S,0,t) € D x [0, T), subject to the boundary conditions

V(S,0,T)=F(S,0,T) for (S,0)€ D
V(S,0,t)=G(S,0.t)  for (S,0)¢c dD.

Additional boundary conditions (such as limiting conditions) may apply
depending on the exact nature of the contract. The dependence on the
occupation time of a set amounts to an additional state variable to be
accounted for in the valuation equations.

For American-style contracts the set of boundary conditions is
augmented by the addition of early exercise provisions,

(8.7)

[0
V(B,0,t)=F(B,0,1)  for (B,0,)eDx[0,T) (g

V(S,0,t) > F(S,0,t) for (S,0,t) € D x [0,7T)
Vi (B,0,t) = F, (B,0,t) for (B,0,t) e D x[0,T).

The first condition in (8.8) stipulates that the contract value cannot fall
below the immediate exercise value. The second condition mandates
equality if the asset price lies on the boundary B of the exercise region.
The last condition is the smooth-pasting condition, expressing the
optimality of exercise along the boundary B.

Finite difference methods can be used for the numerical resolution of
(8.6)—(8.7). Implicit or explicit methods can be applied. Numerical
approximations of the derivatives are computed by discretizing over the
time domain and the bivariate domain of the state variables. Various
discretization schemes, such as forward, backward or central differencing,
can be employed for that purpose.

Cumulative barrier claims are examples of contracts that fit in this
framework. For instance, in the case of a knock-out claim with window D,
the survival domain is D = Ry x [0, D) and its boundary 0 = R, x {D}.
In the absence of a rebate the payoff is null (G (S, O, ¢) = 0) if the time
spent in the set A reaches the threshold D. Derivatives with reset provisions
mandate the addition of further conditions to capture the impact of resets.
Parisian options, for instance, involve a reset of the occupation time if the
underlying price reaches the barrier after an excursion of duration less
than the window. The supplemental conditionis V (S, O, t) =V (S, 0, ¢) if S
= L, where L is the prespecified barrier.

PDE-based methods for OTDs are discussed in Haber, Schonbucher and
Wilmott [1999] and Vetzal and Forsyth [1999].

8.8.3 Binomial/Trinomial Lattices

Binomial and trinomial lattices can also be amended so as to handle the
valuation of OTDs. The main difficulty in implementing a lattice-based
approach is to keep track of the occupation time of the relevant set as the
asset price evolves along the tree. The Forward Shooting Grid algorithm
(FSG) resolves this difficulty by adding a new dimension, measuring depth

© 2006 by Taylor & Francis Group, LLC



214 CHAPTER 8. NUMERICAL METHODS

(or height), to the tree. In effect the two-dimensional lattice becomes a three-
dimensional lattice where the third dimension captures the number % of
occurrences of the event (the number of time intervals spent in the set A).
The lattice can be visualized as a superposition of planes, each corresponding
to a value of the occupation counter. The top plane corresponds to a count
equal to £ = 0. The next one, one step below, to 2 = 1, and so on. When the
asset price moves to a follower node, it remains in the same plane as long
as the counter stays the same. If the counter increases by one unit, the
follower node is reached by taking a step down, i.e., moving down to the
next plane. Construction of the lattice proceeds in this manner until
maturity.

Valuation is then carried out along familiar lines. The value at a given
node is obtained by taking the sum of the discounted values at follower
nodes. Follower nodes lie in the same plane if the counter stays the same
as the price moves to the follower node; they lie one step below if the counter
increases by a unit. The algorithm proceeds recursively, starting with
terminal values, at the maturity date, and moving backward in time toward
the initial date. For a binomial lattice, with up and down steps (u, d), this
recursion can be summarized by

V(S k) = e {qu[V(Su.k, j+1)lisugay
+V (Su,k+ 1,5+ 1) Iiguecay]
+qa [V (Sd, k,j + 1) Lisagay
+V(Sd.k+1,5+ 1) 1sacay] } (8.9)

forj=1,...,nand k =0, ..., d. This backward recursion is subject to the
relevant boundary conditions at the maturity date n and the upper bound
of the occupation time domain d. American-style provisions can be readily
incorporated by taking the maximum of the continuation value, given by
the algorithm above, and the immediate exercise value. Claims with discrete
monitoring dates can also be incorporated by selecting a time grid such
that monitoring dates correspond to a multiple of the time step. Finally,
claims with reset provisions can be handled by substituting the function
describing the dynamics of the counter % in the second argument of the
continuation value, on the right hand side of (8.9). For a Parisian knock-
out claim with window count d, based on the occupation time of the set A,
this function is given by f (7, k) = (k + 1) 1;,c 4} where x = Su or Sd.

The adaptation of the Forward Shooting Grid algorithm to OTDs is discussed
by Kwok and Lau [2001] .6 FSG algorithms were originally pioneered by Hull
and White [1993] and Ritchken, Sankarasubramaniam and Vijh [1993] in
order to price Asian and Lookback options. Further results about the method
can be found Barraquand and Pudet [1996].

5Another lattice-based approach is proposed by Avellaneda and Wu [1999]. Their method
uses the density function of the relevant hitting time in order to identify the appropriate
boundary conditions in the tree.
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8.9 Appendix: Proofs

Proof of Proposition 109: The definition of the capped call option C(S, ¢;
L) gives the lower bound for the American call price C(S,t) > C(S,t; L).
This bound implies that the constrained optimization problem

max {C(S,t; L) : L > S}
has the solution L = S when (S, ¢) € € (as immediate exercise is optimal for
the American call). Thus,
0C(S,t; L)

L=S

1l
IA
o

for all (S, ¢t) e € and
L =inf {S: D(S,t) <0} €C;

where C, is the closure of the open set C, (the time #-section of the continuation
region). We conclude that L; < B (¢).

To show that L; > K it suffices to note that exercise when L < K has a
negative payout. Suppose now that (r/ K > K. The proof that L; > (r/§)K
relies on the intuition that exercise at a point L, < (r/ ) K must be suboptimal
because the local net benefits from exercising are negative. To formalize this
idealetT, = inf{v e [t,T]:S5, = L;} for i = 1,2,whereL,<(r/ 9K and L,
= (r/ ®K, and suppose that S, = L,. Clearly 7, < 7. On the event {7, = ¢}
(where S, = L,) we have, by Ito’s lemma,

Li-K = E {e_T(Tz_Tl) (S7, — K) l{rng}J

o~ [ T2
—E,, / e~ T(v=T1) (rK —45,) d51{72§T}]

1

+E,, |e" T (8p — )1{72>T}]

T
—E;, / e~ (=) (rK —485,) dSl{Tz>T}]
T1

Given that the policy of exercising at time 7, if , = T', or at maturity if , > T,
has value

Virs) = Ey, [e—r(rz—n) (S;, — K) 1{72§T}]

+Er, [T (Sr = K) P 1oy

To AT
/ e (=) (rK —485,) ds]

—E,, [ —rT=m) (S — K)~™ 1{T2>T}}5

we conclude that

Li—K = V(r)—E-,
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which implies V(7,) > L, — K (since rK - 6S, > 0 for ¢t = 7,). We conclude
that immediate exercise at S, = L, < (r/¢)K is dominated by the policy of
waiting until L, is reached.

For the limiting values of L* note that when ¢ — T the optimal exercise
boundary for the call option converges to the point, By = K max{l,r/4}. Given
that(r/0)K vV K < Lf < Biforte [0,T)weobtainlim, .o L7 = By_.WhenT
— t — oo the American call has a constant exercise boundary equal to
B_o = (b4 f)/(b+ f — 0?)(see Corollary 35). This policy lies in the class of
constant barrier policies. It follows immediately that L} = inf {S : D(S,t) < 0}
converges to B.... B

Proof of Proposition 110: The proofis outlined in the text following the
proposition. H
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